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Preface to Volume 2

Introductory notes on Volume 2 appear in the general introduction in
Volume 1, so we confine ourselves to several remarks of a more technical na-
ture. Chapter 6 has partly an auxiliary character; yet, I hope, the reader
will find a lot of interesting and useful things also in this chapter. It con-
tains a brief exposition of the basic facts about Borel and Baire sets and
Souslin spaces, including several measurable selection theorems. Chapter 7
is devoted to measures on topological spaces. Among the diverse classes of
measures discussed here, Radon measures are the most important. Along
with the properties of measures, we study the properties of the correspond-
ing functionals on spaces of functions, in particular, the Riesz theorem and
its generalizations. In spite of the considerable length of this chapter (the
longest in the book), the subsequent chapters use a relatively small number
of its results and constructions. Chapter 8 gives a modern presentation of
the theory of weak convergence of measures. In particular, we consider met-
rics and topologies on spaces of measures and weak compactness. Chapter 9
is concerned with nonlinear transformations of measures and isomorphisms
of measure spaces, including the theory of Lebesgue—Rohlin spaces. Finally,
Chapter 10 is devoted to conditional measures and conditional expectations.
In addition to the classical results and various subtleties related to these ob-
jects, we give a brief introduction to the theory of martingales (at a level
meeting the basic needs of measure theory) and present a number of results
from ergodic theory that are directly linked to measure theory and illustrate
its ideas and methods. All these chapters are almost independent in the tech-
nical sense (so that they can be read selectively with minimal reference to the
previous material or can be used for preparing various special courses), but,
as one can easily observe, in the sense of ideas they are all strongly connected
and altogether form the foundations of modern measure theory. The study of
various transformations of measures is the leitmotiv of this volume.

The numeration of chapters continues the numeration of Volume 1. The
references to assertions, remarks, and exercises comprise the chapter number,
section number, and assertion number. For example, Definition 1.1.1 is found
in §1 of Chapter 1 (i.e., in Volume 1), and within each section all the assertions
are numbered consecutively independently of their type. The numeration of
formulas is organized similarly, but the formula numbers are given in brackets.



vi Preface

The bibliographical and historical comments on this volume concern only
the chapters in this volume, but on several occasions they interrelate with the
comments in Volume 1. It is reasonable to consider all the comments as one
essay presented in two parts. At the end of this volume the reader will find
the cumulative bibliography for both volumes, in which the works cited only
in Volume 1 are marked by the asterisk (without indication of pages where
they are cited), and in the works cited in both volumes, the page numbers
referring to Volume 1 and Volume 2 are preceded by I and II, respectively;
the absence of such indicators means that the work is cited only in the present
volume.

The book is completed by the cumulative author and subject indices to
both volumes, where the page numbers referring to Volume 1 and Volume 2
are preceded by I and II, respectively.

Finally, knowledge of all the material of Volume 1 is not assumed in this
volume. For most of this volume it is enough to be acquainted with the basic
course from Volume 1; however, it is necessary to be familiar with the standard
university course of functional analysis including elements of general topology.
In those cases where we have to resort to the results in the complementary
material of Volume 1, the exact references are provided. Some additional
necessary facts are presented in the appropriate places.

Comments and remarks can be sent to vibogach@mail.ru.

Moscow, August 2006 Vladimir Bogachev
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CHAPTER 6

Borel, Baire and Souslin sets

Now we have already not a single mathematical space, but
infinitely many of them, and it is unknown which one is the
most adequate model of the space of the physical reality. So
one has to construct samples of different spaces in an analytical
way.

A.N. Kolmogorov. Modern controversies on the nature of

mathematics.

6.1. Metric and topological spaces

In this section, we recall the basic concepts related to topological spaces
and prove several facts necessary for the sequel. In addition, we give some
examples of topological spaces interesting from the point of view of measure
theory. Our presentation is oriented towards a reader acquainted with metric
spaces, but without topological background. The information given here is
sufficient for understanding the main part of the text (it is most important to
be familiar with the concepts of compactness and continuity). However, the
reader is warned that for mastering a number of more special examples and
many complementary results in §6.10 and the concluding sections in other
chapters, it is necessary to have at least minimal topological background (in
spite of the fact that formally all the necessary concepts are introduced).
More details can be found in Kuratowski [1082], Engelking [532]. The term
“a topological space (X,7)” denotes a set X with a family 7 of its subsets
containing X and the empty set and closed with respect to finite intersections
and arbitrary unions. The sets in the family 7 are called open. Actually a
shorter term “a topological space X” is used, which means, of course, that the
family of open sets 7 (called a topology in X) is fixed. One has to indicate
a topology explicitly when on the same set X several different topologies
are introduced. Such a situation will be encountered below. A base of the
topology is a family of open sets such that every nonempty open set is a union
of some sets in this family.

A neighborhood of a point in a topological space is any open set containing
this point. A point x in a set A is called isolated if it has a neighborhood not
containing other points from A. A point a is called a limit point of the set A
if every neighborhood of a contains a point b # a from A.
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A set in a topological space is called closed if its complement is open. The
closure of a set A in a topological space X is defined as the intersection of all
closed sets containing A (i.e., the smallest closed set containing A).

Every subset X of a topological space X is a topological space with the
induced topology that consists of all sets U N Xy, where U is open in X.

An important subclass of topological spaces is the class of metric spaces.
We recall that a metric space (X, p) is a set X endowed with a function
0: X? — [0,+00) (called a metric) possessing the following properties:

(1) o(z,y) = 0 precisely when x = y;

(2) o(z,y) = o(y,x) for all z,y € X;

(3) oz, 2) < o(z,y) + oy, z) for all z,y,z € X.

Let a be a point in a metric space (X, ¢) and r > 0. The sets

{reX: o(x,a) <r} and {xeX: o(x,a) <r}

are called the open and closed balls, respectively, with the center a and ra-
dius 7.

Tt is readily verified by using property (3) that the family of all open sets
in a metric space X (i.e., sets in which every point is contained with some
ball of a positive radius centered at that point) satisfies the above axioms
of a topological space. Below we encounter many important examples of
topological spaces whose topology is not generated by a metric.

A topological space (X, 7) is called metrizable if there is a metric on X
such that the collection of all open sets for this metric is precisely 7.

It is worth noting that essentially different metrics may generate the same
topology. For example, the usual metric on IR' generates the same topology
as the bounded metric o(z,y) = |z — y|/(1 + |z — y|).

A locally convex space is a linear space X equipped with a family of
seminorms p,, o € A, such that for every x # 0 there is p, with p,(x) > 0.
Such a family generates a topology on X whose base consists of the sets

Uzo.on,.som,e i= {x €X: pa(x—m0) <e,i=1,.. .,n}, e > 0.

Some special cases have already been considered in Chapter 4. Complete
metrizable locally convex spaces are called Fréchet spaces.

A mapping f from a topological space X to a topological space Y is called
continuous at a point z if, for every nonempty open set W containing f(x),
there exists a nonempty open set U containing x such that f(U) C W. A map-
ping is called continuous if it is continuous at every point. It is left to the
reader to verify that the continuity of a mapping f: X — Y is equivalent to
the following: for every open set W C Y, the set f~1(W) is open in X, or,
equivalently, for every closed set Z C Y, the set f~1(Z) is closed in X. Note,
however, that the image of an open set may not be open. A mapping is called
open if it takes every open set to an open one. The class of all continuous
mappings from X to Y is denoted by C(X,Y); if Y = IR', then this class
is denoted by C(X). The set of all bounded functions in C(X) is denoted
by Cp(X). Tt is easily verified that Cp(X) is a Banach space with the norm
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Il Il = sup,ex | f(z)]. A family F' of functions on a topological space X is said
to be equicontinuous at a point z if for every € > 0, there is a neighborhood
U of z such that |f(z) — f(y)] < e for all y € U and all f € F. A family
F of functions on a locally convex space X is said to be uniformly equicon-
tinuous if for every € > 0, there is a neighborhood of zero U in X such that
|f(z)— f(y)| <eforall f e Fifz—y e U. Both notions are similarly defined
for mappings with values in metric or locally convex spaces or mappings on
metric spaces.

In the study of topological spaces, the concept of a net is very useful. This
concept generalizes that of a sequence to the case of an uncountable index set.

A nonempty set T is called directed if it is equipped with a partial order
(see §1.12(vi)) satisfying the following condition: for each t,s € T, there exists
u €T with t <wu and s < u.

A directed set may contain elements that are not comparable. For ex-
ample, IR? can be equipped with the partial order (x,y) < (u,v) defined by
z < u, y < wv. Clearly, not all elements are comparable, but every two are
majorized by a certain third element.

A net in X is a family of elements {x;}ser in X indexed by a directed
set T'. Similarly, we define a net of sets {U; }rer in X. A net {a;}rer is called
a subnet of a net {y;}scs if there is a mapping m: T"— S such that z; = y,
and, for each so € S, there exists tg € T with 7(t) > so for all t > ty. A net
of sets {At}ter in a space X is called decreasing if A; C A, whenever s < ¢.
Such a net is called decreasing to the set [),cp A;. A net of real functions
{fi}ter on a space X is called decreasing if f; < fs whenever s < t. Similarly,
one defines increasing nets of sets and functions. In the case of an increasing
net of sets A; one says that it increases to the set | J,c, A;. The corresponding
notation: Ay | A, At T A, fr L f, f+ 1 - A net {x;}+er in a topological space
X converges to an element z if, for every nonempty open set U containing =z,
there exists an index tg such that z; € U for all t € T with tg < ¢t. Notation:
li{n x; = z. It is worth noting that convergence of a countable net is not the

same as convergence of a sequence. For example, let 7' = Z be equipped with
the usual ordering and let z,, = n~! if n > 0 and z,, = n otherwise. Then the
countable net {z,,} converges to zero, but is not even bounded. The following
simple fact is left as Exercise 6.10.20.

6.1.1. Lemma. Let X and Y be two topological spaces. A mapping
f: X =Y is continuous at a point x precisely when for every net x, conver-
gent to x, the net f(x,) converges to f(x).

The reasoning analogous to the proof of this lemma shows that every
point x in the closure of a set A in a topological space X is either an isolated
point of A or the limit of some net of points in A (such points are called limit
points or cluster points of A).

A mapping f: X — Y between topological spaces is called a homeo-
morphism if it maps X one-to-one on Y and both mappings f and f~! are
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continuous. Topological spaces between which there is a homeomorphism are
called homeomorphic.

An important role in the theory of topological spaces is played by diverse
separation axioms. We need only the few simplest ones listed below.

6.1.2. Definition. Let X be a topological space. (i) X is called Hausdorff
if every two distinct points in X possess disjoint neighborhoods.

(ii) A Hausdorff space X is called regular if, for every point x € X and
every closed set Z in X not containing x, there exist disjoint open sets U
andV such that x € U, Z C V.

(iii) A Hausdorff space X is called completely regular if, for every point
x € X and every closed set Z in X not containing x, there exists a continuous
function f: X — [0,1] such that f(x) =1 and f(z) =0 for all z € Z.

(iv) A Hausdorff space X is called normal if, for all disjoint closed sets
Zy and Zs in X, there exist disjoint open sets U and V' such that Zy C U and
Zy CV.

(v) A Hausdorff space is called perfectly normal if every closed set Z C X
has the form Z = f=1(0) for some continuous function f on X.

Sets of the form indicated in (v) are called functionally closed.

It is clear that any metric space satisfies all conditions (i)—(v). For exam-
ple, for f in (v) one can take f(x) = dist(x, Z), where the distance dist(x, Z)
from the point x to the set Z is defined as the infimum of distances from x to
points in Z. Throughout we consider only Hausdorff spaces.

6.1.3. Lemma. For any nonempty disjoint closed sets Z1 and Za in

a metric space, there exists a continuous function f such that Z, = f~1(0)
and Zy = f~1(1).

PRrROOF. Let f;(x) =dist(z, Z;) and f = f1/(f1 + fo2). O

In addition to the regularity properties, topological spaces may differ in
the following properties related to covers. An open cover of a set is a collection
of open sets the union of which contains this set.

6.1.4. Definition. (i) A Hausdorff space X is called compact if every
open cover of X contains a finite subcover. If this is true for countable covers,
then X is called countably compact. A countable union of compact sets is called
a o-compact space.

(ii) A Hausdorff space X is called Lindeldf if every open cover of X con-
tains an at most countable subcover.

(iii) A Hausdorff space X is called paracompact if in every open cover
{Uus} of X one can inscribe a locally finite open cover {Wg}, i.e., every point
has a neighborhood that meets only finitely many sets Wg. A space X 1is
called countably paracompact if the indicated property is fulfilled for all at
most countable open covers {U,}.

(iv) A Hausdorff space X is called sequentially compact if every infinite
sequence 1 X has a convergent subsequence.
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Sets with compact closure (i.e., subsets of compact sets) are called rela-
tively compact. In metrizable spaces (unlike general spaces), the compactness
and countable compactness of a set K are equivalent and are also equivalent
to the sequential compactness of K.

Note that sometimes in the definition of Lindel6f spaces one includes that
the space must be regular. The properties to be Lindel6f or paracompact are
not inherited by subsets. If in a space X every subset possesses one of the
listed properties, then that property is called hereditary. For example, X is
hereditary Lindelof provided that every collection of open sets in X contains
an at most countable subcollection with the same union. Among the listed
classes of topological spaces the most important for applications in measure
theory are compact and completely regular spaces. Also frequent are locally
compact spaces, i.e., spaces in which every point has a neighborhood with
compact closure.

6.1.5. Lemma. Let K be a nonempty compact set in a completely reg-
ular space X and let U be an open set containing K. Then, there exists a
continuous function f: X — [0,1] such that f|x =1 and f|x\v = 0.

The proof is delegated to Exercise 6.10.21.

Let X be a completely regular space. Then there exists (and is unique)
a compact space X called the Stone-Cech compactification of the space X
such that X is homeomorphically embedded into X as a dense subset and
every bounded continuous function on X extends to a continuous function on
BX (see Engelking [532, §3.6]). A completely regular space is called Cech
complete if it is a Gs-set (i.e., a countable intersection of open sets) in 5X.
Polish spaces (see below) and locally compact spaces are Cech complete.

Let X; be a family of nonempty topological spaces parameterized by in-
dices t from some nonempty set 7. The product X = [[,.; X of the spaces
X, has a natural topology (called the product topology) consisting of all pos-
sible unions of the products of the form Uy, x... Uy, th#i X, where Uy, is
an open set in Xy,.

If X; = X for all t € T, then the product of the spaces X; is denoted
by XT. This space is naturally identified with the space of all mappings
z: T — X. Under this identification, the product topology becomes the
topology of pointwise convergence. If T = IN, then the corresponding prod-
uct is denoted by X°. An important example is the space IR of all real
sequences « = (x,). The countable product of metric spaces X,, with metrics
0r is metrizable by the metric

- — —n Qn(xnayn)

On(Tp,yn) +1°

n=1

It is readily verified that if all X,, are complete separable metric spaces,
then so is their product with the above metric. For example, IR* is a complete
separable metric space.
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One of the simplest examples of infinite products (but very important for
measure theory) is the countable power IN® of the set of natural numbers,
i.e., the set of all infinite sequences v = (v;) of natural numbers. Convergence
in IN® is just coordinate-wise convergence. As above, we equip IN®® with the
metric

o0
_ing —myl
o(v.p) = 2 Q_TH v =(ng), = (my). (6.1.1)
j=1 J J

6.1.6. Theorem. (R. Baire) The space IN™ with the product topology is
homeomorphic to the space R of all irrational numbers in (0,1) (or in R')
with its usual topology.

PROOF. For every v = (n;) € IN®, let h(v) := > po 27" ", It is
readily seen that h is a homeomorphism between IN>° and the complement of
the countable set M of binary rational numbers in [0, 1]. It remains to observe
that there is homeomorphism hg of [0,1] such that ha(M) = Q N[0, 1]; see
Engelking [532, 4.3H, p. 279]. O

6.1.7. Corollary. The space IN™ contains a closed subspace that can be
continuously mapped one-to-one onto IR*.

PRrROOF. The space IN™ is homeomorphic to IN® x IN, and the closed
subspace IN™ x {1} of IN*® x IN is homeomorphic to the space of irrational
numbers. We add to IN®°*x{1} the set of all points of the form (n,1,1,...)x{2},
which is closed, countable, and disjoint with IN®°x{1}. This additional set can
be continuously mapped one-to-one onto the space of rational numbers. [

Another useful example for measure theory is the countable power of the
two-point set.

6.1.8. Example. The Cantor set C' is homeomorphic to {0,1}°°.

A justification is left as Exercise 6.10.25. Uncountable products are non-
metrizable, excepting the case where at most countably many factors are
singletons (see Exercise 6.10.23). The following important result is called
Tychonoff’s theorem; see [532, Theorem 3.2.4].

6.1.9. Theorem. If nonempty spaces Xy are compact, then their product
is compact as well.

Now we introduce a class of spaces that is very important for measure
theory.

6.1.10. Definition. A topological space homeomorphic to a complete
separable metric space is called Polish. The empty set is also included in the
class of Polish spaces.

6.1.11. Example. Every open or closed subset of a Polish space is
Polish.
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PRrROOF. We have to show that every set Y that is either open or closed in
a complete separable metric space X can be equipped with a metric generating
the original topology and making Y a complete space (clearly, it remains
separable). In the case of a closed set the metric of X works, and if Y is open,
then we take the metric
|dist(x, X\Y) — dist(y, X\Y)|
|dist(z, X\Y) — dist(y, X\Y)| +1°

oo(z,y) = o(x,y) +

The verification of the fact that we obtain the required metric is left as a
simple exercise. (I

We recall that countable intersections of open sets are called Gs-sets or
sets of the type G5. Countable unions of closed sets are called F,-sets. The
above example is a special case of a general result (see Engelking [532, The-
orem 4.3.23, Theorem 4.3.24]), according to which any Gs-set in a complete
metric space is metrizable by a complete metric and, conversely, if a subspace
of a metric space is metrizable by a complete metric, then this subspace is
a Gs-set. Polish spaces have the following characterizations (proofs can be
found in Engelking [532, Theorem 4.2.10, Theorem 4.3.24, Corollary 4.3.25]).

6.1.12. Theorem. (i) Polish spaces are precisely the spaces that are
homeomorphic to closed subspaces in IR*.

(ii) Every separable metric space X is homeomorphic to a subset of [0,1]°,
and if X is complete, then this subset is a Gg-set.

6.1.13. Theorem. FEvery nonempty complete separable metric space is
the image of IN® under a continuous mapping.

PROOF. Let us equip IN* with the metric (6.1.1). We represent the
given space X in the form X = J;Z, E(j), where the sets E(j) are closed
(not necessarily disjoint) of diameter less than 273. By induction, for every k,
we find a closed set E(ni,...,n;) of diameter less than 27%=2 with

E(’I’Ll,. ..,'I’Lk;) = U E(’I’L17.--,nk7j)~
Jj=1

For every v = (n;) € IN®, the closed sets E(nq,...,n;) are decreasing and
have diameters less than 27%~2. Hence they shrink to a single point denoted
by f(v). Note that f(IN*) = X. Indeed, every point x belongs to some
set E(ny), then to E(n1,n9) and so on, which yields an element v such that
f(v) = z. In addition, f is locally Lipschitzian. Indeed, let o be the metric
in X. If o(v, ) < 1/4, then there exists k with 275=2 < p(v,u) < 27F7L.
Then v; = p; if i < k. Hence f(u) and f(v) belong to E(ny,...,ng), whence
we obtain o(f(n), f(v)) < 27572 < o(u,v). Thus, f is continuous. O

6.1.14. Corollary. Every nonempty Polish space is the image of IN™
under a continuous mapping.
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Certainly, such a mapping may not be injective (e.g., in the case of a finite
space). But every Polish space without isolated points can be represented as
the image of IN®® under an injective continuous mapping (see Rogers, Jayne
[1589, §2.4]). For injective mappings we have the following.

6.1.15. Theorem. For any Polish space X, one can find a closed set
Z C IN* and a one-to-one continuous mapping f of the set Z onto X.

ProoF. By Theorem 6.1.12, we may assume that X is a closed subspace
in IR*™. By Corollary 6.1.7, there exists a closed set £ C IN® that can
be mapped continuously and one-to-one onto IR'. Then E> is closed in
the countable power of IN® and admits a continuous one-to-one mapping
onto IR*°. Since the countable power of IN is homeomorphic to IN® and the
preimage of a closed set under a continuous mapping is closed, we obtain the
required representation. O

A mapping mentioned in the above theorem may not be a homeomorphism
(i.e., the inverse mapping may be discontinuous). For example, the set R of
irrational numbers (we recall that R is homeomorphic to IN>®) contains a
closed set that can be mapped continuously and one-to-one onto [0, 1], but
such a mapping cannot be a homeomorphism because R contains no intervals.

By a modification of the proof of Theorem 6.1.13 one establishes the
following lemma (see Kuratowski [1082, §36] and Exercise 6.10.33).

6.1.16. Lemma. Fvery nonempty complete metric space without isolated
points contains a subset homeomorphic to IN®.

Nonempty closed sets without isolated points are called perfect.

6.1.17. Proposition. Any two bounded perfect nowhere dense sets on
the real line are homeomorphic. In particular, every set of this type is home-
omorphic to the Cantor set and has cardinality of the continuum.

PROOF. Let E C [0, 1] be a set of this type and let 0,1 € E. We construct
a homeomorphism A of [0, 1] that maps the Cantor set C' onto E. To this end,
we enumerate the countable family U of disjoint open intervals complementary
to E in [0,1] as follows. Let U1 € U be an interval of the maximal length.
Next we pick an interval Us; € U of the maximal length on the left from
Ui, and an interval Us 2 € U of the maximal length on the right from Uy ;.
We proceed by induction and, for every n, obtain 2"~! open intervals U,
that have the same mutual disposition as the intervals J, ; which appear in
the construction of the Cantor set. Clearly, this process exhausts all intervals
in Y. Let h be an affine homeomorphism between J,, ; and U, j, for all n, k, so
h is an increasing function that maps [0, 1]\C' homeomorphically onto [0, 1]\ E.
It is readily seen that h extends uniquely to a homeomorphism of [0, 1] by the
formula A(t) = inf{h(u): u & C,u > t}. O

In measure theory, the following representation of metrizable compacts,
obtained by P.S. Alexandroff, is useful. A simple proof is found in many
books; see Engelking [532, 4.5.9, p. 291].
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6.1.18. Proposition. Any nonempty metric compact K is a continuous
image of some compact set Ky in [0,1]. Moreover, one can take for Ky the
Cantor set C.

Let us give examples of more exotic topological spaces useful for con-
structing various counter-examples in measure theory.

6.1.19. Example. The Sorgenfrey line Z is defined as the real line
with the topology whose base consists of all intervals [z, ), where x is a real
number, r is a rational number and z < r. The Sorgenfrey interval [0,1) is
equipped with the same topology. Similarly, the Sorgenfrey plane Z? is the
plane with the topology generated by the rectangles [a, b) X [c, d). Usual open
sets on the real line (or in the plane) are open in the Sorgenfrey topology,
since every interval (a,b) is the union of the sets [a + 1/n,b).

The Sorgenfrey line has the following properties, see Arkhangel’skii, Pono-
marev [68], Engelking [532], Steen, Seebach [1774]:

(1) the space Z is not metrizable, but it is Lindelof, paracompact and
perfectly normal, and every point has a countable base of neighborhoods;

(2) every compact subset of Z is at most countable.

The set D of all points of the form (z, —x) in the Sorgenfrey plane is closed
and is discrete in the induced topology, i.e., every point is open in the induced
topology. This follows by the equality (z,—x) = DN [z,z+ 1)x[—2,—xz +1).

6.1.20. Example. Let X = Cy|JC) C R?, where
Co={(2,0): 0<z <1} and C;={(zr,1): 0<z<1}.

Let us equip X with the topology generated by the base consisting of all sets
of one of the following two types:

{(z,i) € X: 2o —1/k <& <wmg, i =0,1} U{(x0,0)},
where 0 < xg < 1, k € IN, and
{(z,i) e X: wg <z <m0+ 1/k, i =0,1} U{(z0,1)},

where 0 < zq < 1, k € IN. The space X is called “two arrows of P.S. Alexan-
droff” (or “two arrows”, “double arrow”) and has the following properties:

(i) X is a compact space;

(ii) X is perfectly normal and hereditary Lindelof;

(ili) X is a non-metrizable separable space, in which every point has a
countable base of neighborhoods. Every metrizable subset of X is at most
countable;

(iv) the natural projection of X onto [0, 1] (with the usual topology) is
continuous.

See Arkhangel’skii, Ponomarev [68, p. 146] or Engelking [532, 3.10C] for
a proof and Exercise 6.10.87 for an alternative description of this topology.

6.1.21. Example. Let 2 be an ordinal number. The set of all ordinals
a with a < Q is denoted by [0, 2]. It is equipped with the order topology, the
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base of which consists of all sets of the form {z < a}, {a <z < 5}, {z > a},
where a, 8 < Q. The space [0, Q) with the deleted point Q2 is equipped with the
induced topology. The space [0, €] is compact. Indeed, given its open cover
{Ut}ter, we consider the set M of all z < Q such that the closed interval
[0, 2] is not covered by finitely many elements of the given cover. Since [0, 2]
is well-ordered, M contains the smallest element xy. There exists t, with
xo € Uy,. It is easy to see that there exists an element y € [0,20) N Uy, (if o
is the minimal element in Uy, then xy has an immediate predecessor, which
leads to a contradiction). Then y ¢ M and there exist t,...,t, € T such
that [0,y] € Ui—, Us,. Hence [0,z0] C Ui Us,, ie., zg & M.

6.2. Borel sets

One of the most frequently used o-algebras on a topological space X is the
Borel o-algebra generated by all open sets; it is denoted by the symbol B(X).
It is clear that B(X) is generated by all closed sets, too. The sets in B(X)
are called the Borel sets in the space X. The property of a set to be Borel
depends on the space in which it is considered. For example, one always has
X € B(X).

Borel sets owe the name to the classical works of E. Borel [230], [234].

6.2.1. Definition. Let X and Y be topological spaces. A mapping
f: X — Y is called Borel (or Borel measurable) if f~Y(B) € B(X) for all
sets B € B(Y).

6.2.2. Lemma. Fvery continuous mapping between topological spaces is
Borel measurable.

PRrROOF. Let X,Y be topological spaces and let f: X — Y be a con-
tinuous mapping. Denote by £ the class of all sets B € B(Y) such that
f~1(B) € B(X). Obviously, the class £ is a o-algebra and by the continuity
of f it contains all open sets (we recall that the preimage of any open set
under a continuous mapping is open). Therefore, & = B(Y). O

6.2.3. Lemma. Let (X, A) be a measurable space, let E be a separable
metric space, and let f: X — E be measurable, i.e., f~1(B) € A for all
B € B(E). Then, there exists a sequence of measurable mappings f, with an
at most countable range uniformly convergent to f.

PRrROOF. For every n we cover E by a finite or countable collection of balls
of diameter less than 1/n. From this collection we construct a cover of E by
disjoint Borel sets By, ., k € IN, of diameter less than 1/n. Next we choose in
every B, ; a point ¢, and let f, () = ¢ if # € f~1(B,.x). Then the distance
between f,(z) and f(z) does not exceed 1/n for all x. O

6.2.4. Lemma. Let X be a topological space and let Y be a subset of X
with the induced topology. Then B(Y)={BNY: B e B(X)}.
In particular, for all Y € B(X) we have B(Y)={B € B(X): BCY}.
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PrOOF. Let £:={E CY: E=BnNY, B e B(X)}. It is easy to see that
£ is a o-algebra. By the definition of the induced topology, all open sets in
the space Y belong to £ because they are intersections of Y with open sets
in X. Hence B(Y) C £. On the other hand, the class & of all sets B € B(X)
such that BNY € B(Y), is a o-algebra too and contains all open sets in X.
So B(X) C &y, which completes the proof. The last claim is obvious. O

Let us consider certain elementary properties of Borel mappings.

6.2.5. Lemma. Let (2, A) be a measurable space and let T be a metric
space (or, more generally, a perfectly normal space, i.e., a space in which every
closed set is the set of zeros of a continuous function). A mapping f: Q — T
is measurable with respect to the o-algebras A and B(T) precisely when for
every continuous real function ¥ on T, the function i o f is measurable with
respect to A.

PROOF. The necessity of the above condition is obvious, since ¥~1(U)
is open in T for any open U C IR!. For the proof of the converse we verify
that f~1(Z) € A for every closed set Z C T. We observe that Z has the
form Z = 1~1(0) for some continuous function v (if T is perfectly normal,
then this is true by definition, in the case of a metric space one can take
Y(x) = dist(z, Z)). Now we obtain f~1(Z) = (o f)71(0) € A. O

6.2.6. Corollary. Suppose that in the situation of Lemma 6.2.5 the map-
ping f: Q — T is the pointwise limit of a sequence of measurable mappings
fa: (,A) — (T,B(T)). Then f is measurable with respect to A and B(T).

6.2.7. Corollary. The statement of the previous corollary remains valid
if Q is a topological space with the Borel o-algebra and the mappings f, are
continuous.

The last corollary may fail for arbitrary completely regular spaces T'. Let
us consider the following example of R.M. Dudley.

6.2.8. Example. Let T be the space of all functions f from 0, 1]
to [0,1] equipped with the topology of pointwise convergence. According
to Tychonoff’s theorem, T is compact. Let us take for 2 the interval [0, 1]
with the Borel o-algebra. Let f,,: Q@ — T be defined by the formula

fa(w)(s) =max(l —n|w—s[,0), we,sec[0,1].
The mappings f, converge pointwise to the mapping f: w — I, ie,
fw)(s) =11if s =w and f(w)(s) =0 if s # w. Each mapping f, is continu-
ous, hence measurable if T is equipped with the Borel o-algebra, but f is not
measurable. Indeed, the set Uc = J,cc{z € T x(w) > 0} is open in T' for

every subset C C Q, and f~}(Ug) = C. Let C be a non-Borel set. Then the
preimage of Uc is not measurable.

6.2.9. Proposition. Let X be a metric space and let £ be some class
of subsets of X containing all open sets and closed with respect to countable
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untons of pairwise disjoint sets and countable intersections. Then £ contains
all Borel sets.

ProoF. Follows by Theorem 1.12.2. O

6.2.10. Definition. (i) An isomorphism of two measurable spaces (X, .A)
and (Y,B) is a one-to-one mapping j: X — Y such that j(A) = B and
1) —

J—H(B) = A.

(ii) A measurable space (S, B) is called standard if it is isomorphic to the

space (M,B(M)) for some Borel set M in a Polish space.

Sometimes standard measurable spaces are called standard Borel spaces.
We shall see below that there are only two non-isomorphic classes of standard
measurable spaces of infinite cardinality: countable and uncountable.

Let us prove the following interesting result of Kuratowski on extensions
of isomorphisms (see also Kuratowski [1082, §35, VII]).

6.2.11. Theorem. Let X and Y be Polish spaces, A C X, B CY,
and let f: A — B be a Borel isomorphism, i.e., a one-to-one Borel mapping
such that f~' is Borel measurable provided that A and B are equipped with
the induced Borel o-algebras. Then, one can find two sets A* € B(X) and
B* € B(Y) and a Borel isomorphism f*: A* — B* such that A C A*,
B C B* and f*|a = f.

PROOF. Let g := f~': B — A. Clearly, one can find Borel mappings
f*: X > Y and ¢*: Y — X such that f*|4 = f and g*|p = g. Let us set
A ={zeX: g*(f*(x)) =}, B :={yeY: f*(9°(y)) = y}. Itis readily
seen that A* and B* are Borel sets and f* is a Borel isomorphism between
them. O

6.3. Baire sets

Another important o-algebra on a topological space X is generated by all

sets of the form
{reX: f(z)>0},

where f is a continuous function on X. This o-algebra is called the Baire o-
algebra and is denoted by Ba(X). It is clear that this is the smallest o-algebra
with respect to which all continuous functions on X are measurable. The same
o-algebra is generated by the class of all bounded continuous functions. The
sets in Ba(X) are called the Baire sets in the space X. Baire sets owe the
name to the classical works of R. Baire [93], [94] on the theory of functions.

The sets of the form {z € X: f(x) > 0}, where f € C(X), are called
functionally open and their complements are called functionally closed.

In a metric space, any closed set is the set of zeros of a continuous function.
Hence the Borel and Baire o-algebras of a metric space coincide. Below we
discuss other cases of coincidence and give examples of non-coincidence. The

following lemma is obvious from the fact that every closed set on the real line
has the form f=1(0), f € C(R").
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6.3.1. Lemma. A set U is functionally open precisely when it has the
form U = =Y (W), where ¢ € C(X) and W C R' is open.

A set Z is functionally closed precisely when it has the form Z = 1=1(0),
where Y € C(X).

6.3.2. Lemma. Let Z; and Zs be disjoint functionally closed sets in a
topological space X. Then, there exists a function f € Cy(X) with values in
[0,1] such that Zy = f~1(0), Zo = f~1(1).

PRrROOF. The sets Z; have the form Z; = 1/){1(0), where ¢; € Cy(X) and
0 < ; <1. One can take f =11 /(1 + 1¥2). O

6.3.3. Lemma. FEvery Baire set is determined by some countable family
of functions, i.e., has the form

{1’: (fl(x),fg(x), oo falT), - ) € B}, fi € C(X), BeB(IR™). (6.3.1)
Moreover, every set of this form is Baire, and we can take f; € Cy(X).

PROOF. We prove first that every set of the form (6.3.1) is Baire. This
is true if B is closed, since it has the form B = ¢~1(0) for some continuous
function 1 on IR™ and the function = — ¢ ((fa()) ) is continuous. It
is easily verified that for any fixed sequence {f,}, the class By of all sets
B € B(IR*) such that

{x: (fl(m), fa(x), ..., fulx),.. ) c B} € Ba(X)
is a o-algebra. Hence it contains B(IR°®) and thus coincides with B(IR°"). On
the other hand, the class £ of all Baire sets E representable in the form (6.3.1)
with f; € Cp(X), contains all sets of the form {f > 0}, f € C(X). In addition,
this class is a o-algebra. Indeed, the complement of any set £ € £ has the
form (6.3.1) with the same f; and the set IR°\B in place of B. If E; € £
are represented by means of the sets B; € B(IR™) and functions f;,, then
E =2, Ej can be written in the form (6.3.1) as well. To this end, we write
the space IR*® as its countable power and take B = Hj‘;l B;. ([l

The following result follows immediately from the definitions. Neverthe-
less, it is useful in applications because perfectly normal spaces constitute a
sufficiently large class. Some examples are given below.

6.3.4. Proposition. Let X be a perfectly normal space. Then we have
B(X) = Ba(X).

6.3.5. Corollary. The equality B(X) = Ba(X) is true in any of the
following cases:

(i) X is a metric space,

(ii) X s a reqular space such that every family of its open subsets contains
a countable subfamily with the same union (i.e., X is hereditary Lindeldf).

PRrooF. Both conditions imply that X is perfectly normal (see Section 6.1
or Engelking [532, §3.8]). O
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The following lemma shows that if in Lemma 6.2.5 one deals with Baire
sets in place of Borel sets, then no restrictions on the space are needed.

6.3.6. Lemma. Let (Q,.A) be a measurable space and let T be a topolog-
ical space. A mapping f: Q — T is measurable with respect to the o-algebras
A and Ba(T) precisely when for every continuous real function b on T, the
function 1 o f is measurable with respect to A.

PrROOF. The necessity of this condition is obvious, and its sufficiency
is verified in the same manner as in Lemma 6.2.5: the class £ of all sets
B € Ba(T) with f~1(B) € A is a o-algebra and contains all sets 1»~1(0),
where ¢ € C(T). O

6.3.7. Corollary. Let (Q,.A) be a measurable space, let T be a topological
space, and let a mapping f: Q0 — T be the pointwise limit of a sequence of
measurable mappings fr,: (0, A) — (T,Ba(T)). Then f is measurable with
respect to A and Ba(T).

6.4. Products of topological spaces

Let T be a nonempty index set and let Xy, ¢t € T, be a family of nonempty
spaces equipped with o-algebras A;. We recall that the product of the family
{ X} e is the set of all collections of the form x = {xy, t € T}, where x; € X;
for every t € T'. This product is denoted by [[,. X;. In Chapter 3, we have
already discussed the o-algebra A = ), A; generated by all finite products
of sets from A;. This section is concerned with the situation where all X;
are topological spaces and A; are the Borel or Baire o-algebras. The space
X = [I,er Xt is equipped with the product topology, i.e., open sets are unions
of basic open sets of the form Uy, ., ={z € X: 2y, € Uy,,i = 1,...,n},
where Uy, is an open set in X;,. The principal question concerns the relations
between @), B(X;) and B(X) and between &), Ba(X;) and Ba(X).

6.4.1. Lemma. Let B,, be Borel sets in spaces X,, where n € IN. Then
B =TI, By, is a Borel set in X =[] ", X,, with the product topology. In
addition, one has @, B(X,) C B(X).

PROOF. Since B = (1, (B, o | B X,,), it suffices to verify that for any
B € B(X1) one has Bx[[,2, X,, € B(X). This is true for open B. Since the
class € of all B € B(X1) such that Bx[]>", X,, € B(X) is a o-algebra, this
class coincides with B(X7). The second claim follows from the first one. O

6.4.2. Lemma. (i) Let X,Y be Hausdorff spaces and let Y have a count-
able base (e.g., let Y be a separable metric space). Then we have the equality
B(XxY)=B(X)B(Y).

(ii) Let X,, where n € IN, be nonempty Hausdorff spaces such that
[1,2, X, is hereditary Lindelof (e.g., let all X,, have countable bases). Then

we have the equality B(Hf;l Xn> =@, B(X,).

n=1

(iii) If every X,, is compact, then Ba(IT,—; Xn) = @, Ba(X,).

n=1
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PROOF. (i) According to the previous lemma, it suffices to show that
every open set U in X XY belongs to B(X)®B(Y). Let {V,,} be a countable
base of Y. Then U can be represented as the union of sets U, xV,,, where the
sets U, are open in X. For fixed n, let W,, be the union of all sets U, with
UyaxV, CU. Then U =, (W, xV,,) € B(X)®@B(Y).

(ii) By the Lindelsf property, every open set in [[~, X,, can be repre-
sented as a countable union of finite products of open sets in the spaces X,
since it is a certain union of elements of the standard base.

(iii) Follows by the Weierstrass theorem, according to which the set of
finite sums of products of functions from C(X,,) is dense in C([]7”; X,,). O

This lemma does not extend to arbitrary spaces (even metric ones).

6.4.3. Example. Let X be a Hausdorff space of cardinality greater than
that of the continuum. Then B(X xX) # B(X)®B(X).

PrOOF. We show that the diagonal
A= {(z,2): z€ X},

which is closed in X x X, does not belong to B(X)®B(X). To this end, let
& denote the class of all sets £ C X x X such that E and its complement
are representable as unions of the continuum (or fewer) of rectangles Ax B,
A,B C X. By definition, £ contains all rectangles. In addition, £ is a
o-algebra. Indeed, the class £ is closed with respect to complementation. It
admits countable unions. Indeed, if E,, € £, then the complement to |-, E,
can be written in the form of a union of the continuum of rectangles. To see
this, we observe that if (XxX)\E, = U, En,a, where E, , are rectangles and
« belongs to some set of indices A of cardinality of the continuum, then the
complement to ;2 En is (21 Us Enia = Ua,)eax D(an)» Where D(q,) =
No—y En,a, are rectangles, and the set A> is of cardinality of the continuum
or less. Therefore, £ contains the o-algebra generated by rectangles. It is
clear that A does not belong to £. O

We recall that the graph of a mapping f: X — Y is the subset of X xY
defined as I'y := {(z, f(2)): z € X}.

6.4.4. Theorem. Let (X,A), (Y,B) and (Z,€) be measurable spaces
and let f: (X, A) = (Z,€) and g: (Y,B) — (Z,€) be measurable mappings.
Suppose that

Az :={(z,2): z€ Z} € ERQE.
Then
{(z,y) e XxY: f(z)=g(y)} € ADB.

In particular, the graph of the mapping f belongs to ARQE.

PROOF. The mapping (f,g): X XY — Z x Z is measurable with respect
to the pair of o-algebras A®B and £®E. By hypothesis, A®B contains the
preimage of Az under this mapping, which yields the first claim. The second
claim follows by the first one if we set (Y,B) = (Z,€) and g(y) = y. O
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6.4.5. Corollary. Let X and Y be Hausdorff spaces such that
Ay ={(y,y): ye Y} € BY)RB(Y).

Then, the graph of every Borel mapping f: X — Y belongs to B(X)®B(Y).
In particular, this is the case if Y XY is hereditary Lindeldf.

PRrROOF. The first claim follows by the above theorem. The second one
is seen from the fact that the complement to the diagonal of Y2 is open and
can be written as a union of open rectangles U x V', so it remains to choose
among these rectangles a finite or countable collection with the same union,
which yields that Ay € B(Y)®B(Y). O

6.4.6. Lemma. Suppose that (X, B) is a measurable space and a function
f: XxIR' = R! satisfies the following conditions: for every fized t € R',
the function x — f(x,t) is B-measurable, and for every fized x € X, the
function t — f(x,t) is right-continuous. Then, the function f is measurable
with respect to BQB(IRY). The same is true in the case of the left continuity.
Moreover, f may be a mapping with values in a separable metric space.

PrROOF. We may assume that 0 < f < 1. For every natural n, we parti-
tion the interval [0, 1] into 2" equal intervals by the points k2~". Let

falz,t) = f(z,m+ (k+1)27") ift € [m+ k27", m+ (k+1)27"),
wherem € Z, k =0,...,2" —1. Note that lim f,(z,t) = f(x,t) for all (z,?).
Indeed, given ¢ > 0, by hypothesis, there exists § > 0 such that for all
s € [t,t +0) one has |f(z,t) — f(z,s)| < e. Let 27™ < §. Then we can find
k such that k27" < ¢ < (k+1)27" < ¢t + 6. Hence |f(z,t) — fn(z,t)| < €.
It remains to observe that the functions f, are measurable with respect to
BoB(IR') by the measurability of f in z. In the case of the left continuity the
reasoning is similar. With an obvious modification the proof remains valid
for mappings to separable metric spaces (see Corollary 6.2.6). ]

It is worth noting that a function of two variables that is Borel in every
variable separately may not be Borel in two variables (see Exercise 6.10.43).
Some additional information is given in §6.10(i).

6.5. Countably generated c-algebras

We say that a family S of subsets of a space X separates the points in X
if for every two distinct points x and y, there is a set S € S such that either
reSandyg Sory e Sand x ¢ S. A family F of functions on X is said
to separate the points of X if for every two distinct points z and y, there is

f € F such that f(x) # f(y).

6.5.1. Definition. Let £ be a o-algebra of subsets of a space X.

(i) € is called countably generated or separable if it is generated by an at
most countable family of sets E,, i.e., E=oc({E,}).

(ii) &€ s called countably separated if there exists an at most countable
collection of sets E,, € £ separating the points.
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6.5.2. Example. The Borel o-algebra of a separable metric space is
separable and countably separated. Indeed, a countable base of open sets
generates the Borel g-algebra and separates the points.

It is clear that the o-algebra o({f.}) generated by a countable family of
real functions f,, on a space X is countably generated because it is generated
by the sets {f, < ri} where {ry} are all rational numbers.

6.5.3. Lemma. Let I' be a family of functions on a space X. The
generated o-algebra o(T") separates the points in X precisely when T' separates
the points in X.

PRrROOF. If T separates the points in X, then the sets from o(T") of the
form f~'(a,b), f € I, a, b € R', separate them too. Suppose now that
o(T") separates the points in X, but I' does not, i.e., there exist two distinct
points = and y with f(z) = f(y) for all f € T. Let us consider the class &£
of all sets E C X such that either {x,y} C E or {z,y} C X\E. It is readily
verified that £ is a o-algebra. By our assumption £ contains all sets {f < ¢},
f €T, ¢ce R hence £ contains the generated o-algebra. This leads to a
contradiction, since o(T") separates the points x and y. Il

6.5.4. Proposition. Let F be a family of continuous real functions
separating the points of a topological space X such that X x X is hereditary
Lindeldf. Then F contains a finite or countable subfamily separating the points
in X. In particular, this is true if X is a separable metric space.

PRrOOF. For every f € F, let U(f) = {(z,y) € X xX: f(z) # f(y)}.
Denote by C' the complement of the diagonal in the space X x X. The sets
U(f) form an open cover of C. By our assumption on X x X, one can find
a finite or countable subfamily of sets U(f,,) covering C. It is clear that the
family of functions f,, separates the points in X. In fact, we only need that
C be Lindelof. O

6.5.5. Theorem. Let (E,E) be a measurable space. Then & is countably
generated if and only if there exists an E-measurable function f: E — [0,1]
such that € = {f~Y(B): B e B([0,1])}.

PROOF. For any function f: E — [0,1], the collection of sets f~1(B),
where B € B([0,1]), is a countably generated c-algebra. For a countable
collection of generating sets one can take f~1([0,7,]), where {r,} are all
rational numbers in [0,1]. Conversely, if £ = o({Ay}), then let

(o)
f=Y 3",
n=1

The measurability of f is obvious. Since the preimages of Borel sets form
a o-algebra A, for the proof of the equality A = £ it is sufficient to verify
that A contains all sets A,. The latter is easily seen from the equalities
A = f7Y([1/3,2/3)), A2 = f~1([1/9,2/9]U[1/34+1/9,1/3+2/9]), and so on.
The theorem is proven. (I
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6.5.6. Corollary. Let (X, A, u) be a measure space with a finite mea-
sure p, let (E,E) be a space with a countably generated o-algebra £, and let
F: X — E be a p-measurable mapping, i.e., F~1(€) := {F~Y(B): B € &}
is contained in A,. Then, there exists a mapping Fo: X — E such that
Fo(x) = F(x) for p-a.e. x and Fy () C A, i.e., Fy is (A, E)-measurable.

PROOF. By the above theorem, £ = f_l(B(IRl)) for some function f
on E. The function f o F is measurable with respect to p and hence has
an A-measurable modification g. There is a set Z € A of zero p-measure
outside of which ¢ coincides with f o F. Let Fy(x) = F(z) if x ¢ Z and
Fo(z) = e if € Z, where e is an arbitrary fixed element of E. It is clear
that Fy = F p-a.e. Let E € £. Then E = f~(B), where B € B(IR'). Since
Folx\z = F|x\z and Fy|z = e, we obtain

Fy {(B) = (Fy {(B)N Z) U (Fg (B) N (X\Z))
= (Fy ' (En{e)nZ)U (g (B)N(X\Z)).
Finally, (Fy ' (E N {e}) N Z) is either empty or coincides with Z. O

6.5.7. Theorem. Let (E,&) be a measurable space. The following con-
ditions are equivalent:

(i) € is a countably separated o-algebra;

(ii) there exists an injective E-measurable function f: E — [0,1];

(iii) Ag = {(z,2): z € E} € ERE;

(iv) there exists a separable o-algebra & C & such that all singletons
belong to &.

Proor. If (i) is fulfilled and {E,} C £ is a countable family separating
the points in FE, then the function f = Y 7 37 "Ip, is &-measurable and
injective, as is easily seen. In order to derive property (iii) from property (ii)
we observe that

Ap={(z,y) € ExE: f(z)=f(y)} =9 (Do),

where g(z,y) = (f(x), f(y)), g: E* — [0,1]%. Since the mapping g is mea-
surable with respect to E®& and B([0,1]?) and the diagonal is a Borel set,
one has Ag € £®&. Now let (iii) be fulfilled. We observe that every set
A € £ERE is contained in the o-algebra generated by sets A, x Ay for some
finite or countable collection of sets A4,, € £ (Exercise 1.12.54). We take such
a collection {A,} for A = Ag. It remains to observe that for every z € E, we
have {z} = ApN{z}xE € 0({4,}). Indeed, the class of all sets B € £ERE
with the property that BN {z} xE € o({A,}), is a o-algebra. In addition,
this class contains all sets A, X Ay, since the section of A, x A at the point x
either is empty or coincides with Ag. Thus, all sets in o({A,, X Ax}) enjoy the
above-mentioned property, hence Ag has this property as well. Finally, (iv)
yields (i): according to Lemma 6.5.3, any countable family of sets generating
&y must separate the points in F. (Il
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The next theorem characterizes the class of measurable spaces that pos-
sess both countability properties considered above.

6.5.8. Theorem. Let (E,E) be a measurable space. Then & is countably
generated and countably separated precisely when the space (E,E) is isomor-
phic to some subset M in [0,1] with the induced Borel o-algebra, i.e., there
exists an (S,B(M))—measumble one-to-one mapping f: E — M such that

E={f"Y(B): BeB(M)}.

Proor. By Example 6.5.2, the indicated condition is sufficient. Sup-
pose that £ is countably generated and countably separated. Let us take a
countable collection of sets A, separating the points in E and generating €.
Then the function f considered in the proof of Theorem 6.5.5 is injective. Let
M = f(E). It is clear that f is an isomorphism of the measurable spaces

(E,€) and (M,B(M)). O

Of course, a separable g-algebra £ may not separate the points in the
space, but if it does separate, then by Lemma 6.5.3 it is countably separated.
On the other hand, a countably separated o-algebra may not be countably
generated. Let us consider a non-trivial example of this sort.

6.5.9. Example. Let £ be some o-algebra of subsets of [0, 1] containing
all Souslin sets and belonging to the o-algebra L of all Lebesgue measurable
sets (for example, one can take &€ = £). Then £ is not countably generated,
although it contains all Borel sets; in particular, it is countably separated.

PROOF. Assume the contrary. As shown above, there exists an £-measu-
rable function f: E — [0,1] such that & = {f~1(B): B € B([0,1])}. Since
& C L, the function f is Lebesgue measurable. By Lusin’s theorem, there is a
compact set K C [0, 1] of positive Lebesgue measure such that the restriction
of f to K is continuous. Then every set E C K belonging to £ is Borel,
since E = f~!(BN f(K)) for some Borel set B C [0,1] and f(K) is compact.
This leads to a contradiction, since we show in §6.7 that every compact set of

positive Lebesgue measure contains non-Borel Souslin subsets (see Corollaries
6.7.11 and 6.7.13). O

6.6. Souslin sets and their separation

In this section, we begin the study of Souslin sets in topological spaces.
We discuss some basic properties of Souslin sets; then in the next section
we concentrate on the case where the whole space is Souslin (for example, is
complete separable metric), and finally return to general spaces.

6.6.1. Definition. A set in a Hausdorff space is called Souslin if it is
the image of a complete separable metric space under a continuous mapping.
A Souslin space is a Hausdorff space that is a Souslin set. The empty set is
Souslin as well.
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Souslin sets are also called analytic sets. The complement of a Souslin
set in a Souslin space is called co-Souslin or coanalytic.

Note also that the images of Polish spaces under continuous one-to-one
mappings to Hausdorff spaces are called Lusin spaces. It will be clear from
the discussion below that not every Souslin space is Lusin.

Theorem 6.1.13 yields the following characterization.

6.6.2. Lemma. A nonempty set in a Hausdorff space is Souslin precisely
when it can be represented as the image of the space IN® under a continuous
mapping.

6.6.3. Proposition. Every nonempty Souslin set is the image of the
space R of irrational numbers of the interval (0,1) under some continuous
mapping and also is the image of (0,1) under some Borel mapping.

PrOOF. The first claim follows at once from Theorem 6.1.6. The second
claim is an obvious corollary of the first one, since R can be represented as
the image of (0,1) under the Borel mapping that is identical on R and takes
all rational numbers to /1/2. O

6.6.4. Lemma. Fvery Souslin space is hereditary Lindeldf.

PrOOF. Let X be a Souslin space. Then X is the image of a separable
metric space M under a continuous mapping F. For any open sets U, C X,
the sets F~!(U,) are open in M and cover the set F~*(|J, U,). Hence one
can choose a finite or countable subcover, which yields a countable subcover
in {Uy}. Thus, X is hereditary Lindelof. O

6.6.5. Lemma. (i) The image of a Souslin set under a continuous map-
ping to a Hausdorff space is a Souslin set.

(ii) Every open or closed subset of a Souslin space is Souslin.

(iii) If A, is a Souslin set in a space X,, for every n € IN, then [[°, A,
is a Souslin set in the space Hf;l X,.

PROOF. Claim (i) is obvious.

(ii) Let X = f(E), where f: F — X is a continuous mapping and E is a
complete separable metric space. If A C X is a closed set, then Ey = f~1(4)
is a closed subspace in E and hence is a complete separable metric space. If
A'is open, then Ey = f~1(A) is an open set. According to Exercise 6.1.11 the
space Ey is homeomorphic to a complete separable metric space E1, i.e., A is
a continuous image of Fj.

(iii) If A,, = fn(E,), where E,, is a complete separable metric space and
fn: E, — X, is a continuous mapping, then E = [[~ | E,, is a complete
separable metric space and f = (f1, f2,...): E — [[,—, X, is a continuous
mapping. O

Now we prove that the class of Souslin sets is closed under the A-operation;
in particular, it admits countable unions and countable intersections. How-
ever, as will be shown below, the complement of a Souslin set even in the
interval [0, 1] may not be Souslin.
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Let Sx denote the class of all Souslin sets in a topological space X.

6.6.6. Theorem. The class Sx in a Hausdorff space X 1is closed with
respect to the A-operation. In particular, if sets A, are Souslin, then so are

Moy An and UpZ; An.

PRrOOF. (1) First we show that countable unions and countable intersec-
tions of Souslin sets are Souslin. Suppose that A, is a Souslin set in X.
Then there exist a separable metric space E,, and a continuous mapping
fn: En — X with A, = f,(E,). The union E of the spaces E, becomes
a complete separable metric space if the distances between the points of dif-
ferent spaces F, and E,, are defined to be 1, and the distances between the
points in every F, are unchanged. We define the mapping f: F — X as
follows: f|g, = fn. Then f is continuous and f(E) = |J,—; A,. Accord-
ing to what we have proved earlier, the set A = [[ 2| A, is Souslin in the
space X*°. Let

D= {(xn) eA z,=x1, Yn > 1}.

Then D is closed, hence is a Souslin set in A. Set g((x,)) = 2 if (z,) € D.
Then g is continuous and g(D) = ()~ An.

(2) Let A = (A(n1,...,nk)) be a table of Souslin sets. Let N(ny, ..., ng)
denote the set in IN® consisting of all v = (v;) such that v; = nq, ..., v = ng.
Note that one has

Cim U () Al )X N, )
(ni)e]l\fookzl

:ﬂ U A(nyg,...,ng) X N(ni,...,ng).

k=1 (nla-uﬂbk)emk

Indeed, a point (x,v) belongs to the left-hand side precisely when
(z,v) € m Ay, ..., vg) X N(vp, ..o vg).
k=1

Hence it belongs to the right-hand side. Conversely, if it belongs to the right-
hand side, then we have x € A(vy,...,v;) for every k, whence we obtain

DL

(x,v)e [ A, ...,v) X N(v1,. .., V).

k

1

As shown in (1), the set C'is Souslin in the space XxIN*°. Let us consider
the natural projection mx: X xIN®® — X. It remains to verify that

x(C)=8@A)= |J (At....,m).
(n;)eIN> k=1
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Indeed, it suffices to show that

7rx<ﬁ A(nl,...,nk)xN(nl,...,nk)) - fle(nl,...,nk).

k=1
The left-hand side of this equality obviously belongs to the right-hand side. If
x belongs to the right-hand side, then for every k, the point x is the projection

of some pair (x,v¥) from A(ny,...,n;) x N(ny,...,n;). This means that
Vf =n,; if ¢ < k. Then the point x is the projection of the pair (x,v), where
v = (n1,na,...). The proof is complete. |

6.6.7. Corollary. Fvery Borel subset of a Souslin space is a Souslin
space.

PRrROOF. Denote by £ the class of all Borel sets B in a Souslin space X such
that B and X\ B are Souslin sets. We know that the class £ contains all closed
sets. By construction it is closed with respect to complementation. Finally,
the above theorem yields that this class admits countable intersections. Hence
€ is a o-algebra containing all closed sets, i.e., one has £ = B(X). g

6.6.8. Theorem. Fvery Souslin set in a Hausdorff space can be obtained
from closed sets by means of the A-operation.

PROOF. Let a set A be the image of the space IN> under a continuous
mapping f. For every finite sequence ny,...,n; we denote by F,, . ., the
closure of f(Cp,, . n,), where

Crroomy, = {(me) € N® (my, o omy) = (ma, .o}

f((n:)) = Nrey Fuy,..oony for all (n;) € IN™. Suppose that this is not true
for some element (n;) € IN®°. Then there exists a point = € (o—; Fn,.... ns
that differs from f((n;)). Since X is Hausdorff, the points = and f((n;))
have disjoint neighborhoods. Hence there exists an open set U such that
f((n;)) € U Cc U and x ¢ U. By the continuity of f for all sufficiently

large k we have f(Cp, . n.) C U, whence # € f(Cp,.. n,) C U, which is a
contradiction. O

The following separation theorem is very important in the theory of
Souslin sets.

6.6.9. Theorem. Let A;, i € IN, be pairwise disjoint Souslin sets in a
Hausdorff space X. Then, there exist pairwise disjoint Borel sets B; such that
A; C B; for alli € IN.

PROOF. (1) First we make several general remarks. We shall say that
disjoint sets M; are Borel separated if there exist disjoint Borel sets B; with
M; C B;. If for every i € IN, disjoint sets M and M; are Borel separated, then
so are the sets M and |J;—; M;. Indeed, if B;,C; € B(X), M C B;, M; C C;,
C;NB; = @, then B := (2, B; and C = [J;2, C; are disjoint Borel sets
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and M C B, ;2 M; C C. Similarly, one verifies that if for every i, j € N,
we have disjoint Borel separated sets M; and P;, then the sets U;’il M; and
Uj=, P; are Borel separated. In addition, (;Z, M; and [J;Z, P; are Borel
separated.

(2) Now we consider the case where we have only two disjoint Souslin
sets. It is clear from step (1) of the proof of Theorem 6.6.6 that this re-
duces to the following situation: we have closed sets C' and D in a com-
plete separable metric space E and a continuous mapping f: E — X with
f(C)Yn f(D) = @. Suppose that f(C) and f(D) cannot be separated by
disjoint Borel sets. We represent E in the form E = |J;=; E(i), where
E(i) are closed sets of diameter less than 1. According to the above ob-
servations, for some ni,m; € IN the sets f(C N E(nl)) and f(D n E(ml))
are not Borel separated. By induction, for every k we construct closed sets
E(ni,...,n;) and E(mq,...,my) of diameter less than 1/k in E such that
the sets f(C NEMn,..., nk)) and f(D NE(m,... ,mk)) are not Borel sep-
arated and E(p1,...,px) = Uj=) E(p1,- .-, Pk, j), where for all p; and j the
sets E(p1,...,pk,j) are closed and have diameter less than (k + 1)~!. By
the completeness of E, there exist points a,b € E such that given ¢ > 0,
for all sufficiently large k the sets C N E(nq,...,n;) and DN E(my,...,myg)
belong to the e-neighborhoods of the points a and b, respectively. Note that
a € C,be D, since C' and D are closed. Then, by the continuity of f, for all
sufficiently large k the sets f(C' N E(ny,...,n;)) and f(D N E(my,...,my))
belong to disjoint open neighborhoods of the points f(a) and f(b) (which are
distinct, since f(C)N f(D) = @), i.e., are Borel separated. This contradiction
proves the theorem in the considered partial case.

(3) Let us consider the general case of a countable family of disjoint
Souslin sets A;. As we proved, there exist disjoint Borel sets B and (& w1th
Ay C By, UZ 5 A; C Ci. Further, there exist dlsJ0111t Borel sets B2 and CQ
with Ay C BQ and Ui=3 A; C CQ. We set By = B2 NCi and Cy = C2 NnCi.
Continuing this process by induction, we obtain the required sets B;. (Il

6.6.10. Corollary. Suppose that the complement of a Souslin set A in
a Hausdorff space X is Souslin. Then A is a Borel set.

PRrROOF. There exist B,C' € B(X) such that BNC = &, A C B and
X\ACC. Then A= B and X\A=C. O

The proof of the following result of P.S. Novikoff can be found in Del-
lacherie [425, p. 251], Rogers, Jayne [1589, p. 58].

6.6.11. Theorem. Let A,, n € IN, be Souslin sets in a Hausdorff space
such that ﬂff:l A,, is a Borel set. Then there exist Borel sets B,, such that
A, C By, and (o2, A =Ny Ba.

n=1
Let us also mention Lusin’s theorem on separation by coanalytic set (see

Dellacherie [425, p. 247], Hoffmann-Jorgensen [841, p. 80|, or Lusin [1209,
Ch. II1] for a proof).
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6.6.12. Theorem. Let A and B be Souslin sets in a Polish space X.
Then there exist coanalytic sets C' and D such that

A\BcC, BLACcD, CnD=wg, CuUD=X\(ANDB).

6.7. Sets in Souslin spaces

In this section, we discuss Souslin sets in Souslin spaces. In particular,
everything said below applies to complete separable metric spaces and their
Borel subsets. In addition to several general results, we shall obtain an exam-
ple of a non-Borel Souslin set. As above, I'; denotes the graph of a mapping f.

6.7.1. Lemma. Let X and Y be Souslin spaces. Then the graph I'y of
any Borel mapping f: X — Y is a Borel, hence Souslin, subset in the Souslin
space X XY . Conwversely, if f: X — Y has a Souslin graph, then f is Borel
measurable.

PrOOF. The first assertion follows from Corollary 6.4.5 and Lemma 6.6.4.
In order to prove the converse, we observe that for any B € B(Y), the sets
f7YB) and f~'(Y\B) are Souslin as the projections of I'y N (X x B) and
r'rn (X X (Y\B)), respectively. By Corollary 6.6.10, we obtain the inclusion
f~1(B) € B(X). O

6.7.2. Theorem. Let X be a Souslin space (e.g., a complete separable
metric space) and let A be its subset. The following are equivalent:

(i) A is a Souslin set;

(ii) A can be obtained by the A-operation on closed sets in X;

(iii) A is the projection of a closed set in the space X xIN°;

(iv) A is the projection of a Borel set in X xIR.

PROOF. The equivalence of (i) and (ii) follows by Theorem 6.6.8 and
Theorem 6.6.6 taking into account that all closed sets in a Souslin space are
Souslin. Since the spaces X xIN* and X xIR' are Souslin, all Borel sets in
them are Souslin by Corollary 6.6.7. Hence (iii) and (iv) imply (i). In order
to deduce (iii) from (i), we observe that the set A is the image of IN®® under
some continuous mapping f: IN® — X, hence coincides with the projection
of 'y on X. Note that I'y is closed in the Souslin space IN™ x X. Finally,
we verify that (i) yields (iv). To this end, we represent A as the image of R!
under a Borel mapping f. This can be done by using Proposition 6.6.3. It
remains to observe that the graph of f is a Borel subset of R! x X, and A is
its projection on X. ([l

6.7.3. Theorem. Let X and Y be Souslin spaces and let f: X —Y be
a Borel mapping. Then, for all Souslin sets A C X and C C Y, the sets f(A)
and f~Y(C) are Souslin. In particular, this is true if f is continuous.

If f is injective, then the mapping f~': f(X) — X is Borel.

PrOOF. By Lemma 6.7.1, the graph of the mapping f|4 is a Souslin set in
the Souslin space AXY". Hence its projection on Y, equal to f(A), is a Souslin
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set. Similarly, f=1(C) is the projection on X of the set D =Ty N (X xC). It
remains to observe that D is a Souslin set, since so are I'y and X xC. If f is
injective, then f(B) € B(f(X)) for any B € B(X) by Corollary 6.6.10, since
f(B) and f(X)\f(B) = f(X\B) are Souslin sets in f(X). O

Even for continuous injective f the set f(B) with B € B(X) need not
belong to B(Y): take a non-Borel Souslin set X C [0, 1] (see below) and its
identical embedding into Y = [0, 1]. However, see Theorem 6.8.6.

6.7.4. Theorem. Let X be a Souslin space. Then, there exist a Souslin
subset S in the interval [0,1] and a one-to-one Borel mapping h from the space
X onto S such that h is an isomorphism of the measurable spaces (X,B(X))
and (S, B(S)).

PROOF. As we know, the space X x X is Souslin. By Lemma 6.6.4 it
is hereditary Lindel6f. According to Corollary 6.4.5, the diagonal in X x X
belongs to B(X)®B(X), whence by Theorem 6.5.7 we obtain the existence of
an injective Borel function h: X — [0,1]. Set S = f(X). By Theorem 6.7.3
the set S is Souslin and h: X — S is a Borel isomorphism. O

6.7.5. Corollary. The Borel o-algebra of a Souslin space is countably
generated and countably separated.

6.7.6. Corollary. Let p be a finite measure on a measurable space
(X, A), let Y be a Souslin space, and let F: X — Y be a p-measurable
mapping, i.e., F~1(B) € A,, for all B € B(Y). Then, there exists a mapping
G: X — Y such that F = G p-a.e. and G™1(B) € A for all B € B(Y).

PROOF. One can apply Corollary 6.5.6. O

6.7.7. Theorem. Let X be a completely reqular Souslin space. Then

(i) X is perfectly normal; in particular, the Borel and Baire o-algebras in
X coincide;

(ii) there exists a countable family of continuous functions on X separating
the points in X.

PROOF. Let U be open in X. By the complete regularity, for every point
x € U, there exists a continuous function f,: X — [0, 1] such that f,(z) =1
and f, = 0 outside U. The open sets U, = {z: fu(z) > 0} cover U. By
Lemma 6.6.4, there is an at most countable subcover {U,, } of the set U. It
remains to observe that U = {f > 0}, where the function f =3 27"f,
is continuous. Indeed, f = 0 outside U. For every y € U, there exists n with
y €U, , e, fu, (y) >0. Thus, X is a perfectly normal space.

The space X x X is Souslin as well. By Lemma 6.6.4 it is hereditary
Lindel6f. Hence (ii) follows by Proposition 6.5.4. O

We note that even a countable Souslin space may not be completely reg-
ular (Exercise 6.10.78).

6.7.8. Corollary. Every compact subset in a Souslin space is metrizable.
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PRrROOF. Since all closed subsets of Souslin spaces are Souslin, it suffices
to establish the metrizability of every compact Souslin space K. In turn, it
suffices to show the existence of a countable family of continuous functions
separating the points in K (Exercise 6.10.24). Since every compact space is
completely regular, assertion (ii) applies. |

Let us show that there exist non-Borel Souslin sets. First we prove an
interesting auxiliary result.

6.7.9. Proposition. Suppose that we are given a complete separable
metric space X. Then:

(i) there exists a closed set Z C X xIN™ such that every closed set in X
coincides with one of the sections Z, :={x € X: (x,v) € Z}, v € N

(ii) there exists a Souslin set A C X xIN™ such that every Souslin set in
X coincides with one of the sections A, :={x € X: (z,v) € A}, v € N™.

ProoOF. (i) Let {U,} be a countable base of the topology in X. Set
Z = {(x,y) € XXIN*: v=(n;), z ¢ U Un}
i=1

Every closed set in X is the complement of some union of the sets U,,, hence
coincides with one of the sections Z,, v € IN*°. Note that Z is closed, since its
complement is open. Indeed, let z and v = (v;) be such that x belongs to U,
for some 4. Then for all (2',n) sufficiently close to (z,v), we have n; = v; and
' eU,, =U,.

(ii) Let us apply (i) to the space X xIN* and take a corresponding closed
set Z C X xIN®xIN*°. Let

A= {(z,v) € XxIN®: (z,n,v) € Z for some n € N*}.

The set A is Souslin, since it can be represented as the projection of a closed
set in X xIN**xIN°°. Every Souslin set F in the space X is the projection of
some closed set in X xIN®°| i.e., the projection of some section Z,. Therefore,
we have £ = A,. O

6.7.10. Theorem. The space IN® contains a Souslin set that is not
Borel.

PROOF. Let us apply assertion (ii) of the above proposition to X = IN*
and take a corresponding Souslin set A C IN®® xIN*°. The set

S={velN*: (vv) € A}

is Souslin in IN* as the projection of the intersection of A with the diagonal.
Its complement
IN\S={veN*: vgA,}
is not Souslin, since otherwise due to our choice of A, we would have for some
v the equality
H\IOO\S = Ay,
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which yields simultaneously v ¢ A, and v € A, by the construction of S.
Therefore, S is not Borel. O

6.7.11. Corollary. A non-Borel Souslin set exists in every space that
contains a subset homeomorphic to the space IN®, in particular, in every
nonempty complete metric space without isolated points.

PROOF. If a set Xy in a space X is homeomorphic to IN® and A is a
non-Borel Souslin set in X, then A is Souslin and non-Borel in the space X.
The second claim of the corollary follows by Lemma 6.1.16. (]

6.7.12. Theorem. If f is a continuous mapping of a complete separable
metric space X onto an uncountable Hausdorff space Y, then X contains a
set E that is homeomorphic to the Cantor set C such that f maps E homeo-
morphically onto f(E).

PROOF. In every set f~1(y), y € Y, we choose a point and obtain an
uncountable set Xo C X, on which f is injective. We shall consider X, as a
metric space and take the set X7 of all points x € X every neighborhood of
which contains uncountably many points in Xq. It is easily verified that the
metric space X; is uncountable and has no isolated points. One can find a
Souslin scheme A in X indexed by finite sequences (nq,...,ny) of 0 and 1 such
that every set A(nq,...,nk) is open, meets X1, has diameter at most 1/k, the
closure of A(ny,...,ng,ng+1) is contained in A(nq, ..., ng), and the closure of
f(A(nq,...,ny)) does not meet f(A(my,...,my)) if (mq,...,my;) does not
coincide with (ni,...,ng). The required scheme is constructed inductively.
First we take balls A(0) and A(1) of radius less than 1 with the centers a; € X
and ay € X; such that the closures of their images under f do not meet.
Then in A(0) we find balls A(0,0) and A(0,1) of radius less than 1/2 such
that their closures lie in A(0) and the closures of their images do not meet.
We do the same with A(1). The process continues inductively. This scheme
defines a homeomorphism g: {0,1}* — X, g((n;)) = Nigy A(na, ..., n).
One can also define a homeomorphism h: C — X by the formula h(c) =
A(cr) N A(cr,c2) N -+, where ¢ = 2¢1/3 + 2¢2/9 4 -+, ¢; € {0,1}. Tt is
verified that f is injective on the set E = g({0,1}*°) = h(C), which by the
compactness of this set means that f|g is a homeomorphism. An analogous
reasoning is presented in more detail in Kuratowski [1082, §36.V, p. 455],
Hoffmann-Jgrgensen [841, §1.5.H]. O

6.7.13. Corollary. Every uncountable Souslin space contains a set that
is homeomorphic to the Cantor set and has cardinality of the continuum.

It follows by the above that the classes of Souslin and Borel subsets in
a Souslin space X have cardinality at most of the continuum, and if X is
uncountable, then their cardinality is precisely c.

6.7.14. Remark. We know that all Borel sets on the real line are ob-
tained by means of the Souslin operation on closed sets, which, however, pro-
duces non-Borel sets as well. Hausdorff raised the question on the existence
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of an operation that produces exactly the Borel sets. The precise formula-
tion is this. Let 9t be some family of sets. Denote by B(9) the smallest
class of sets that contains 9T and is closed with respect to countable unions
and countable intersections. For example, if 9T is the class of all open sets
on the real line, then B(9M) = B(IR'). Hausdorff asked: does there exist
a set N C IN*™ such that for every family of sets 901, one has the equality
B(M) = Ugnyen Nizi Mn,, where M, € M? Sierpiiski [1714] proved that
there are no such sets V.

6.8. Mappings of Souslin spaces

Let X and Y be Souslin spaces and let f: X — Y be a Borel mapping.
In this section, we discuss descriptive properties of the sets of points y € Y
such that the equation f(z) = y has a unique solution, n solutions or infinitely
many solutions. We consider a somewhat more general problem concerning
the analogous properties of the sections A, = {z € X: (z,y) € A} of sets
A € X xY. The former problem is a partial case of this more general one if
we take for A the graph of f.

Let Card M denote the cardinality of a set M and let N, denote the
cardinality of IN.

We recall that by Theorem 6.7.3 the images of Souslin sets under Borel
mappings between Souslin spaces are Souslin. However, it is important here
that the range space is Souslin.

6.8.1. Example. The identity mapping from X = IR' with the usual
topology onto the Sorgenfrey line Z (see Example 6.1.19) is Borel, since any
open set in Z is an at most countable union of semiclosed intervals. But Z
is not Souslin by Corollary 6.7.13, since it contains no uncountable compact
sets.

6.8.2. Theorem. Let A be a Souslin set in X XY . Then, for anyn € IN,
the sets {y € Y: Card A, > Ro} and {y € Y: Card A, > n} are Souslin. The
set {y € Y: Card A, = 1} is the difference of two Souslin sets.

PROOF. We take a countable algebra & C B(X) separating the points
in X. Then the condition Card A, > n, which means that there exist n
distinct points z1,...,x, in A,, is equivalent to the existence of pairwise
disjoint sets E1,..., E, in & with E; N A, # @ for all j < n. Letting my be
the projection operator from X xY on Y, the latter can be written as follows:

y€E ﬂ Ty (E;xY) N A).
j=1
Let &, be the family of all collections {E1,..., E,} consisting of n pairwise
disjoint sets E; € £. The cardinality of &, is at most countable and

{yeY: CardA4, > n} = U ﬂ Ty ((ExY)NA).

o€, Eco
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Since the set 7y ((ExY) N A) is Souslin, the set {y € Y: Card 4, > n} is
Souslin as well. This yields that

{yeY: CardA, > Ro} = ﬂ{yEY: Card A, > n}
n=1

is a Souslin set. The last claim follows trivially by the first one. (I

We observe that although X and Y are Souslin spaces throughout this
section, in the above theorem we need not assume this because the case of gen-
eral spaces reduces to the considered one due to the fact that the projections
of Ato X and Y are Souslin sets. See also Theorem 6.10.18 below.

6.8.3. Corollary. Let X and Y be Souslin spaces and let f: X — Y be
a Borel mapping. Then the sets

{yey: Cardf_l(y)Zn} and {y€eY: Cardf_l(y)zNo}

are Souslin. The set {y € Y: Card f~1(y) = 1} is the difference of two
Souslin sets.

We note that the difference of two Souslin sets can be a set of a more
complex nature: it may be neither Souslin nor co-Souslin. But if the set A is
closed, then the set {y € Y: Card A, = 1} turns out to be the complement
of a Souslin set. In particular, if f in the above corollary is continuous, then
{y € Y: Card f~!(y) = 1} is the complement of a Souslin set (the proof can
be found in Hoffmann-Jgrgensen [841], where there are some more general
results).

We now discuss the properties of injective Borel mappings. In particular,
we shall characterize the Borel sets in complete separable metric spaces as
the injective continuous images of closed subsets in the space IN* (or, which
amounts to the same thing, in the space of irrational numbers).

6.8.4. Lemma. Let X be a complete separable metric space. Then, every
Borel set in X is the injective image of some closed set in X xIN® under the
natural projection X xIN® — X.

PrROOF. We show that the class £ of all Borel sets with the indicated
property contains all open sets and is closed with respect to formation of
countable unions of disjoint sets and countable intersections. Then a reference
to Proposition 6.2.9 completes the proof. Let G be open in X. Then the set

E={(z,t) € X x(0,400): dist(z, X\G)=t""'}

is closed in X x (0,400), G coincides with its projection on X, and the pro-
jection operator is injective on E. However, this is not yet what we wanted
because a set from X x IN* is required. By Corollary 6.1.7, there exist a
closed set D C IN®® and a continuous one-to-one mapping f of the set D
onto (0,+00). Then the set

Z ={(z,n) € XxIN*: (z,f(n)) € E}
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has the required properties. Thus, all open sets in X belong to the class £.

Suppose now that sets A; € £ are pairwise disjoint. Let us take closed
sets Z; in X xIN*°x{j} that are projected injectively onto A;. It is easily seen
that the set Z = U;’il Z; is closed in X xIN**xIN and is projected one-to-one
onto U;’il A;. Since the space IN°° xIN is homeomorphic to IN™ by means of
the homeomorphism

h: (nvk)H(k7nl7n27"')7 77:(771);

the set C' = {(z,n): (z,h7'(n)) € Z} is closed in X xIN* and is projected
one-to-one onto (J;2, A;.

Finally, for arbitrary A; € &£, we choose closed sets C; C X xIN* that
are projected one-to-one onto A;. Let us consider the set

Z={(z,n"n%..): 2 e X, e N®, (z,9/) € Cj, j € N} C Xx(IN®)™.

It is clear that the set Z is closed in X x (IN*)™ and is projected one-to-one
onto ﬂ(;il Aj;. Similarly to the previous step, it remains to observe that the

space (]Noo)OO is homeomorphic to IN*°. O

6.8.5. Corollary. Every Borel set in a Polish space is the image of some
closed set in IN®° under a continuous one-to-one mapping.

Proor. Follows by the lemma and Theorem 6.1.15. (I

6.8.6. Theorem. Let B be a Borel set in a complete separable metric
space X, let' Y be a Souslin space, and let f: B — Y be an injective Borel
mapping. Then f(B) is a Borel set in'Y.

PRrROOF. By Theorem 6.7.4 it suffices to prove our claim for mappings
to [0,1]. The graph of f is a Borel set in X x[0, 1], and its projecting to [0, 1]
is injective due to the injectivity of f. Hence the assertion reduces to the
case of continuous f. Now we assume that Y = [0,1] and f is continuous. In
addition, by Lemma 6.8.4 we can assume that B is a closed subset in X xIN*°,
i.e., is a complete separable metric space. As in the proof of Theorem 6.1.13, to
every finite sequence of natural numbers nq, ..., n, we associate a nonempty
closed set E(n1,...,n;) C B of diameter less than 27%~2 in such a way that

B=JEG), Em,....n)=]JEMn1,...,n3j).
Jj=1 j=1

Let A(n) = E(n)\U"Z, E(j), and for k > 1 let

j=1
A(na, . omg) = Alna, o) VE(na, o)\ | Ena, ke, ).
j<ng

If k € IN is fixed, the Borel sets A(nq, ..., ny) are disjoint and their union over
all nq,...,ng is B. By the injectivity of f the Souslin sets f(A(nl7 . ,nk))
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are pairwise disjoint. According to Theorem 6.6.9, there exist disjoint Borel
sets B(nq,...,nk) in Y such that

f(A(n,...,n)) C B(na, ..., ng).

We can have the inclusion B(ns,...,ng) C f(A(ni,...,n;)) by passing to
the Borel sets B(nq,...,ng) N f(A(ny,...,nz)). Let us show that

fB) =) U B(ni,...,nx), (6.8.1)
k=1 (nh...,nk)E]l\Ik

whence our assertion follows in an obvious way. To this end, we first observe
that

N U  Bo...m)= |J [)Ba,....m). (682
k=1

(n1,...,n5)€IN” (ni)eIN*> k=1

Indeed, the right-hand side of (6.8.2) belongs to the left-hand side in an obvi-
ous way. Conversely, if a point y belongs to the left-hand side of (6.8.2), then
for every k, this point is contained in exactly one of the sets B(nq,...,ng)
due to their disjointness. The corresponding indices are denoted by nq(k),. ..,
ni (k). One has n;(k + 1) = n;(k) whenever ¢ < k, since y ¢ B(my,...,my)
if (ma,...,my) # (n1,...,ng). Thus, y € Niey B(ni(1),n2(2),...,nk(k)),
and (6.8.2) is established. The set defined by equality (6.8.2) will be denoted
by D. Then one has

fc U () fAm,...,m)) cD.
(n;)eIN*> k=1

On the other hand,

pc |J N f(Em,....,m))Cf(B).
(ny)eIN™ k=1

Indeed, if y € N f(E(nh...mk))7 the set E(ny,...,ng) contains points
k=1

Tny,....n, Such tha;f(xnl,m’nk) — y. The sequence {x,, ... n, } is fundamental.
Since B is complete, this sequence converges to some x € B, whence one has
y = f(x) by the continuity of f. Therefore, we obtain (6.8.1). O

It is worth noting that the image of a Souslin space under an injective
continuous mapping may not be Borel: it suffices to take a non-Borel Souslin
set in [0, 1] and consider its embedding in [0, 1]. However, the above theorem
obviously remains valid for all Souslin spaces that are injective images of
Polish spaces (the so-called Lusin spaces).

6.8.7. Corollary. A set in a Polish space is Borel precisely when it is
the image of a closed subset of IN> under a continuous injective mapping.
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6.8.8. Corollary. Any two uncountable Borel sets in Polish spaces are
Borel isomorphic.

PROOF. By the previous corollary and the above-established fact that all
continuous injective mappings of Polish spaces take Borel sets to Borel ones,
we obtain that it suffices to prove the existence of a Borel isomorphism be-
tween IR' and any uncountable closed subset in IN*, or, equivalently, in the
space R of irrational numbers in (0,1). We observe that if two uncountable
Borel spaces A and B are Borel isomorphic, then for any at most countable
subset C' C A, the spaces A\C and B are Borel isomorphic as well. If C' is
infinite, then it suffices to take in B a part C’ corresponding to the set C' with
the added countable subset D C A\C, to establish a one-to-one correspon-
dence between D and C”, and keep the initial isomorphism between A\(CUD)
and B\C’. The case of finite C' can be reduced to the considered one. Thus,
we may neglect countable subsets. If now M is a closed subset in the space R
of irrational numbers in the interval (0, 1), then it coincides up to a countable
set with some closed subset A in the closed interval. If the interior of A is
not empty, it is Borel isomorphic to (0, +00). So we may assume that A has
no interior points. The set of all points x € A that possess a neighborhood
meeting A in an at most countable set, is at most countable. Hence we can
assume by the above observation that A is perfect. By Proposition 6.1.17 it
remains to consider the case when A is the Cantor set (the interior of A, if it is
nonempty, is obviously Borel isomorphic to (0,1)). In that case, the existence
of a Borel isomorphism is verified directly (for example, by using the ternary
expansion for the Cantor set and the binary expansion for the interval). O

It is clear from the above that there are only two classes of pairwise iso-
morphic infinite standard measurable spaces in the sense of Definition 6.2.10:
countable and of cardinality of the continuum.

6.8.9. Theorem. Let {f,} be a sequence of Borel functions on a Souslin
space X separating the points in X. Then {f,} generates the Borel o-algebra
of X.

Proor. It follows by our hypothesis that the countable family of Borel
sets B, of the form fk_1 ((n-, rj)), where {r;} are all rational numbers, sepa-
rates the points in X. It was shown in the proof of Theorems 6.7.4, 6.5.5 and
6.5.7 that the function h = Y2, 37 "I, maps X one-to-one onto the Souslin
set S := f(X) in [0,1] and for every B € B(X), we have B = h™'(h(B)),
where h(B) € B(S). This means that there exists a set C' € B(IR') such that
h(B) =CnNS and B = h=1(C). Thus, the function h generates B(X). Hence

B(X) =a({fn})- O

6.8.10. Example. Let K be a compact metric space and let a sequence
{z,} be dense in K. Then the Borel o-algebra of the separable Banach space
C(K) is generated by the functions ¢ — ¢(x,) on C(K), since they separate
the points of C(K).
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The following deep and important result is due to P.S. Novikoff [1383].

6.8.11. Theorem. There exist two disjoint coanalytic sets in {0,1}>°
that cannot be separated by Borel sets. The same is true for any uncountable
Polish space.

PROOF. Let us show that there exist Souslin sets Ag and A; in {0,1}°°
such that the sets Ag\A; and A;\ A cannot be separated by Borel sets. We
know that there is a Souslin set S C {0,1}x{0,1}°°x{0,1}°° that is universal
for the Souslin sets in {0,1} x {0,1}>°. We have S = {0} x Sp U {1} x S,
where Sy and S; are Souslin sets in {0,1}°°x{0,1}°°. We show that Sp\S1
and S7\Sp cannot be separated by Borel sets. Suppose that By and B are
disjoint Borel sets with So\S1 C By, S1\So C B;. Clearly, we may assume
that By is the complement of B;. In Exercise 6.10.31, the Borel classes B,
corresponding to at most countable ordinals a are introduced such that their
union is the class of all Borel sets of a given space. So one has By € B, for
some ordinal 7 with 0 < 7 < wy. According to that exercise, there is a Borel
set Cp in {0,1}°° that does not belong to B,. Let Cy be its complement.
The set C' := {0} x Cyp U {1} x Cy is Souslin in {0,1} x{0,1}>°. As S is
universal, there is a point z € {0,1}*° with C = S,, hence Cy = (So),
Cy = (S1)z. Since Co N Cy = @, we obtain Cp C (50)z\(S1)z C (Bo)zs
01 - (Sl)ﬂ\(SO)x C (Bl)x This yields that (Bo)x = Co and (Bl)x = Ol,
since Co U C1 = {0,1}*° and (By), N (B1)z = &. The set (By), is of class B,
in {0,1}°°, which contradicts our choice of Cy. Thus, we obtain two Souslin
sets Sp and Sy in {0,1}°° x {0,1}*° such that Sp\S; and S1\Sy cannot be
separated by Borel sets. By Theorem 6.6.12 there are coanalytic sets Cy and
Cy such that Co N C = @,

CoUC; = {0, 1}00\(140 N Al), AO\Al C Cy, Al\AO c C;.

As Ap\A; and A;\ Ay cannot be separated by Borel sets, the same is true for
the sets Cy and C;. Taking into account Theorem 6.7.3 and Theorem 6.8.6,
we see that the last assertion of the theorem follows by the fact that any
uncountable Polish space is Borel isomorphic to {0,1}°. O

6.9. Measurable choice theorems

Let F: X — Y be some mapping. For every point y € F(X), we can
pick an element 2 = G(y) € F~*(y). Thus, we obtain a mapping G such
that F' o G is the identity mapping on the range of F. The mapping G is
called a selection or section of the mapping F' or, alternatively, an inverse or
implicit function x = G(y) defined from the equation y = F(x). However,
in applications it is important to have a mapping G with certain additional
properties. For instance, if F' is continuous or Borel, it would be nice to
preserve these properties for G. It is easy to give examples showing that
even for one-to-one continuous mappings F' the inverse may be discontinuous.
We shall see below that for a Borel mapping F', one cannot always find a
Borel mapping G. But it is remarkable that one can always take for G a
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mapping with nice measurability properties (a measurable selection). This is
the content of the following Jankoff theorem, which belongs to the so-called
measurable selection (or choice) theorems.

6.9.1. Theorem. Let X and Y be Souslin spaces and let F: X — Y
be a Borel mapping such that F(X) =Y. Then, one can find a mapping
G: Y — X such that F(G(y)) =y for ally € Y and G is measurable with
respect to the o-algebra generated by all Souslin subsets in'Y . In addition, the
set G(Y') belongs to the o-algebra o(Sx) generated by Souslin sets in X.

PROOF. Suppose first that F' is continuous. Since X is the image of
the space IN®® under a continuous mapping p, it suffices to prove our claim
for IN* and take for the required mapping the composition of p with the
mapping obtained for IN*°. Thus, we may assume that X = IN®. The set
IN*® is equipped with the lexicographic order: (n;) < (k;) if either ny < kq,
orng = ki, ..., Ny = kyy and ngpp1 < kg1 for some m > 1. Let o < z if
x < zorx=z Forevery y €Y, we take for G(y) the smallest in the sense
of the lexicographic order element of the set F~!(y) (which is nonempty by
hypothesis and is closed by the continuity of F'). Note that such an element
exists. Indeed, let F~1(y) be denoted by Z. We take any element x! =
(z}) € Z such that z1 < z for all z = (2;) € Z. Next we find an element
22 = (22) € Z such that 23 = 2} and 23 < 2 for all z = (2;) € Z such that
z; = x1. Then we find an element 23 € Z with 3 = 2%, 23 = 23 and 23 < z3
for all z = (z;) € Z with z; = 2?7 for i = 1,2. By induction, we find elements
z* € Z with the following properties: zk+1 = wf if i < k and xﬁﬂ < Zk+1
for all 2 = (z;) € Z such that z; = aF for all i < k. Let us consider the
element x = (z¢). The sequence of elements z* converges to z in IN*. Since
Z is closed, we have x € Z. In addition, x < z for all z € Z. Indeed, 0therw1se
for some k we would have 21 = 2z1,...,2r = 2, 2kt1 < Th41 = ka Then
2 = :c; if ¢ < k, which leads to a contradlctlon with our choice of zg1.

By construction F(G(y)) = y. We verify that for any Borel set B C IN*,
the set G~1(B) is contained in the o-algebra A generated by all Souslin subsets
in Y. Since the family of all Borel sets B with this property is a o-algebra, it
suffices to consider closed sets of the form

B={(n;) € N*: (n;) < (b))},

where b; € IN are fixed. It is easy to see that these sets generate B(IN*® ) It is
clear that G=1(B) = F(B). Indeed, if G(y) € B, then y € F(B). If F(n)
with € B, then G(y) < n, hence G(y) € B, i.e., one has y € G~ (B ) Since

F(B) is Souslin, the set G~1(B) belongs to the o-algebra A.

Let us consider the general case. Then the graph of the mapping F, i.e.,
the set I' := {(z, F(x)), € X} is a Souslin subset of the space X xY (see
Lemma 6.7.1). The projection 7wy : I' — Y is continuous. By the above, there
exists a measurable mapping ¥: (Y, A) — (T,B(I')) with 7y o ¥(y) =y for
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ally €Y. Let mx: I' — X be the natural projection. Set G = wx o ¥. Then
F(G(y) = Frx(¥()) = mv (W) =y, YyeY,

since ¥(y) = (z, F(x)), where z = mx (¥(y)) and F(z) = 7y (¥(y)). By the
continuity of mx and measurability of ¥ with respect to A we obtain that G
is A-measurable.

Let us show that G(Y) € 0(Sx). Let T(z) = G(F(z)). We have G(Y) =
{zr € X: T(z) = z}. The set on the right is the intersection of the sets
{fn = fnoT}, where {f,} is a countable family of Borel functions on X
separating points. It remains to observe that the function f,, 0T is measurable
with respect to the c-algebra o(Sx). This follows by the (o(Sy),B(X))-
measurability of G and the (¢(Sx),o(Sy))-measurability of F (the latter is
a consequence of the Borel measurability of F', see Theorem 6.7.3). (]

Let us observe that the mapping G constructed in the proof in the case
where X = IN*® and F' is continuous has the following property: the set G(Y)
is coanalytic, i.e., its complement is Souslin. Indeed, since G(y) is the minimal
element in F~1(y), the set N*\G(Y)) is the projection of the set

B ={(z,2) e N°xIN*: F(z) = F(2),z < z},

where the relation z < x is understood in the sense of the lexicographic order.
It is readily seen that B is a Borel set. We observe that G(Y) is Souslin only
if it is Borel. This is impossible for a non-Borel Souslin set Y C [0, 1], since
F is injective on G(Y) and Y = F(G(Y)). Hence our method may produce
non-Souslin sets G(Y'). Below we give an example where there is no selection
G at all such that G(Y) is Souslin.

The given proof applies to a more general problem of selecting a single-
valued branch of a multivalued mapping, which we now discuss.

Let X be some space and let (€2, B) be a measurable space. Suppose
U: Q — 2% is a mapping with values in the set of all nonempty subsets of X,
ie, U(w) C X and ¥(w) # @ for all w € Q. The graph of the multivalued
mapping VU is the set I'y := {(w,u) € AxX: weQ, ue V(w)}.

Let mg: O@x X — Q and 7x: Q9x X — X denote the natural projec-
tions. The graphs of multivalued mappings are precisely the sets I' C Q2 x X
with 7TQ(F) = Q0.

A selection of ¥ is a mapping ¢: 2 — X such that {(w) belongs to ¥(w)
for all w € Q.

A typical example of a multivalued mapping is the inverse to a mapping
F: X — Q,ie., ¥(w) = F}(w). Certainly, in order that ¥ be everywhere
defined, the equality F(X) = Q is required. The method of proof of the pre-
vious theorem yields the following assertion (we do not explain the necessary
changes in the reasoning because in Theorem 6.9.5 below we prove a more
general fact).

6.9.2. Theorem. Let Q and X be Souslin spaces and let the graph
of a mapping ¥ from Q0 to the set of nonempty subsets of X be a Souslin



36 Chapter 6. Borel, Baire and Souslin sets

(for example, Borel) set. Then, there exists a mapping f: Q — X that is
measurable with respect to the o-algebra o(Sq) generated by all Souslin sets
in Q0 and satisfies the relation f(w) € U(w) for allw € Q.

Let us give a sufficient condition in order to have a Borel selection.

6.9.3. Theorem. Let X be a complete separable metric space and let
U be a mapping on (0, B) with values in the set of nonempty closed subsets
of X. Suppose that for every open set U C X, we have

Y(U) = {w: U(w)NU # 2} € B.

Then ¥ has a selection  that is measurable with respect to the pair of o-al-
gebras B and B(X).

PRrROOF. Let {x,} be any countable everywhere dense set in X. We define
a mapping (p: Q2 — X as follows: (p(w) = z,, if n is the smallest number with
U(w)NB(xyn,1) # &, where B(x,r) is the open ball of radius r with the center
at x. It is clear that (y assumes countably many values and is B-measurable,
since

¢ Yn) = VU (B(zn, 1))\ O U (B(zm,1)).

Now we construct inductively B-measurable mappings ( with countably many
values {x,} such that for all w one has

dist (Ce (w), Crra (w)) < 2771 dist (G (w), U(w)) <27,
where dist denotes the distance in X. Suppose that (i is already constructed.

Let Q; = ¢ ' (z:). If w € Q;, then we have ¥(w) N B(z;,27%) # @. Now we
define (i1 on §; as follows: (xy1(w) = xy, if n is the smallest number with

U(w) N B(z:,27 %) N B(x,,27 1) £ 2.

As above, the mapping (41 is B-measurable. In addition, we have the esti-
mates dist ((r41(w), ¥(w)) <275 and

dist (Cror1 (W), Cr(w)) < 277 427k < o7k,

In particular, {(x(w)} is a fundamental sequence; its limit we denote by ((w).
It is clear that {(w) € ¥(w). Taking into account the B-measurability of ,
we see that ( is as required. (I

It is clear that in this theorem the completeness of X can be replaced
with the completeness of U(w). In fact, this reduces to the considered case if
we take the completion of X.

6.9.4. Corollary. In the situation of the above theorem, one can find
a sequence of B-measurable selections (, such that for every w the sequence
{Cu(w)} is dense in T (w).
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PROOF. Let {x,} be an everywhere dense sequence in X. For every pair
(n,i) € IN?, we set

W,i(w) = ¥(w) N B(2,,277) if w € U(B(z,,27%)

and W,;(w) = ¥(w) otherwise. The multivalued mapping ¥,,; associating
to a point w the closure of the set W,;(w), takes the values in the family of
complete subsets of X. For any open set U C X, we have

{w: Ui(w)NU #£ 2} ={w: ¥p(w)NU # 2}
- @(B@cn,z—i) N U) U[(Q\@(B(xn,ri))) N \TJ(U)} €B.

By the above theorem, V¥,,; has a B-measurable selection (,;. We verify that
the closure of {(,i(w)} is ¥(w). Let z € ¥(w) and € > 0. We pick ¢ and n
such that 2'~% < ¢ and dist(z,,,z) < 27%. Thenw € \/I}(B(mn, 27%)) and (i (w)
belongs to the closure of B(z,,27"). Hence dist (z,(ni(w)) <2171 <e. O

6.9.5. Theorem. Suppose that 2 and X are Souslin spaces and 0(Sq) is
the o-algebra generated by all Souslin sets in ). Let the graph of a multivalued
mapping ¥ from Q to the set of nonempty subsets of X be a Souslin set
in QxX. Then, there exists a sequence of selections (, that are measurable as
mappings from (Q,J(SQ)) to (X,B(X)), such that for every w, the sequence
{Cu(w)} is dense in the set U(w).

PRrROOF. Denote by I' the graph of . There exists a continuous mapping
h from a complete separable metric space Z onto I'. Denote by 7 the projec-
tion T' — Q, (w, z) — w. By the continuity of 7 o h, the multivalued mapping
® = (moh)~! on Q takes values in the set of nonempty closed subsets of Z.
We observe that ® has the closed graph I'g in Q2xZ by the continuity of 7o h.
Therefore, for any open set U C Z, the set ®(U) is Souslin in €2 since it coin-
cides with the projection of T's N (2 xU) on Q. Let us apply Corollary 6.9.4
to B = 0(Sq) and ® and Z in place of ¥ and X. We obtain B-measurable
sections 7, of the mapping ® such that the sequences {n,(w)} are dense in
the sets ®(w). For any w, the point h(1,(w)) has the form (w,(,(w)). The
mappings ¢, are as required. Indeed, the inclusion 1, (w) € (moh)~!(w) yields
the equality w = mohon, (w), whence we obtain h(n,(w)) € {w}x¥(w), hence
(n(w) € ¥(w). The measurability of ¢, with respect to o(Sq) is seen from the
formula (,, = mx o h o, where wx is the projection to X. O

6.9.6. Theorem. Let X and Y be Polish spaces and let T' € B(X xY').
Suppose, additionally, that the set Ty :={y € Y: (z,y) € T'} is nonempty and
o-compact for all t € X. Then I contains the graph of some Borel mapping
f: X—=Y.

For a proof, see Kechris [968, §35] (see also Arsenin, Lyapunov [72, §15]).
Interesting generalizations are obtained in Levin [1165]. Other sufficient con-
ditions are given in Burgess [282].
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An important partial case when there exists a Borel inverse mapping is
that of a continuous mapping of a metrizable compact space. This follows by
Theorem 6.9.6 or by Theorem 6.9.3, but we give a direct justification.

6.9.7. Theorem. Let X be a compact metric space, letY be a Hausdorff
topological space, and let f: X — Y be a continuous mapping. Then, there
exists a Borel set B C X such that f(B) = f(X) and f injective on B. In
addition, the mapping f~1: f(X) — B is Borel.

PROOF. The set f(X) is compact metrizable. Hence we may further
assume that Y coincides with the metrizable compact f(X). Suppose first
that X C [0,1]. Set g(y) = inf{x: f(z) =y}, y € f(X). The function g is
Borel, since for every ¢ € R!, the set {y: g(y) < ¢} is closed. Indeed, let
9(yn) < c and let y be the limit of {y,}. One can find z, € X such that
f(zn) = yp and z, < ¢+ 1/n. Passing to a subsequence we may assume
that {x,} converges to some z € X. Then f(z) = y and = < ¢, whence
g(y) < e It is clear that f(g(y)) = vy, hence the function ¢ is injective, the
set B := g(Y) is Borel and f(B) =Y. Alternatively, one could observe that
B = X\J,—, By, where

B, ={zeX: 3teX, ft)= f(zx),x —t>1/n},

and the sets B,, are closed by the continuity of f and the compactness of X.
The mapping f on B is injective. In the general case, by Proposition 6.1.18,
there exists a compact set K C [0, 1] such that X = ¢(K) for some continuous
mapping . Let us apply the already proven assertion to the mapping f o ¢
and find a Borel set By C [0, 1] such that the mapping f o ¢ is injective and
f(¢(Bo)) = f(¢(K)) = f(X). Then ¢ is injective on By and hence the set
B := ¢(By) is Borel in X. It is clear that f is injective on B. d

The metrizability of X is essential even if Y = [0, 1]: it suffices to consider
the projection of the space “two arrows” (see Exercise 6.10.36). Certainly,
in this theorem neither the compactness of X nor the continuity of f can
be omitted. For example, if f is a continuous function on [0,1] such that
for some Borel set X, the set f(X) is not Borel, then f(X) cannot be the
injective continuous image of a Borel set B. A similar example is constructed
with a Borel function f on [0, 1] with non-Borel f([0,1]). P.S. Novikoff [1383]
discovered that there might be no Borel selection even in the case where f
is a Borel function such that f([0,1]) = [0,1]. A classical example (with the
plane in place of the interval) can be found, e.g., in the book Lusin [1209,
Ch. IIT, p. 220], and the next theorem contains its modification suggested by
J. Saint Raymond.

6.9.8. Theorem. There exists a continuous mapping F of N x{0,1}
on IN® such that no Souslin set is injectively mapped by F onto IN*. In
particular, there is no selection G with Souslin G(IN*), hence there is no
Borel selection.
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PrOOF. By Theorem 6.8.11 there exist two disjoint sets Cy and C in
IN*® with Souslin complements Ay and A; such that there is no Borel set
separating Cyp and Cy. One can find continuous surjections Fp: IN® — Ay,
Fi: IN® — Ay. Let F: IN®x{0,1} — IN*™ be defined by F(v,0) = Fy(v),
F(v,1) = Fi(v). We obtain a continuous surjection, since Ag U A; = IN*.
Suppose there is a Souslin set S C IN* x{0,1} on which F is injective and
F(S) =IN*. Let S; :=={v € N*: (v,i) € S}, i = 0,1. We observe that the
sets By := Fy(So) = GTH(IN®x{0}) and B; := Fy(S1) = G71(IN® x {1}) are
Souslin and disjoint and their union is IN®°. Hence both sets are Borel. One
has B; C A;. Hence Cy C By, C; C By, which contradicts the fact that Cy
and C; cannot be separated by Borel sets. Since the image of IN® under an

injective Borel mapping is a Borel set, there is no Borel selection. (I
6.9.9. Corollary. There exists a Borel function f: [0,1] — [0,1] with
f£([0,1]) = [0,1] such that there is no Borel function g: [0,1] — [0,1] with

f(g(y)) =y for ally € [0,1]. In particular, there is no Borel set in [0, 1] that
would be injectively mapped by f onto [0,1].

6.9.10. Corollary. There exists a continuous mapping g: IN> — [0, 1]
with g(IN*°) = [0, 1] that has no Borel selections.

PROOF. Indeed, let I be the graph of the function f from Novikoft’s
example and let m be the projection operator of I' to the axis of ordinates.
Then I is a Borel set in [0, 1]? and there exists a continuous mapping h from
the space IN*® onto I'. The mapping g := 7 o h is the required one. Indeed, if
there exists a Borel set B C IN* that is injectively mapped by ¢ onto [0, 1],
then By := h(B) is Borel in I'. The projection of By on the axis of abscissas,
denoted by Bj, is a Borel set as well (by the injectivity of the projection
operator on I') and f(B;) = [0,1]. The function f is injective on By by the
injectivity of m on By, which follows by the injectivity of g on B. ]

The proof of the next measurable choice result can be found in Castaing,
Valadier [319].

6.9.11. Theorem. Let X be a complete separable metric space. Suppose
that the graph of a mapping W with values in the set of nonempty closed subsets
of X belongs to B&B(X). Denote by B the intersection of the Lebesgue com-
pletions of B over all probability measures on B. Then, there exists a sequence
of selections (, that are measurable as mappings from (Q,g) to (X,B(X)),
and for every w, the sequence {(,(w)} is dense in the set ¥(w).

We now prove a useful result from Leese [1143].

6.9.12. Theorem. Let (2, B) be a measurable space and let X be a
Souslin space. Suppose that A € S(B@B(X)). Then mq(A) € S(B) and
there is a (o(S(B)), B(X))-measurable mapping &: mo(A) — X whose graph
is contained in A.
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PRrROOF. We have mq(A) € S(B) by Corollary 6.10.10 proven below, hence
we may assume that mo(A) = Q. Let J := IN™. The set A admits a Souslin
representation A = Unej Moy Apyooonn X Bay s where A, € B and
By, ..., are closed in X (this follows by Exercise 6.10.69). Suppose first that
X =J. Let Ay = (o1 Ap.nns By = Moy Buy,.oyn - It s readily seen

n=1 n=1

that A is the projection on 2 x X of the set

E .= U n Ao X By X Ny = U Ay x By x{n},
neJ n=1 neJ

where Ny, n. i={VvE€T: vi=mn1,...,vp =1y}, and E € S(BxB(XxJ)).
The sections E,, where w € €, are closed. Indeed, if (z,v) ¢ E,, then
.... v, OF X ¢ Bm,m,un' In
the first case X XN, ., is a neighborhood of (z,v) disjoint with E,,. In the
second case x has a neighborhood U disjoint with B,, . ., ,s0 UXN,, ., isa
neighborhood of (z,v) disjoint with E,,. Let ¥(w) := E,,. For any open set U
in Xx7, we have U(U) = 7q, (EN(QxU)). Hence U(U) € S(B). By Theorem
6.9.3 there is a (0 (S(B)), B(XxJ))-measurable mapping ¢: € — XxJ whose
graph belongs to E. It remains to set £ := w7 o (.

In the general case, there is a continuous surjection f from J onto X.
Now we set E = J, s (Ay x f71(By) x{n}). It is clear that E belongs to
S(BxB(J xJ)). Note that mo(E) = Q as mo(A) = Q. By the first step
we find a (U(S(B)),B(jxj))—measurable mapping ¢ = ((1,82): @ — TIxJT
whose graph is contained in E. Finally, the mapping £ := f o {; has the
required properties. O

The next theorem from Aumann [80] and Sainte-Beuve [1636] gives mea-
surable selections on measure spaces (it has a modification applicable to cer-
tain complete o-algebras rather than measures; see the cited papers). Al-
though this theorem follows directly from Theorem 6.9.12 and the relations
S(A) C A, = A, we give an independent proof.

6.9.13. Theorem. Let (2, A, 1) be a complete probability space, let X
be a Souslin space, and let ¥ be a multivalued mapping from € to the set of
nonempty subsets of X such that its graph T'y belongs to AQB(X). Then, there
exists an (A, B(X))-measurable mapping f: Q@ — X such that f(w) € ¥(w)
for allw € Q.

PROOF. Let us recall that there exist two sequences {A,} C A and
{Bn} C B(X) such that 'y belongs to o({A, x By}), in particular, it be-
longs to Ay ® B(X), where Ay is the o-algebra generated by {A,}. We
know that there exists an Ag-measurable function h: ©Q — [0,1] such that
Ao = {h7(B): B € B([0,1])}. Thus, h gives a one-to-one mapping from
Ao onto B(E), where E := h(2). Hence the mapping g: (w,z) — (h(w),z),
OxX — ExX, takes Ag®@B(X) to B(E)®B(X). In particular, we have
g(T'y) € B(E)®B(X). The set g(I'y) is the graph of the multivalued map-
ping ®: y — U,ep-1(,) ¥(w). Now it suffices to prove our claim for ¢ and
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the probability space (E,B(E)l,7 1/), where v := g o h~!. Indeed, if we have
a v-measurable mapping f1: E — X with f1(y) € ®(y), then there exists
a set B € B(E) with v(B) = 1 on which f; is Borel. Then h=1(B) € Ay,
p(h™1(B)) = 1, and we can set f(w) := fi(h(w)) for all w € h~!(B), and
for all other points w we can pick f(w) € ¥U(w) in an arbitrary way. Let us
observe that ¥(w) = (') if h(w) = h(w') since Ir, (w,z) = ¢(h(w),z),
where ¢ is a Borel function on [0, 1] x X. Hence f(w) € ¥(w) for all w € 2.
Finally, the claim for E follows by the already known results for Souslin
spaces, since the graph of ® is the intersection of F x X with some Borel set
D in [0,1]x X. The projection S of the set D on [0,1] is a Souslin set and
contains . Hence it remains to extend v to a Borel measure on S and take
the multivalued mapping on S with the Souslin graph (SxX)N D. O

Evstigneev [545] and Graf [718] obtained an analogous result in the case
where X is compact and the graph of ¥ belongs to S(A®Ba(X)). Another
related result is given in Exercise 6.10.77.

We now discuss yet another aspect of measurable selections. Let (E, &)
be a measurable space and let R be an equivalence relation on FE, i.e., R is a
subset of E? that contains the diagonal, (y,z) € R whenever (z,y) € R, and
if (z,y),(y,z) € R, then (x,z) € R. A set S is called a section or selection of
R if S meets every equivalence class in exactly one point. If the equivalence
classes have a reasonable descriptive structure, one might ask whether there is
a nice selection. However, the classical Vitali example, where the equivalence
on [0,1] is defined by setting = ~ y if x — y € Q, shows that there might be
no measurable section even if each equivalence class is countable. It turns out
that the measurable structure of the factor-space E/R must be taken into
account.

The following very general result is due to Hoffmann-Jergensen [841].

Let R(x) denote the equivalence class of x. For every A C E, let

R(A) :={y € E: 3z € A with (z,y) € R}.

6.9.14. Theorem. Let £* be a class of subsets of E that contains € and
is closed under countable unions and countable intersections. Suppose there
is a Souslin scheme {A,, . n,} with values in € such that:

(1) E= Uzo:1 An; An1 ..... ng — Uzo:1 An1 ..... Ng M

(ii) for every x € E and every (n;) € IN®, the intersection of the sets
R(x) N Ap,,...n, 15 a single point, provided that these sets are not empty,

(111) R(An17---7"k) € E*

Then R has a section S such that E\S € E*.

PROOF. Let us define a Souslin scheme {H,,, ., } by induction as fol-
lows: H, = A,\ U}, R(A}) and

nEy1—1

Hn1x~-7nk;nk+1 = (An17~~;nk7nk+1 n Hnl,-u,nk)\ U R(An1;~-7nk;j)'

j=1
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Now we set

Sy, = U Huoner S=[) 5
(nl,...,nk)emk k=1

and show that S has the required properties. To see that E\S € &£*, it
suffices to show that E\H,, ., € £*. This is easily verified by induction
due to the inclusion F\(A\B) = (X\A)U (AN B) € & for all A € £ and
B € &*, which holds, since £ C £*, £ is stable under complementation and
E* is stable under finite intersections and unions. Let us show that S is a
section. Let # € E. There exists my := min{n: R(z) N A, # @}. Then
R(x)NAr = @ if Kk < my. Hence R(x) N R(Ag) = @ for all k < my and
R(z) N A, = R(x) N Hy,, # @. Therefore, R(x) C R(Anm,) and R(z) N H,
for all n # m4. By using that A4,,, = Uzo:l Apny n, we find a number mgy such
that R(x) N Amyms = R(@) N Hpymy, # @ and R(x) N Hp, p, = @ for all
n # ma. By induction we obtain a sequence {my} such that

Rx)NAmy,...mp =R@)NHpy o om #9 and R@)NHpy o omen = D

whenever n # my41. As H,, C Hy,....n,onehas R(x)NHy,  n, =9

----- MNk+1
if (ny,...,nk) # (m1,...,mg). On account of these relations we have the
equality SN R(z) = (Nr—y Ami,....mx N R(X), which by property (ii) of the
scheme {A,, .. n,} vields that SN R(x) consists of a single point. O

6.9.15. Example. Let F be a complete separable metric space and let
E* = Sg be the class of all Souslin sets in £. One can find a Souslin scheme
{A,,....n,} that consists of closed sets A,,, .. n, of diameter at most 1/k such
that condition (i) in the theorem is fulfilled. Then condition (ii) is fulfilled too
for any equivalence relation with closed equivalence classes. Hence in order

to obtain a coanalytic section one has only to ensure condition (iii).

6.9.16. Corollary. Let E be a reqular Souslin space and let £* be a class
of subsets of E that contains all Souslin sets and is closed under countable
unions and countable intersections. Suppose R is an equivalence relation on
E such that each equivalence class is closed and R(A) € £* for each closed
set A. Then R has a coanalytic section S.

PRroOF. There is a continuous surjection f: IN — X. One can find
a Souslin scheme {Z,, . ,,} in IN® that consists of closed sets Z,,, ., of
diameter at most 1/k such that condition (i) in the theorem is fulfilled. Let
Apy o omp = f(Zn,,. n,). The Souslin scheme {A,,, ., } satisfies condition
(i) in the theorem. By our assumption, R(A,, .. n,) € £* Let us verify
condition (ii). Let # € X and (n;) € IN® be such that the sets R(z) N
An,....n, are not empty. Hence Z,, ,, # @& and there is a unique element
v in Npeq Zni,...ne- We show that f(v) € R(z). Suppose not. Since X is
regular, one can find disjoint open sets V and W such that f(v) € V and
R(xz) C W. By the continuity of f one has an open ball U containing v with
f(U) C V. There is a sufficiently large number k such that f(Z,, . n.) CV,
hence Ay, ... n, is contained in the complement of W and does not meet R(z),
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a contradiction. It is seen from the same reasoning that f(v) is a unique
element of ﬂzozl Ap,,... n,.- Indeed, if y is another element of this set, we find
open sets V and W such that f(v) € V, y € W, VNW = @, which leads to
a contradiction by the above reasoning. (I

It is worth noting that if we omit the regularity assumption on X, but
require that the sets R(A) be Souslin for all Souslin sets A C X, the above
proof shows that there is a selection S that belongs to the c-algebra o(Sx).
Indeed, it suffices to take £* = 0(Sx) and An,,. . n, = f(Zny,..n,) € Sx.

6.9.17. Corollary. Let X be a regular Souslin space, let Y be a Haus-
dorff space, and let F': X —Y be a continuous surjection. Then there exists
a coanalytic set S C X that is mapped by F one-to-one onto Y. If X is not
reqular, then S can be found in o(Sx).

PRrROOF. Let (z,y) € R if F(z) = F(y). Then the equivalence classes are
closed. In addition, R(A) = F~'(F(A)) is a Souslin set for every Souslin set
A C X. Hence the previous corollary applies. If X is not regular, then we
use the observation made above. g

Under stronger assumptions one can find a Borel section.

6.9.18. Corollary. Let R be an equivalence relation on a topological
space X with closed equivalence classes. Then R admits a Borel section under
any of the following conditions:

(i) the space X is Polish and R(U) € B(X) for every open set U (or
R(Z) € B(X) for every closed set Z);

(ii) the space X is Lusin and R(B) € B(X) for every Borel set B.

PROOF. (i) We may assume that X is a complete separable metric space
and apply the theorem to & = £* = B(X) and the same Souslin scheme as in
Example 6.9.15. (ii) By hypothesis, there is a one-to-one continuous mapping
f of a complete separable metric space F onto X. Let us set £ = £* = B(X)
and apply the theorem to the Souslin scheme {f(A,, . n,)} with A, .
from Example 6.9.15. d

Additional information can be found in Burgess [280], [281].

6.10. Supplements and exercises

(i) Borel and Baire sets (43). (ii) Souslin sets as projections (46). (iii) K-analytic
and F-analytic sets (49). (iv) Blackwell spaces (50). (v) Mappings of Souslin
spaces (51). (vi) Measurability in normed spaces (52). (vii) The Skorohod
space (53). Exercises (54).

6.10(i). Borel and Baire sets

We note that apart from the o-algebra o(F) generated by a class of sets F
in a space X, one can consider the smallest class of sets that contains F and is
closed with respect to countable unions and countable intersections (but may
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not be closed with respect to complementation). This class is denoted by
B(F). The class B(F) can be smaller than o(F): for example, the class of all
Souslin subsets of the interval is closed with respect to countable unions and
countable intersections, but is not closed with respect to complementation;
the same is true for the class of at most countable subsets of the interval.
Certain sufficient conditions for the equality B(F) = o(F) can be found in
Exercise 6.10.32 and Jayne [887].

We know that the Borel o-algebra of any subspace consists of the inter-
sections of that subspace with Borel sets of the whole space. The situation
with the Baire structure is different.

6.10.1. Example. There exist a completely regular space X, its closed
Baire subset X, and a Baire subset B of X (with the induced topology) such
that B cannot be the intersection of a Baire set in X with Xy. Moreover, one
can take for Xy a functionally closed set in X.

PROOF. Let X be the Sorgenfrey plane (see Example 6.1.19) and let X
be the straight line in the plane given by the equation x + y = 0. Obviously,
Xy is a functionally closed subset of X, since the function (z,y) — = +y is
continuous on X . For any real number z, the open set [x,2 4+ 1)x[—z, —z+1)
meets X precisely at the point (z,—x) € Xo. Thus, every point in X is
open in the induced topology, hence so is every subset of Xy. Therefore, all
subsets of X are Baire from the point of view of this subspace. It remains
to observe that X is separable, hence has only the continuum of Baire sets
(any continuous function is uniquely determined by its values on a countable
everywhere dense set), whence we obtain the existence of a subset B in Xy
that is not Baire in X. In Exercise 6.10.81 it is proposed to verify that the
intersections of X with Baire subsets of X are Borel sets with respect to the
usual topology of the plane. (Il

The following result is partially inverse to Proposition 6.3.4 (see Halmos
[779], Ross, Stromberg [1612] for a proof).

6.10.2. Theorem. If X is compact, then B(X) = Ba(X) precisely when
X is perfectly normal.

Recall that 5X is the Stone-Cech compactification of a completely regular
space X.

6.10.3. Theorem. (i) Let X be completely regular and X € Ba(8X).
Then, every closed Baire set in X s functionally closed. (ii) Any compact
Baire set in a completely regular space is functionally closed. (iii) Let X be
compact and let B € Ba(X). If AC B and A € Ba(B), then A € Ba(X).

For proofs and references, see Comfort, Negrepontis [365]. In applica-
tions, one also encounters spaces with distinct families of Borel and Baire
sets.
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6.10.4. Example. Suppose that X is any of the following spaces:

(i) an uncountable product of compact intervals (which is a compact
space),

(ii) the space of all functions on an interval with the topology of pointwise
convergence (i.e., the product IR of the continuum of real lines),

(iii) the subspace in IR® consisting of all bounded functions. Then Ba(X)
is strictly smaller than B(X).

For the proof it suffices to use the following important result (going back
to M.F. Bokshtein, see Engelking [532, 2.7.12(c)]) that describes the structure
of Baire sets in product spaces.

6.10.5. Theorem. Suppose that (X;)ier is a family of separable spaces
and Y 1is a separable metric space. Then, for every continuous mapping
F: [lier Xt — Y, there exist a finite or countable set S C T and a con-
tinuous mapping Fy: Hses Xs — Y such that F = Fyorwg, where mg denotes
the natural projection from [[,cp Xt to [[,cq Xs. In particular, Ba([[,cp X¢)
1s generated by the coordinate mappings to the spaces (Xt,Ba(Xt)).

The Baire o-algebra can be generated by a family of functions that is much
smaller than the whole class C(X). We have already seen this in Proposi-
tion 6.5.4. The following result (which also follows from Bokshtein’s theorem)
was obtained in Edgar [513], [514]. Its proof can be found in Exercise 6.10.67.
The definition of the weak topology is given in §4.7(ii).

6.10.6. Theorem. Let X be a locally conver space equipped with the
weak topology o(X,X*). Then the corresponding Baire o-algebra coincides
with the o-algebra o(X*) generated by X*. In particular, the Baire o-algebra
of any product of real lines R coincides with the o-algebra generated by the
coordinate functions.

The following result from Kellerer [974] gives some information on the
behavior of the Borel and Baire structures under multiplication of topological
spaces.

6.10.7. Proposition. Let (X,), a € A, be a family of nonempty spaces,
X =11, Xa. The equality Ba(X) = Q Ba(X,) holds in any of the following
cases: “

(a) every finite subproduct of the spaces X, is Lindeldf (for example, every
Xq is either compact or separable metric);

(b) A = {1,2} and at least one of the spaces X1 and Xo is separable
metric;

(c) A={1,2}, the space X; is locally compact and o-compact and Xo is
separable.

On the other hand, there exist a discrete space X1 and a separable compact
space Xo such that Ba(X1 x Xa) # Ba(X1) @ Ba(Xs).

It is unknown whether the equality Ba(X xY) = Ba(X)®Ba(Y) is true
for all separable spaces.
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Now we prove a useful result due to V.V. Sazonov.

6.10.8. Proposition. Let X be a o-compact topological space and let
I' be a family of continuous functions separating the points in X. Then the
equality Ba(X) = o(T") holds.

PROOF. We verify that Ba(X) C o(T'). One can assume that T is an al-
gebra of functions, passing to the algebra generated by the family I'. Let
f € C(X). Tt is easy to see that by the o-compactness of X and the
Weierstrass theorem, there exists a sequence of functions f,, € I' such that
f(z) = nan;O fn(zx) for every z € X. Thus, the function f is measurable with

respect to o(T). O

In diverse problems, some other g-algebras of subsets in a topological
space X may be useful. Let us mention some of them: the o-algebra ox(X)
generated by all compact subsets of X, the o-algebra o, (X) generated by all
closed Gs-sets in X, the o-algebra op(X) generated by all balls in a metric
space X. A simple example of a metric space X with distinct o-algebras B(X)
and op(X) is any uncountable discrete space in which the balls are singletons
and the whole space (e.g., let all nonzero mutual distances equal 1). Then
o (X) coincides with the o-algebra of all sets that are either at most countable
or have at most countable complements.

There exists a Banach space X with B(X) # op(X) (see Fremlin [624]).
On the other hand, there exists a nonseparable metric space for which one
has B(X) = op(X) (see Exercise 6.10.44).

Some additional information is given in Hoffmann-Jgrgensen [841], [845],
[847], Jayne [887], Kharazishvili [988], Mauldin [1274], [1277].

6.10(ii). Souslin sets as projections

The following theorem shows how to define Souslin sets without the
Souslin operation. We recall that the symbols &,, &, £,5 denote, respec-
tively, the classes of countable unions, countable intersections, and countable
intersections of countable unions of elements in the class £. Let A/ denote the
class of all cylinders in IN*°, i.e., the class of all sets of the form

Cpr,-- k) ={(ni) € N1 ny =p1,...,nk = pi}
Given two classes of sets £ and F in spaces X and Y, let
ExF ={ExFCXxY: E€& FeF}
Let S(€) denote the class of all sets obtained by the Souslin operation on sets
in £.

6.10.9. Theorem. Suppose that a class £ of subsets of a nonempty set
X contains the empty set. Then, the following conditions for a set A C X
are equivalent:

(i) A e S(E);

(i) A is the projection on X of an (ExN)ys-set in the space X x IN>;
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(iii) there exists a space Y with a compact class of subsets IC such that A
is the projection on X of an (€ xXK)ys-set in X XY

(iv) there exists a space Y with a compact class of subsets K such that A
is the projection on X of a set in X XY belonging to S(ExK).

(v) there exists a Souslin space Y such that A is the projection on X of
a set in X XY belonging to the class S(E xSy), where Sy is the class of all
Souslin sets in'Y.

PrOOF. Let (i) be fulfilled. There exist A(ny,...,nx) € € such that

A= U mA(nh...,nk).

(ng)eIN> k=1

Let us consider the set

c=) U A(ny,...,np)xC(nq, ... ,ng).

k=1 (nlw--,nk)GINk

It is clear that C' € (€ XN )y,5. We show that A is the projection of C on X.
Indeed, = belongs to the projection of C' precisely when there exists n = (1;)
in IN*® with (z,7) € C, i.e., when for every k, there exists o% = (nf) e IN*°
such that x € A(n},...,n¥) and n; = nf for all j = 1,...,k. The latter is
equivalent to that @ € A(n1,...,n,) for all k, which proves our claim about
the projection of C. Hence (i) yields (ii).

We recall that N is a compact class (see Lemma 3.5.3). Hence (ii) im-
plies (iii), whence condition (iv) follows at once because (ExK),5 C S(EXK).

Let (iv) be fulfilled. Suppose first that A is the projection of some set B
in (ExK)gs, i.e., we derive (i) from (iii). We have

oo o0

B= () U AenxBin, An €E, Bin € K.

k=1n=1

Set A(ny,...,ng) = ﬂ?:l Ajn;, B(na,...,ng) = ﬂle Bijn;. Then a standard
argument shows that

B= U ﬂA(nl,...7nk)><B(n17...,nk).
(ni)E]l\IOQ k=1

Let us introduce the table of sets A’(nq,...,nk) that coincide with the sets
A(ni,...,ng) if B(ny,...,ng) # @ and are empty otherwise. This is possible
since the empty set belongs to £ and the class S(£) admits finite intersections,
so that A’(nq,...,ng) belongs to S(£). For completing the proof in the case
under consideration it remains to verify that

A=mx(B) e S({A'(n1,...,nk)}). (6.10.1)
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The first equality is the definition of A. For the proof of the second one we
have to show that for every fixed sequence (n;) we have the equalities

Wx(mAnl,..., xB(nl,...,nk)> (6.10.2)

mx (A(n1,...,ng) xB(ny,...,ng)) = m A'(ny, ... ng).

38

k=1

The second equality in (6.10.2) is obvious. The left-hand side of (6.10.2) be-
longs to the right-hand side. Suppose that a point x belongs to the projection
of every set A(ny,...,ng)XB(ny,...,nk). Then the sets

{x}xY (ﬂAnl,..., xB(nl,...,nk))

are nonempty. Since the classes K and N are compact, it follows by Propo-
sition 1.12.4 that ({z}xY) N (Nye; A(na,...,nk) X B(ng,...,ng)) # @. It
is clear that the projection of any element in this set is . Thus, we have
proved (6.10.2), hence (6.10.1).

Now let A be the projection of B € S(E€xK). According to what has
already been proved, B is the projection on X xY of some (€ x K x N),s-set
C C XXYxIN*. The class H := KxN is compact by Lemma 3.5.3. Therefore,
A is the projection of an (€ xH)ss-set in the space X x (Y xIN*) and by the
above we have A € S(£). Thus, (iv) implies (i), hence (i)—(iv) are equivalent.

It is clear that (v) follows from (ii). Finally, let (v) be fulfilled. According
to Theorem 6.7.4, the space Y is Borel isomorphic to a Souslin subset of the
interval [0, 1]. This isomorphism also identifies the classes of Souslin sets. For
this reason, we may assume from the very beginning that Y is a Souslin set
in [0,1]. Then

EXSy CEXSpp CEXS(K) CS(EXK),
where K is the class of all compact sets in [0, 1]. Hence (iv) is fulfilled. O

6.10.10. Corollary. Let £ be a o-algebra of subsets of a space X and let
Y be a Souslin space. Then the projection on X of any set M € S(E@B(Y))
belongs to S(E). If the graph of f: X — Y belongs to S(E@QB(Y)), then f
is measurable with respect to (U(S(S)),B(Y)), in particular, f is measurable
with respect to every measure on .

PROOF. We have S(£@B(Y)) = S(€xB(Y)) by Exercise 6.10.69. If
B e B(Y), then f~}(B) =7x (s N (X xB))e S(&). O
Let us consider an application to hitting times of random processes.

6.10.11. Example. Suppose that (2, F, P) is a probability space. Let
us set T = [0, +00) and let B = B(T'). Given any set A € T x {2, let

ha(w) =inf{t > 0: (t,w) € A},
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where h(w) = +oo if (t,w) € A for no t. If A € S(BRF), then hy is o (S(F))-
measurable, hence is P-measurable. Indeed, for every ¢ > 0, the set {h4 < ¢}
is the projection of the set ([0,¢)xQ) N A € S(BRF).

In particular, if a mapping & from T x ) to a measurable space (E,£) is
(B&F,E)-measurable, then, for every set A € E, the mapping h defined by
hw) = inf{t > 0: &(t,w) € A} is P-measurable.

6.10(iii). K-analytic and F-analytic sets

We recall that a multivalued mapping ¥ from a topological space X to the
set of nonempty subsets of a topological space Y is called upper semicontinu-
ous if for every x € X and every open set V in Y containing the set ¥(z), there
exists a neighborhood U of the point = such that W(U) := ey ¥(u) C V.

6.10.12. Definition. Let X be a Hausdorff space. (i) A set A C X is
called K-analytic if there exists an upper semicontinuous mapping ¥ on IN™
with values in the set of nonempty compact sets in X such that the equality
A= eN> Y(o) holds.

(ii) A set A C X is called F-analytic or F-Souslin if it is obtained by
means of the Souslin operation on closed sets in X.

Jayne [886] proved (the proof can also be read in Rogers, Jayne [1589,
§2.8]) that for a Hausdorff space X, the following conditions are equivalent:

(a) X is K-analytic,

(b) X is a continuous image of a F,s-set in some compact space,

(¢) X is a continuous image of a K, s-set (a countable intersection of
countable unions of compact sets) in some Hausdorff space,

(d) X is a continuous image of a Lindel6f Gs-set in some compact space.

The most important properties of K-analytic spaces are listed in the fol-
lowing theorem. For a proof, see Rogers, Jayne [1589].

6.10.13. Theorem. (i) Every K-analytic set is F-analytic and Lindeldf.

(ii) The class of all K-analytic sets in a given space is closed with respect
to the Souslin operation.

(iii) The image of any K-analytic set under any upper semicontinuous
multivalued mapping with values in the nonempty compact sets in a Hausdorff
space is K-analytic.

(iv) A set A in a Hausdorff space X is K-analytic precisely when it is the
projection of a closed K-analytic set in X xIN*°,

(v) In any Souslin space X, the classes of K-analytic sets, F-analytic
sets, and Souslin sets coincide.

It follows from (iii) that every Souslin set is K-analytic. The class of
K-analytic sets is larger: for instance, any compact K is K-analytic (as the
image of IN® under the constant multivalued mapping V(o) = K), but a
nonmetrizable compact space is not Souslin. Although K-analytic sets form
a broader class than Souslin sets, they possess many nice properties of the
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latter. In particular, any finite Borel measure on such a space is tight (Exer-
cise 7.14.125).

Let us observe that all equivalent descriptions of Souslin sets encountered
in this book fall into the following two categories: (1) representations by
means of the A-operation on certain classes of sets (intervals, closed sets,
open sets, etc.) and (2) representations by means of images of nice spaces
under certain classes of mappings, where one can vary source spaces (Polish
spaces, the space of irrational numbers, subsets in certain product spaces, etc.)
as well as the classes of mappings (continuous, Borel measurable, projections,
etc.), in particular, such mappings can be single-valued or multivalued as in
this subsection. Obviously, one can hardly list all possible alternate equivalent
options. However, there is yet another approach not discussed in this book and
going back to Lusin: (3) scrible representations. This approach is discussed
in Kuratowski, Mostowski [1083], Lusin [1209].

6.10(iv). Blackwell spaces

6.10.14. Definition. A measurable space (X, A) is called a Blackwell
space if the o-algebra A is countably gemerated and contains all singletons
and, in addition, has no proper sub-c-algebras with these two properties.

This interesting class of spaces was introduced in Blackwell [180] (without
the requirement of separation of points, which is now usually included). Such
spaces admit the following description (the proof is left as Exercise 6.10.64).

6.10.15. Theorem. Let (X, A) be a measurable space such that A is
countably generated and contains all one-point sets. Then the following con-
ditions are equivalent:

(i) (X,A) is a Blackwell space;

(ii) every one-to-one A-measurable mapping from X onto a measurable
space (Y,B), where the o-algebra B is countably generated and contains all
one-point sets, is an isomorphism;

(iii) every injective A-measurable mapping f from X to a Polish space Y
is an isomorphism between (X, A) and (f(X),B(f(X))).

Some authors (see, e.g., Meyer [1311]) use another terminology, according
to which the Blackwell spaces are isomorphic to Souslin subspaces of the real
line (a different characterization of this class is given in Exercise 6.10.64).
It is clear from Theorem 6.8.9 that such spaces are Blackwell in the sense
of the above definition. However, the converse is false (see Orkin [1403],
Rao, Rao [1532]). Thus, Blackwell spaces up to isomorphisms form some
class of subspaces of the real line with the induced Borel o-algebras and
this class strictly contains the class of Souslin subspaces. It should be noted
that a non-Souslin set complementary to a Souslin one may not be Blackwell
(Exercise 6.10.65). It is consistent with the standard axioms that the non-
Borel coanalytic sets are not Blackwell spaces (see Orkin [1403], Rao, Rao
[1532]). About Blackwell spaces, see also Shortt, Rao [1704].
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Let us say that a measurable space (X,.4) has the Doob property if for
every pair of measurable spaces (E, &) and (F, F) and every mapping f from
E to F such that £ = {f~1(B): B € F}, every (£, A)-measurable mapping
from E to X has the form ho f, where h: F — X is measurable with respect
to the pair (F,A). The space IR' with its Borel o-algebra has the Doob
property by Theorem 2.12.3 because & = o(Ig o f: B € F). Spaces with
the Doob property are investigated in Pintacuda [1459], Pratelli [1484]. An
example of a nonseparable space with this property is constructed in [1484].
However, if A is countably generated and the measurable space (X,.A) has
the Doob property, then it is standard Borel and is Borel isomorphic either
to IR' or to a set in IN.

6.10(v). Mappings of Souslin spaces

6.10.16. Lemma. Let X be a Polish space, let Y be a metric space, and
let f: X =Y be a Borel mapping. Then the set f(X) is separable.

PROOF. Suppose that the set f(X) is nonseparable. Then, there exists an
uncountable set S C f(X) all points of which have mutual distances greater
than some € > 0. If we show that S has cardinality of the continuum, then we
obtain a contradiction with the fact noted in §6.7 that B(X) has cardinality
at most of the continuum. Indeed, the cardinality of the set of all subsets of
S is greater than that of the continuum. Then the same is true for the set of
all sets f~1(E), E C S. All such sets belong to B(X), since every subset of
S is closed. Now we show that S has cardinality of the continuum (it is clear
that the cardinality of S is not greater than that of the continuum). To this
end, we consider disjoint Borel sets f~1(s), s € S, pick in each of them an
arbitrary element z, and define the mapping g: X — X as follows: g(x) = z
if x € f71(s), g(z) = zif x ¢ f1(9), where z ¢ f~1(9) is an arbitrary fixed
element. Then ¢ is a Borel mapping. Indeed, g is constant on the Borel set
X\f71(89), and for any Borel set B C f~1(5), we have g~ 1(B) = f~1(A),
where A = {s € S: z;, € B}. Since A is closed (as is every set in S), one has
fY(A) € B(X). According to Corollary 6.7.13, the uncountable set g(X) has
cardinality of the continuum. Then S also does. O

6.10.17. Corollary. Let f be a Borel mapping from a Souslin space X
to a metric space Y. Then the set f(X) is separable.
Now we prove the following important result due to Lusin.

6.10.18. Theorem. Suppose that X and Y are Souslin spaces and A
is a Souslin set in X xY. Then the set {y € Y: Card A, > Ny}, where
Ay = {z: (z,y) € A}, is Souslin. In particular, if f: X — Y is a Borel
mapping, then the set {y € Y: Card f~1(y) > No} is Souslin.

PROOF. There exist a complete separable metric space M and a contin-
uous mapping ¢ = (¢1, ¢2) from M onto A. For every y € Y, the set

M(y):={z€ M: ps(2) =y} C o7 (4,)
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is closed in M, hence is a complete separable metric space. Denote by D the
subset in M consisting of all sequences without isolated points. According to
Exercise 6.10.74, the set D is G5 in M and hence is a Polish space. Note that
the set A, is uncountable precisely when there exists a sequence {z;} € D
with the following property: ¢o(zr) = y for all k and p1(xg) # w1(xn)
for all distinct £ and n. Indeed, if such a sequence exists, then its closure
is uncountable and belongs to A, by the continuity of 2. Conversely, if
A, is uncountable, then by means of the axiom of choice we pick in M an
uncountable set P that is mapped by ¢ one-to-one onto A,. Let us delete
from P all points each of which has a neighborhood meeting P at an at most
countable set. We obtain an uncountable set Py C P that contains a countable
everywhere dense sequence {z}. It is clear that {zj} has no isolated points.
Let us set

oo
k=

U {({xz}7y) € DXY: pa(ar) =y, e1(zr) # <P1(9Um)}-
1m=k+1

It is readily seen that the set S is Borel in D xY (all the intersected sets are
Borel), hence is Souslin. Denote by 7y the projection operator from D xY
to Y. Then by the above-mentioned characterization of uncountable A, we
obtain the equality {y € Y: Card A, > Ry} = my(5), which completes the
proof. ([l

This theorem should be compared with Theorem 6.8.2 proved above.

6.10(vi). Measurability in normed spaces

There are many works devoted to the study of measurability in Banach
spaces with the norm topology or with the weak topology. We recall that the
weak topology of an infinite-dimensional Banach space X is not metrizable.
Even a ball in a separable space may not be metrizable in the weak topology.
For example, this is the case for balls in the space I* (Exercise 6.10.35). If
X is separable and reflexive, then the closed balls in the weak topology are
metrizable compact (the converse is true as well). If X is separable, then B(X)
is generated by the half-spaces of the form {:E eX: l(z) < c}, le X*, ceR.
In the general case, this is not true. If X is nonseparable, then the operation
of addition XxX — X may fail to be measurable with respect to B(X)®B(X)
and B(X). Talagrand [1828] proved that X is a measurable vector space, i.e.,
the operation (¢, z,y) — tx + y, R'x X x X — X is measurable with respect
to B(R")®B(X)®B(X) and B(X) precisely when B(X)®B(X) = B(X x X).
In the same work, there is an example of a nonseparable Banach space X
such that this equality is fulfilled. In addition, it is shown that the continuum
hypothesis implies the measurability of the space [*° in the above sense. It
is proved in Talagrand [1827] that in the space [*°, the Borel o-algebras
corresponding to the weak topology and norm topology do not coincide. On
measurability in Banach spaces, see Edgar [513], [514], Talagrand [1834].
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6.10(vii). The Skorohod space

We consider an interesting class of spaces introduced by Skorohod [1739]
and frequently used in the theory of random processes. Let E be a metric
space with a metric 9. The Skorohod space D;(F) is the space of mappings
xz: [0,1] — E that are right continuous and have left limits for all ¢ > 0,
equipped with the metric

d(z,y) = inf{s >0] FheA0,1]: |t—h(t)] <e, o(z(t), y(h(t)) < g},

where A0, 1] is the set of homeomorphisms h of the interval [0, 1] such that
h(0) = 0, h(1) = 1. Similarly, one defines the Skorohod space of mappings
with values in completely regular spaces (see Jakubowski [878]). If the space
FE is Polish, then so is D1(E) (the proof for E = IR! can be found in Billings-
ley [169]; in the general case the reasoning is similar). In the case of com-
plete E, the space D1(FE) is not always complete with respect to the metric d,
but is complete with respect to the following metric that defines the same
topology:

do(z, 1) :inf{s>0| Ih e A0, 1]:

tog M=) < oty ytn0) < <),

sup

t>s
Similarly, one defines the Skorohod space D(E) of mappings on the half-
line. In the case E = IR, a detailed discussion of the Skorohod space can
be found in Billingsley [169]. It is readily verified that for any separable
metric space F, the Borel o-algebra of D;(FE) is generated by the mappings
x — xz(t), t € [0,1]. The analogous question for more general spaces is
considered in Jakubowski [878] and Bogachev [207]. To these works and also
to Lebedev [1117], Mitoma [1322], we refer for additional information on
Skorohod spaces. The descriptive properties of Skorohod spaces turn out to
be a subtle matter. We mention a result of Kolesnikov [1017].

6.10.19. Theorem. Let E be a coanalytic set in a Polish space M. Then
D+ (E) is a coanalytic set in Dy (M).

As observed by Kolesnikov [1017], the space D1 (Q) is not Souslin. In ad-
dition, he proved in the same work that under the assumption of the existence
of nonmeasurable projections of coanalytic sets (which is consistent with the
usual axioms), there exists a Souslin subset E of the interval such that the
space D;(E) is not universally measurable in D;([0,1]). The Skorohod space
can be equipped with some other natural topologies different from those men-
tioned above. The role of Skorohod spaces in the theory of random processes
is explained by the fact that many important random processes possess sam-
ple paths belonging to such spaces, so the distributions of these processes are
naturally defined on Skorohod spaces.
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Exercises

6.10.20° Prove Lemma 6.1.1.
HINT: Let f be continuous at z, x = limxz,, and let W be a neighborhood

of f(xz). We find a neighborhood U of z such that f(U) C W and take oo such
that zo € U for all a with ap < . Then f(zo) € W. Conversely, if we have the
indicated condition for nets and W is a neighborhood of the point f(z), then we take
for T the set of all neighborhoods of the point « equipped with the following order:
U <V if V CU. Since the intersection of two neighborhoods is a neighborhood,
we obtain a directed set. If we suppose that every neighborhood U of the point z
contains a point zy with f(zy) € W, then we obtain the net {zy }uer convergent
to x, which contradicts our condition, since the net f(xy) does not converge to f(x).

6.10.212 Prove Lemma 6.1.5.

HINT: For every x € K, there is a continuous function fr: X — [0, 1] with
f=(x) = 1 vanishing outside U. The open sets {y: fz(y) > 1/2} cover K, and one
can find a finite subcover corresponding to some points x1,...,z,. The function
g = (foy + -+ fo,)/n: X — [0,1] vanishes outside U and is greater than (2n)~*
on K. Now let f =1 o g, where the function : [0,1] — [0, 1] is continuous, equals
1 on [1/(2n),1] and ¥(0) = 0.

6.10.22° Let K be a compact set in a completely regular space X. (i) Prove
that every continuous function f on K extends to a continuous function on X with
the same maximum of the absolute value. (ii) Let f be a continuous mapping from
K to a Fréchet space Y. Show that f extends to a continuous mapping on all of the
space X with values in the closed convex envelope of f(K).

HINT: (i) the set F of all continuous functions on K possessing bounded continu-
ous extensions to X is a subalgebra in C'(K) and contains constants. This subalgebra
separates the points of K by the complete regularity of X. By the Stone—Weierstrass
theorem, there exists a sequence of functions f,, € F uniformly convergent to f on K.
We may assume that |fn(z) — fayi1(z)] < 27" for all € K. By induction we find
continuous functions g, on X such that |gn(z) — gnt1(z)] < 27" for all z € X
and gn|k = fn|k. Since X is completely regular, there exists a continuous function
¢1: X — [0,1] equal to 1 on K and 0 outside the open set Vi := {|f1 — f2] < 1/2}.
Letting g1 := C1f1, g2 := C1fa, fh = (1fn, n > 3, we continue this process applied
to the functions f;,. The sequence {g,} converges uniformly on X and its limit on
K is f. Thus, we obtain an extension of f to a bounded continuous function g
on X. Now we obtain the equality maxx |g(z)| = maxk |f(z)| by passing to the
function 6 o g, where 6(t) =t if t € [-M,M], 0(t) = M if t > M, 0(t) = —M if
t < —M. (ii) Since f(K) is compact, its closed convex envelope V is compact as
well. There is a sequence of functionals I, € Y™ separating the points in V. The
mapping h = (I): Y — IR* takes V to the convex compact set @ and is a home-
omorphism on V. Hence it suffices to prove our assertion for h o f. Let us extend
all functions [,, o f to bounded continuous functions ,, on X and apply Dugundji’s
theorem, according to which there is a continuous mapping g: R>* — @ that is
identical on @ (see Engelking [532, 4.5.19]).

6.10.23° Let Xy, t € T, be an uncountable collection of metric spaces containing
more than one point. Show that the topological product of X, is not metrizable.
HINT: in a metrizable space, every point has a countable base of neighborhoods.
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6.10.24° Prove that a compact space X is metrizable precisely when there is
a countable family of continuous functions f,, separating the points in X.

HINT: the necessity of this condition is obvious; for the proof of sufficiency we
embed X into IR* by a continuous mapping = — ( fn(x)), which gives a compact
set in IR°°; then we verify that on this set the original topology coincides with the
topology induced from IR*.

6.10.25. Show that the Cantor set C' is homeomorphic to {0,1}°°.
HINT: consider the mapping h(z) = Y o7, 20,37 ", & = (zn), zn € {0,1}; see
Engelking [532, 3.1.28].

6.10.26. Let K be a nonempty compact set without isolated points. Prove
that K can be continuously mapped onto [0, 1].

HINT: suppose not. Then no compact subset of K can be mapped continuously
onto [0, 1], since otherwise such a mapping could be extended to all of K. There
exists a nonconstant continuous function ¢; on K with values in [0,1]. By our
assumption, there exists ¢1 < ¢z such that K11 := {1 < c1} and K12 := {1 > 2}
are nonempty and [c1, c2] does not meet 1 (K). This enables us to find a continuous
function fi with f|x, ; =0, f|x; , = 1/2. Applying this reasoning to K11 and K »
we obtain K11 = K21 U Kz, Ko = K23 U K> 4 with disjoint compact sets Kj ;.
Take a continuous function f> assuming the values 0, 1/4, 1/2, 3/4 on K21, K22,
K>3, K2 4. By induction, we continue this process and find disjoint compact sets
KTL,’N’L7 m=1,..., 2", such that Kn,171 = Kn,l UKn,z, anl,z = Kn’g UKnA and so
on. Then we find a continuous function f, that assumes the values 0,27",...,1-27"
on the 2" disjoint compact sets of the nth step. The obtained continuous functions
converge uniformly to a function f whose range is [0, 1].

6.10.27. The space D(IR') is the set of all infinitely differentiable functions
with compact support equipped with the locally convex topology T generated by all
norms of the form pgq,}(¢) = > oo ar max{\cp(m)(;rﬂ: z € [k k+1],m < ax},
where one takes for {ax} all two-sided sequences of natural numbers. A sequence ;
converges to ¢ in this topology if and only if the functions ¢; vanish outside some
common interval and all the derivatives of ¢; converge uniformly to the correspond-
ing derivatives of . This topology 7 is the topology of the locally convex inductive
limit of the sequence of spaces D,, consisting of smooth functions with support in
[—n,n] and equipped with the sequence of norms max |p(™ (¢)|. The space of all
linear functions on D(IR') continuous in the topology 7 is denoted by D’(IR') and
is called the space of distributions (generalized functions). Similarly, one defines
D(IRY) and D'(IR%).

(i) Prove that the topology 7 is strictly weaker than the topology 71 on D(IR')
in which the open sets are all those sets that give open intersections with all D,
(where D, is given the above-mentioned topology generated by countably many
norms). To this end, show that the quadratic form F(p) = Y >, o(n)p™(0) is
discontinuous in the topology 7, but is continuous in 7.

(ii) Prove that the topology 7 is strictly stronger than the topology 7 on D(IR')
generated by the norms py(¢) = sup |¢(2)e™ (x)|, where one takes all nonnega-
tive integers m and positive locally bounded functions 1. To this end, verify that
the linear function F(p) = >, ©™(n) is continuous in the topology 7, but is
discontinuous in the topology 7s.
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(iii) Prove that the space D(IR') with the topology 7 of the inductive limit of
the spaces D, is not a kr-space (X is called a kr-space if for the continuity of a
function on X, its continuity on all compact sets is sufficient).

It should be noted that in some textbooks of functional analysis the topologies 71
or T2 are mistakenly introduced as equal to 7. Fortunately, convergence of countable
sequences in all the three topologies is the same.

6.10.28. Let X be a separable metric space and let F be some collection of
Borel sets in X. Suppose that 7, > 0 are numbers decreasing to zero and that for
every ¢ € X and every n € IN, there exists a set E in the o-algebra generated by
F such that B(z,rny1) C E C B(x,r,), where B(z,r) is the open ball of radius r
centered at z. Show that o(F) = B(X).

HINT: see Hoffmann-Jgrgensen [848, 1.9].

6.10.297 Show that the o-algebra £ generated by all one-point subsets of IR is
not countably generated. Deduce that not every sub-o-algebra of B(IR) is countably
generated.

HINT: use that every set in £ is either at most countable or its complement is
at most countable.

6.10.30. Let & be the algebra of all finite unions of intervals (open, closed
or semiclosed) in [0,1]. By induction, we define classes of sets B,, n € IN, as
follows: B, is the collection of all countable intersections and countable unions of
sets in B,_1, Bo = £. Prove that UZO:O B,, is not a o-algebra, in particular, does
not coincide with the Borel o-algebra.

HINT: see assertion (vi) in the next exercise or Kuratowski [1082, §30, XIV],
Rogers, Jayne [1589, §4.3].

6.10.31. Let & be a class of subsets of a space X with @ € £. (i) Let Q be the
set of all finite or countable ordinal numbers. The classes £,, a € §2, are defined by
means of transfinite induction as follows: & = £ and &, consists of all sets of the
form J;7 | An, where Ay, € &g, with 3, < «, and X\ A, where A € &3 with 8 < o
Show that 0(€) = Uyeq Eo-

(ii) Let € be an algebra of sets. For all a € 2 we define the classes B, as follows:
B consists of all countable unions and countable intersections of sets in Bg with
B < a, Bo = E&. Show that 0(£) = U,cq Ba. Show that this may be false if £ is not
an algebra.

(iii) Prove that if the class £ is infinite and its cardinality is not greater than
that of the continuum, then the cardinality of o(£) equals the cardinality of the
continuum. R

There is another hierarchy of Borel classes B., 0 < a < w1, defined as follows.
Given a topological space X, let By be the class of all open sets in X. If the ordinal
« is even (limit ordinals count as even), let ga+1 be the family of complements of
sets in Ba. If a is odd, let B\aﬂ be the family of countable unions of sets in Ba. If
a is a limit ordinal, let Ba be the family of countable unions of sets chosen from the
families gg with 8 < a.

It is clear that Ba C Ba and that the union of all B, is B(X). The classes Ba
are easier to deal with in some transfinite induction constructions because at every
step only one type of operation (complementation or sum) is involved.

(iv) Suppose that the open sets in X are F,-sets. Show that Ea C ga+2 and

~

ga C B,+1, provided that v is a limit ordinal and o < 7.
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(v) Let X have a countable topology base. Prove that for every class Ba in X ,
0 < a < wi, there is a set £ C X xIN®° of class ga that is universal in the sense
that: (a) every section B, = {z € X: (z,y) € E}, y € IN™, is of class B, in X;
(b) for every set A of class B, in X, there is y € IN® such that A = E,.

(vi) Prove that for each a with 1 < a < ws, the space IN*® contains a set of class
Bo that belongs to no f)’\g with 0 < 8 < a. The same is true for any uncountable
Polish space.

HINT: in (i) and (ii) use that every countable family of indices a, is majorized
by some 3. (iii) The fact that the cardinality of o (&) does not exceed ¢ follows by (i).
Let £ be a countable family {E,} and let f =>>° | 37"Ip, . If f assumes infinitely
many values, then o (&) contains infinitely many disjoint sets, whence it follows that
the cardinality of o(€) is at least ¢. But if f has only finitely many values, then
o({En}) is finite, hence so is {E, }. In (iv) and (v) use transfinite induction. (vi) Let
o > 2. There is a set E of class ga in IN*® x IN*° that is universal for the ga-sets
in IN*. Let A= AN E, where A is the diagonal in IN* xIN*°. Show that A is of
class Bo in IN® xIN®°. Take the set B = A\A and show that B is in Bay1, but
belongs to no gg with0 < g <a+1.

6.10.32. (Sierpinski [1715]) Let F be a family of subsets in a set X and let
B(F) be the class of all sets that can be obtained from F by means of finite or
countable intersections and unions in an arbitrary order. Prove that B(F) coincides
with the o-algebra o(F) generated by F if and only if E1\E, € B(F) for all sets
FEi,Ey € F.

6.10.33. Show that every complete nonempty metric space without isolated
points contains a Borel set that is homeomorphic to IN*°.
HINT: modify the proof of Theorem 6.1.13.

6.10.34° Let X be a locally convex space and let X be its linear subspace
equipped with the induced topology. Show that the o-algebra in X, generated by
the dual space X coincides with the intersection of Xy with the o-algebra in X
generated by X ™.

6.10.35° Show that the closed unit ball in ' is not metrizable in the weak
topology.

HINT: weak and strong convergences are equivalent for countable sequences
in !, hence the metrizability of the ball in the weak topology would imply the
coincidence of the weak and strong topologies on the ball, which is impossible, since
every nonempty weakly open set contains a straight line and meets the sphere.

6.10.36. Let X be the space “two arrows” from Example 6.1.20. Prove that
B(X) is the class of all sets B for which there exists a set E € B[0, 1] such that
B A 7 Y(E) is at most countable, where m: X — [0,1] is the natural projection.
Hence B(X) C B(IR?) and B(X) is generated by a countable family and singletons
(but is not countably generated). In addition, every measure on B(X) is separable.
Finally, if B € B(X) is uncountable, then 7|z is not injective.

HINT: the class B of all sets B with the indicated property is a o-algebra. All
one-point sets are closed in X and hence belong to B(X), i.e., B(X) contains all
countable sets. By the continuity of 7, we have 77 (E) € B(X) for all E € B0, 1],
whence one has B C B(X). Since X is hereditary Lindel6f, every open set is an at
most countable union of elements of the considered topology base. The elements
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of the base differ only in one point sets from the preimages of intervals under T,
whence it follows that B(X) C B. The elements of the base with rational endpoints
along with singletons generate B(X), since every element of the base is a countable
union of elements with rational endpoints with a possible added point. Finally, a
countable family of sets in B(X) cannot separate the points in X, hence cannot
generate B(X).

6.10.37. Construct an example of two countably generated o-algebras B; and
B2 such that B; N Bs is not countably generated.

HINT: see Rao, Rao [1532]; one can take the sub-o-algebras Bi and B, in B(IR')
consisting of the sets invariant with respect to translations to 1 and 7, respectively.

6.10.38. Let X be a space with a countably generated o-algebra A and let
Xo C X. Show that the o-algebra of subsets of Xy that have the form Xo N A with
A € A, is countably generated as well.

HiNT: apply Theorem 6.5.5.

6.10.39. Let X be a normal space and let Xy be closed in X. Prove that
Ba(Xo) ={BNXo: B€ Ba(X)}.

HINT: any function f € C(Xo) extends to a continuous function on X, see
Engelking [532, Theorem 2.1.8].

6.10.407 Let (X, B) be a measurable space and let Y and S be separable metric
spaces. Suppose that a mapping F': X XY — S is continuous in y for every fixed
x € X and, for every fixed y € Y, the mapping = — F(z,y) is measurable with
respect to B and B(S). Prove that the mapping F is measurable with respect to
B®B(Y') and B(S).

HINT: for every n take a countable partition of Y into Borel sets B, ; of diam-
eter at most 27", pick in By ; a point b, ; and set fn(x,y) = f(z,bn,;) whenever
y € By, ;; the obtained mappings are measurable with respect to B&B(Y) and B(S)
and converge pointwise to f.

6.10.41. (Rudin [1625]) Let X be a metric space, let Y be a topological space,
let E be a locally convex space, and let a mapping f: X XY — E be continuous
in every argument separately. Prove that f is a pointwise limit of a sequence of
continuous mappings. In particular, if F is metrizable, then f is Borel measurable.

HiINT: use the following consequence of paracompactness: for every n one can
find continuous functions @a,,: X — [0,1] with the following properties: one has
Za Ya,n(x) = 1for all z, every point has a neighborhood in which all functions pq n,
with the exception of finitely many of them, vanish and the support of every function
©Ya,n has diameter at most 1/n. Choose Zq,, such that @a.n(za,n) > 0 and set

ful@,y) = g Pan(@)f (Tan, y).

6.10.42. (i) Let X and Y be Souslin spaces, let A C X XY be a Souslin set,
let mx (A) be the projection of A on X, and let f be a bounded Borel function on A
(or, more generally, let the sets {f < r} be Souslin). Show that the sets

{z e mx(A): inf f(z,y) <r} and {z€nx(A): inf f(z,y) <7}
y y
are Souslin. Prove an analogous assertion for the sets

{z € mx(A): sgpf(m,y)>r} and {z € mx(A): sgpf(x,y)Zr}.
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Show that if (E, &) is a measurable space, A € EQB(Y), and f is a bounded
E®B(Y )-measurable function on A, then the sets

{z e mu(A): iI;ff(x,y) <r} and {z€mnp(A): igff(x,y) <r}

belong to S(€).

(ii) Show that there exists a bounded Borel function f on the plane such that
the function g(x) = sup,, f(x,y) is not Borel.

HINT: in (i) represent the indicated sets as projections; in (ii) consider the
indicator of a Borel set whose projection is not Borel measurable.

6.10.43° Prove that there exists a non-Borel (even nonmeasurable) function in
the plane that is Borel in every variable separately.
HINT: see Exercise 3.10.49.

6.10.44. (Talagrand [1826]) Show that there is a nonseparable metric space
whose Borel o-algebra is generated by balls.

6.10.45° Give an example of a compact space whose Borel o-algebra is not
generated by closed Gs-sets.
HINT: consider the product of the continuum of compact intervals.

6.10.46. Give an example of a Polish space whose Borel g-algebra is not gen-
erated by compact sets.

HINT: consider any infinite-dimensional separable Banach space X; observe
that o-algebra generated by compact sets in X is contained in the o-algebra of all
sets A such that either A or X\ A is a first category set.

6.10.47. (Bourbaki [242, Ch. V, §8, n 5], Chentsov [335]) For every z € IR,
let I be a copy of [0, 1] and let U, be a copy of (0,1]. Prove that ], . Us is not
Borel in the compact space [] . Tz

HINT: see a more general fact in Exercises 7.14.157 and 7.14.158, and also Wise,

Hall [1993, Example 6.24].

6.10.48° Let X be the space “two arrows” from Example 6.1.20. Prove that
the mappings fi: (0,1) — X, fi(z) = (z,1), f2: (0,1) — X, fo(z) = (z,0), are
Borel measurable, but f = (f1, f2): (0,1) — X x X is not Borel measurable.

HiINT: the induced topology of the diagonal of X x X is discrete, hence every
subset of it is Borel in the induced topology.

6.10.49. Suppose that sets F(ni,...,nk) form a monotone table and satisfy

the following condition: if E(ni,...,nk) N E(mi,...,mp) is nonempty for some
k < p, then n1 = mu,...,ng = my. Prove that
(oo} oo
U ﬂE(nl,...,nk):m U E(ni,...,ng).
(n;)eIN= k=1 k=1 (n;)eIN*>

HINT: the left-hand side always belongs to the right-hand side; verify the inverse
inclusion by using that if 2 belongs to the set U(ni)eIN“’ E(ni,...,nyg) for all indices
k =1,...,n, then there exist mi,...,m, such that x € E(ma,...,my); this gives
a sequence (m,) with € (72, E(mi,...,ms).

6.10.50. Let (X, .A) be a measurable space, let S C [0,00) be a countable set,
and let {As}ses C A be a cover of X such that A; C A¢ whenever s < t. Set

f(z) =inf{s € S: z € As}.
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Show that the function f is measurable with respect to A, f(z) < s if z € A,
flz) >sifz & As.

6.10.51. Under the assumption of Martin’s axiom prove that there exists an
injective function f: IR' — IR' that is nonmeasurable with respect to every proba-
bility measure whose domain of definition is a o-algebra and contains all singletons.

HINT: see Kharazishvili [992, Theorem 6, p. 173].

6.10.52. (Sierpinski [1720]) Construct a sequence of continuous functions f,
on [0,1] that has cluster points in the topology of pointwise convergence, but all
such cluster points are nonmeasurable functions.

6.10.53° Let f be a surjective Borel mapping of a Souslin space X onto a
Souslin space Y and let a set E C Y be such that f~'(F) is a Borel set in X. Prove
that E is Borel as well.

HINT: the sets £ = f(f'(E)) and Y\E = f(X\f~'(E)) are disjoint Souslin.

6.10.54. (i) (Purves [1505], the implication (b)=-(a) was obtained by Lusin
[1209]) Prove that for a Borel mapping F' from a Borel subset X of a Polish space
to a Polish space Y, the following conditions are equivalent:

(a) F(B) is Borel in Y for every Borel set B C X

(b) the set of all values y such that F~*(y) is uncountable, is at most countable.

(ii) (Maitra [1236]) Prove that the equivalent conditions (a) and (b) are also
equivalent to the following condition: F~1 (F(B)) is Borel in X for every Borel set
BCX.

6.10.55. (i) Let (X,B) be a measurable space, let Y C X, and let us set
By = {Y N B,B € B}. Prove that every By-measurable function on Y is the
restriction of some B-measurable function on all of X.

(i) (Shortt [1702]) Let B be a o-algebra of subsets of a space X. Suppose that
B is countably generated and countably separated. Prove that (X, B) is a standard
measurable space precisely when for every measurable space (2, F) and every set
Q' C Q, every mapping f: Q' — (X, B) that is measurable with respect to F N /',
extends to a measurable mapping (2, F) — (X, B).

HINT: (i) it suffices to consider bounded functions passing to arctgf; observe
that if sets B; NY, where i = 1,...,k and B; € B, are pairwise disjoint, then
one can find pairwise disjoint sets B; € B with B,NY = B; NY. Assuming that
0 < f < 1, consider the sets A;, = {(: —1)27" < f <i27"}, 4 =1,...,2". Let
fn=1i2""if x € A; n. Then |f — fn| < 27". By using the above observation, one
can find B-measurable functions g, such that g|y = fn and max|gn — gn—1| =
max |fn — fa_1| £ 227", The required extension can be defined by g = nILn;O Jn.-

6.10.56. (i) (Sodnomov [1759], [1760], Erdés, Stone [535], Rogers [1588])
Construct two Borel sets A and B on the real line such that the set A + B is not
Borel. Show that this is possible even if A is compact and B is a Gs-set. Construct
also a Borel set B on the real line such that B — B is not Borel.

(i) (Rao [1531]) Show that there is no countably generated o-algebra £ in R*
that is contained in the o-algebra of Lebesgue measurable sets and has the property
that A+ B € £ for all Borel sets A, B.

6.10.57. (Sierpiniski [1713]) Show that every Souslin set E C [0,1] can be
represented as F = f([O7 1)) with some left continuous function f.
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6.10.58° Show that there exists a countable family of intervals on the real line
such that it generates the Borel o-algebra, but every proper subfamily does not.

HINT: consider the intervals ((k—1)27",k27") with integer n and k and verify
that they separate points, but if one deletes one interval, then this property is lost;
say, if one deletes an interval with & = 2I, then its left endpoint and the middle
point are not separated by the remaining intervals; see also Elstrodt [530, p. 109],
Rao, Shortt [1535].

6.10.59. (Jackson, Mauldin ([874]) Let IR? be equipped with some norm and
let Lo be the smallest class of sets containing all open balls for this norm and closed
with respect to the operations of complementation and countable union of disjoint
sets. Prove that Lo = B(IR?) (it is shown in Keleti, Preiss [970] that the analogous
assertion fails for infinite-dimensional separable Banach spaces).

6.10.60. (Szpilrajn [1812]) Let N be some class of subsets of a set X with the
following properties: if Ny € N and No C Ny, then No € N, and if N; € N, then
U2, Ni € NV (such a class is sometimes called a zero class). Suppose that we are
given a class M of subsets of X satisfying the following conditions: (a) M is closed
with respect to countable unions and countable intersections, (b) M contains the
complements of all sets in A, (c) for every set S, there exists a set S € M such
that S C S and if M € M is such that S € M C S, then S\M € N. Prove that
the class M is closed with respect to the A-operation and derive from this that the
class of measurable sets is closed under the A-operation.

HINT: see, e.g., Rogers, Jayne [1589, Theorem 2.9.2]. For applications to
measurable sets, take for A/ the class of all measure zero sets and for S a measurable
envelope of S.

6.10.61. (Mazurkiewicz [1283]) Let Z be a closed subset of N*® and f: Z — Y
a continuous mapping with values in a Souslin space Y. Show that there exists a
coanalytic set F C Z such that f(E) = f(Z) and f is injective on E. In particular,
every Souslin set is the continuous and one-to-one image of some coanalytic set.
HINT: see Theorem 6.9.1 or Kuratowski [1082, §39, p. 491].

6.10.62° Let X be a Souslin space and let f be a Borel function on X. Prove
that there is a stronger topology on X generating the initial Borel structure such
that X remains Souslin and f becomes continuous.

HINT: observe that the graph of f is a Souslin space that is Borel isomorphic
to X (the natural projection operator is a Borel isomorphism), and f is continuous
in the topology on X imported from this graph.

6.10.63° Let X be a Borel set in a Polish space and let A be a countably
generated sub-o-algebra in B(X). Prove that there exist a Souslin set E € IR' and
a Borel function f on X with f(X) = E such that A = {f~*(B), B € B(E)}.

6.10.64. (i) Prove Theorem 6.10.15. (ii) Let A be a countably generated o-
algebra in a space X and let A contain all singletons. Prove that (X, .A) is isomorphic
to a Souslin subspace of the real line with the induced Borel o-algebra precisely when
for every A-measurable function f, the set f(X) is Souslin.

HINT: (i) use the existence of an injective A-measurable function f generat-
ing A. (ii) Take the same function as in (i) and prove that all sets f(A), A € A, are
Souslin, hence Borel in f(X) by the separation theorem, since f(A)N f(X\A) = @.
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6.10.65. (Maitra [1235]) (i) Let A be a Blackwell coanalytic set in a Polish
space. Show that for every injective Borel mapping f: X — Y, where Y is a Polish
space, the set f(A) is coanalytic. (ii) Construct an example of a coanalytic set in
[0, 1] that is not Blackwell.

HINT: (i) apply Theorem 6.2.11; (ii) take a non-Borel Souslin set £ C [0,1] and
a continuous mapping f from the space R of irrational numbers in (0,1) onto E;
use Exercise 6.10.61 to obtain a coanalytic set A C R such that f(A) = E and f is
injective on A. The set A is a required one.

6.10.66. Let K be a class of subsets of a set X such that every collection
of sets in I with the empty intersection has a finite subcollection with the empty
intersection. Suppose that for every pair of distinct points x and y, there exist sets
K., Ky € K such that * ¢ K, and y ¢ K,. Show that X can be equipped with a
Hausdorff topology such that X and all sets in K are compact.

HINT: consider the topology generated by all sets X\ K, where K € K.

6.10.67. Prove Theorem 6.10.6.

HINT: it is clear that o(X™) is contained in the Baire o-algebra of the space X
with the weak topology. In order to verify the inverse inclusion it suffices to show
that for every weakly continuous function F' on X, the set {x € X: F(z) > 0}
belongs to o(X™). One can assume that X is embedded as an everywhere dense
linear subspace in IRT, where T = X*. Then the weak topology of X coincides
with the one induced from IR”. For any rational r, let U, = {x € X: F(z) > r},
V. = {z € X: F(z) < r}. There exist open sets U, and V, in R” such that
ﬁTﬂX =U,, f/rﬁX = V,.. Note that ﬁrﬂf/r = &, since X is dense in R”. Now we
can use Bokstein’s theorem (see [532, 2.7.12(c)]), according to which there exist a
countable set S and open sets U., V/ in IR® such that U. NV, =@, U, C g (U)),
V. C 75*(V;). The open sets UL,V in the metrizable space IR® are Baire, hence
XN7rg'(U)) and X Nwg'(V}) are contained in o(X*). It remains to observe that
{z € X: F(x) > 0} coincides with the union of the sets X Nmg " (U}.) over all rational
r > 0, which is verified directly.

6.10.68° Let A and B be two o-algebras and let E € S(A®B). Show that there
exists two sequences {A,} C A and {B,} C B such that E € S({An}x{Bn}).

HINT: every A®B-Souslin set is generated by a countable table of sets in ARB,
hence it remains to apply Exercise 1.12.54.

6.10.692 Let £ be a o-algebra in a space X, let Y be a Souslin space, and let
Z be a Souslin set in Y. Show that S(£®B(Z)) C S(ExB(Y)).

HINT: it suffices to verify that E®@B(Z) C S(ExB(Y)); since £ x B(Z) is
a semialgebra and S(S X B(Y)) is a monotone class, it remains to observe that
ExBe S(ExB(Y)) forall E € £ and B € B(Z) C S(B(Y)).

6.10.70. (Jayne [887]) Let X be a topological space. Show that Ba(X) is the
smallest class of sets that contains all functionally closed sets and admits countable
unions of disjoint sets and arbitrary countable intersections.

6.10.71° Let X be a topological space and let Fy be the class of all functionally
closed sets in X. Show that S(Ba(X)) = S(Fo). In particular, in every metric space,
all Borel sets are F-analytic.

HINT: observe that if F' € Fo, then X\F = |J,°_, Fi, where F;, € Fo; consider
the class £ := {B € Ba(X): B,X\B € S(Fo)} and verify that £ = Ba(X).
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6.10.72. Let (X,A,u) be a probability space, A a countably generated o-
algebra, (T, B) a measurable space, and let u¢, where t € T', be a family of bounded
measures on A absolutely continuous with respect to p such that for every A € A,
the function ¢ — p¢(A) is measurable with respect to B. Prove that one can find
an A® B-measurable function f on X X T such that for every ¢t € T, the function
x — f(=z,t) is the Radon-Nikodym density of the measure u; with respect to p.

HinT: if X = [0,1] and A = B(]0, 1]), then, by Theorem 5.8.8, for every ¢, the
Radon—Nikodym density of p: with respect to p is given by the equality

Fat) = lim (e = 2@+ e flle = 2+ 2a)),

where e, =n"!, f(x,t) = 0if u([x—en, z+¢,]) = 0 for some n. One can assume that
the measure p has no atoms, since for its purely atomic part the claim is obvious. It
is readily seen that the functions p¢([x—en, x+en])/1([x—en, x+€n]) are measurable
with respect to B([0, 1])®B, since the numerator and denominator are continuous in
x due to the absence of atoms and are B-measurable in ¢t. The above limit exists for
a.e. x if t is fixed, for all other = we set f(z,t) = 0. In the general case, according
to Theorem 6.5.5, there exists an A-measurable function £: X — [0, 1] such that
A={e(B),B € B([0,1])}. Set v = po& ", vy = pyo&~*. Then v, < v and by the
above there exists a B([0, 1]) ® B-measurable version (z,t) — o(z,t) of the Radon—
Nikodym densities of the measures v with respect to v. Set f(z,t) := o(&(x),t).
The function f is measurable with respect to A®B. Let ¢t be fixed. Given a set
A € A, we can find a set B € B([0,1]) with A = ¢ '(B). Since Ip(&(z)) = La(z),
we obtain

pul) = m(B) = [

vty = [ 15(6@) f@. 0 pian) = [ G0 (o).

6.10.73. (i) (C. Doléans-Dade) Let (X,.A,u) be a probability space, (T, B)
a measurable space, and let f,(z,t) be a sequence of A® B-measurable functions
on X X T such that for every fixed ¢, the sequence of functions = — f,(x,t) is
fundamental in measure pu. Show that there exists an A® B-measurable function f
such that fn(-,t) — f(-,t) in measure y for every t.

(ii) (Stricker, Yor [1793]) Let (X, .A, 1) be a probability space with a separable
measure u, (T,B) a measurable space, and let f,(z,t) be a sequence of A® B-
measurable functions on X X7 such that for every fixed ¢, the functions  — fn(z,t)
are integrable against the measure y and converge weakly in L' (1). Show that there
exists an A® B-measurable function f integrable in = such that fn(-,t) — f(-,t)
weakly in L'(u) for every t.

HINT: (i) one can assume that the functions f, are uniformly bounded, passing
to arctg fn. Then, for every t, the sequence fn(-,t) is fundamental in L?(u). The
functions

g () = /X (. t) — fulz, t)2 u(da)

are measurable with respect to B. For every p € IN, let m,(t) be the smallest m
such that g x(t) < 87P for all n, k > m. It is easy to see from the proof of the Riesz
theorem that for every ¢, the sequence f,,()(,t) converges u-a.e. In addition, it
is readily verified that the functions mp(t) are B-measurable. Hence the function
Jmp(t)(z,t) is measurable with respect to A®B. The desired function is defined
as follows: f(z,t) = plin;o Jmy ey (x,t) if this limit exists and f(z,t) = 0 otherwise.

Assertion (ii) follows by Exercise 6.10.72.
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6.10.74. Let (M,d) be a separable metric space and let D C M consist of
all sequences without isolated points. Show that D is a Gs-set.

HINT: let {am } be a countable everywhere dense set in M. Verify that for every
fixed k, m, and n, the set of all sequences {x;} € M such that d(zx, am) < 27" "
and d(z;,am) > 27" for all j # k, is closed.

6.10.75. Let 7 be an uncountable ordinal. Show that for every continuous
function f on the space [0, 7) with the order topology, there exists 7o < 7 such that
f is constant on [o, 7).

HINT: for every k, there exists ar < 7 such that |f(a) — f(8)] < 1/k when-
ever «, 3 > ai. Indeed, otherwise one could construct by induction an increasing
sequence ag, with |f(ax, ) — f(ax,)| > 1/k. This contradicts the continuity of f
since such a sequence converges to sup ay,,. There exists 79 < 7 such that ax < 79
for all k. It is clear that 7o is the required ordinal.

6.10.76° A set F in a topological space X is said to have the Baire property
if there exists an open set U such that E A U is a first category set. Show that the
class BP(X) of all sets in X with the Baire property is a o-algebra containing B(X).

HINT: if F is closed, then F' € BP(X), since one can take for U the interior
of F. If A € BP(X) and A A B is a first category set, then it is easy to see
that B € BP(X). This yields that if F € BP(X), then X\E € BP(X), since
(X\E) A (X\U) = E AU, where U is open. Finally, it is readily verified that
BP(X) admits countable unions. All open sets belong to BP(X) by definition.

6.10.77. Suppose that X and Y are compact spaces, Y is metrizable, u is
a probability measure on B(Y), and f: X — Y is continuous. Prove that there
exists a (B(Y)u, B(X))-measurable mapping g: ¥ — X with g(y) € f~'(y) for
all y € f(X).

HINT: see Graf [718].

6.10.78. (i) Let X = Q be equipped with the topology which is obtained by
reinforcing the usual induced topology with the complement of the sequence {1/n}.
Show that we obtain a countable Hausdorff space (in particular, a Souslin space)
that has a countable base but is not regular. (ii) Construct a countable Hausdorff
space with a countable base such that some point in this space is not a Baire set.

HINT: (i) see Arkhangel’skil, Ponomarev [68, Ch. II, Problem 103]; (ii) see
Steen, Seebach [1774, p. 98, Counterexample 80].

6.10.79° (A.D. Alexandroff [30]) Let Z, be disjoint functionally closed sets in
a topological space X.

(i) Let Z, have pairwise disjoint functionally open neighborhoods U, such that
Z :=Uy, Zn is closed. Prove that Z is functionally closed.

(ii) Suppose that every union of sets Z, is functionally closed. Show that the
sets Z, possess pairwise disjoint functionally open neighborhoods U,,.

(iii) Show that if the space X is normal, then the assumption that all unions of
Z, are closed yields that they are functionally closed.

HINT: (i) there are continuous functions fn: X — [0,37"] such that f, = 0
outside U,, and Z,, = {f, = 37"}. The function f = 2?21 fn is continuous. Note
that Z coincides with f~'(S), where S is the closed countable set consisting of the
numbers s, = > p_, 37" and their limit 1/2. Indeed, f|z, = s, since supports
of f, are disjoint. Hence Z, C f~(S), i.e., Z C f75S). If z € f~(S) and
f(x) = sn, then & € Z,, since 379 < 37" If we had f(x) = 1/2, then

oo
j=n+1
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by the above the point z would be a limit point of Z, hence it would belong to
one of the sets Z, because Z is closed. However, this is impossible. (ii) Sets U,
are constructed by induction. We find disjoint functionally open neighborhoods U;
and Vi of the functionally closed sets Z; and UZOIQ Zn. Next, in V3 we find disjoint
functionally open neighborhoods of the sets Z» and |J,.; Zn and so on. (iii) For
any normal space X the reasoning in (ii) is applicable to arbitrary closed sets, hence
the assertion follows by (i).

6.10.80° (A.D. Alexandroff [30]) (i) Let F, be functionally closed sets in a topo-
logical space X and let F,,+1 C F, for all n € IN. Prove that there exist functionally
open sets G, such that F, C Gn and Gnq1 C Gy forallnand (), Gn = (o Fn.

(ii) Suppose that in (i) one has the equality (\;—, Fn = @. Let Z,, := F;,\Gny1.
Show that the sets Z,, are disjoint, and for every sequence {n} of natural numbers,
the set UZo:1 Zn,, is functionally closed.

HiNT: (i) there exist f, € C(X) with 0 < f, < 1, F,, = f,(0). Let us set
hn:=fi+- -+ fnand Gy, := {x: hn(z) < 1/n}. Then F, C Gn, Gny1 C Gpn. If
x & (o, Fn, then there exists n such that hn(x) > 0. Hence there exists m > n
such that hn,(x) > 1/m, ie., z € (o, Gn.

(ii) It is obvious that the sets Z,, are disjoint, since Z, N Fr41 = @. By induc-
tion we find two sequences of functionally open sets U, and V,, with the following
properties: Z,, C U, C Gn, U, NV, = @, Frut1 C Vy, Upy1 C V,,. To this end, we
include Z; and F3 into disjoint functionally open sets U; and Vi contained in Gi.
Next we consider the functionally open set G2 N Vi containing disjoint functionally
closed sets Z2 and F3 and so on. The sets U, are disjoint. Every set Uzozl Zny,
is functionally closed. Indeed, suppose x is not in this set. We find k such that
x & Gp,. Since X\Gpr, and F,, are disjoint functionally closed sets and Z; C Fj,
for all j > nyg, the point x has a functionally open neighborhood W not meeting
the sets Z;, j > ng. Since x does not belong to Zy,, ..., Zn,_,, there exists a func-
tionally open neighborhood of = not meeting | J;=, Zn, . By Exercise 6.10.79 the set

vy Zn,, is functionally closed.

6.10.81. Show that the set D := {(s,—s) € Z*} in the Sorgenfrey plane Z>
(see Example 6.1.19) is Baire and that for every Baire set B € Z2, the intersection
BN D is Borel with respect to the usual topology of the plane.

HINT: the function (z,y) — x + y is continuous on Z2, hence D is functionally
closed. Therefore, it suffices to verify that every functionally closed set FF C D
belongs to B(IR?). Let F = f1(0), where f € C(Z?). Let us write = (¢,s) and
set Bi(x) := [t,t + 1/k) X [s,s + 1/k),

Up = {z: |f(z)] < (2n)"'}, Uny = {z € F: By(z) C Un}.

Let Wi x be the closure of Up,i in the usual topology and let B := (72, Uzre; Wa k.
Then B € B(IR?) and it suffices to show that F' = B. Since for every n € IN, by
the continuity of f we have F' = |J;; Un,k, one obtains F' C B. Let « ¢ F. Then,
for some n, we have |f(x)| > 1/n. There is k € IN such that |f(y)| > (2n)~! for all
y € Bi(z). This yields that 2 belongs to no W, k, since the sets By (z) and Bj(z)
meet if 2 € D and |z — 2| < (2k)™*. Thus, = € B, i.e., BC F.

6.10.82. Let X be a topological space such that there exists a continuous
injective mapping h from X to some metric space. Let A C X. Suppose that
every infinite sequence in A has a limit point in X. Show that the closure of A is
metrizable and compact.
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HINT: observe that h(A) = h(A). Indeed, h(A) C h(A) by the continuity of h.

If y € h(A), then y = lim h(x,), where z,, € A. Hence either y € h(A), or we may

assume that {z,} is infinite and then y = h(z), where z is a limit point of {z,}.
One can also conclude that the set m in a metric space is compact. The same
is true for every subset of A, whence it follows that h™': h(A) — A is continuous,
since the preimages of all closed sets in A are compact. Thus, h is a homeomorphism

between A and h(A).

6.10.83. Prove that the o-algebra generated by Souslin sets in [0, 1] is strictly
smaller than the o-algebra of all Lebesgue measurable sets.

HINT: the first o-algebra has the cardinality of the continuum ¢ (see Exer-
cise 6.10.31), and the cardinality of the second one is 2°. A much deeper fact is
contained in the next result.

6.10.84. (Kunugui [1079]) Prove that the o-algebra generated by Souslin sets
in [0, 1] is not closed with respect to the A-operation.

6.10.85. Let (X, A) be a measurable space and let a function f: [0,1]xX — IR
be such that, for every t € [0, 1], the function z — f(¢, ) is A-measurable, and, for
every x € X, the function ¢t — f(¢, ) is increasing. Suppose that f(1,2) > 0. Show
that the function g(z) := inf{t € [0,1]: f(¢t,z) > 0} is A-measurable.

HINT: one has g(z) = inf{t € [0,1]NQ: f(t,) > 0}, since for every ¢ € [0, 1]
and £ > 0, there is a rational number s € (¢,t +¢) and f(s,z) > f(¢t,z). Let {tn}
be the set of all rational numbers in [0, 1] and let g,(z) be the minimal number
in the finite set {t1,...,tn, 1} such that f(¢;,2) > 0 (such a number exists since
f(1,z) > 0). It is readily seen that the function g, is A-measurable. Hence so is
g9(z) = lim gn(z).

n—0o0

6.10.86. Let (X,.A) be a measurable space and let Y be a metrizable Souslin

space. For any A C X xY let

A% = {(z,y) e XxY: ye A}, A™:={(z,y) € XxY: yelntA,},
and A% = A\ A™ where A, :={y € Y: (z,y) € A}, M is the closure of a set M
and IntM is the interior of M. Prove that:

(i) if Y is metrizable by a metric d, then for all r one has

{(z,y) € XxY: d(y,Az) <1} € S(A®B(Y)), where d(y, @) := 400,

(i) if A € S(A®B(Y)), then A" € S(ARB(Y)),

(iii) if X xY\A4 € S(A®B(Y)), then X xY\A* € S(ARB(Y)),

(iv) if A € A®B(Y), then A* € S(A®B(Y)).

HINT: let E = {(x,y,2) € XxY?: (z,2) € A}; apply Exercise 6.10.42 and the
equality d(y, Az) = inf{d(y, 2): z € E(, ) }. Now (ii) follows from (i), since one has
A% = {(x,y): d(y, Az) = 0}. Finally, (iii) and (iv) follow from (ii).

6.10.87° (i) Let us equip the set X = [0,1]* with the order topology with
respect to the lexicographic ordering, i.e., (z1,y1) < (x2,y2) if x1 < 2 and if x1 = x2
and y1 < y2. Show that X is compact and the natural projection f: X — [0,1] is
continuous. (ii) Show that the space “two arrows”, denoted by Xo, is closed in X.

(iii) Show that the sets {x} x (0,1) are open in X, hence one can find an open
set in X whose projection is not Lebesgue measurable.

HINT: (i) a neighborhood of a point (x,0) contains a strip; (ii) and (iii) are
straightforward.




CHAPTER 7

Measures on topological spaces

As soon as we establish what is required from a naval architect
in his speciality, then immediately the corresponding volume of
knowledge from calculus and mechanics is set up. But here one
must be very careful not to introduce superfluous requirements;
for the fact that the upper deck is covered with wood does not
necessitate the study of botany, or that a sofa in the ward-room
is upholstered with leather does not force one to study zoology;
the same is here: if a consideration of some particular question
involves a certain formula, then it is much better to present
it without proof rather than introduce in the course a whole
branch of mathematics in order to give a full derivation of that
single formula.

A.N. Krylov. My recollections.

7.1. Borel, Baire and Radon measures

In classical measure theory, it is customary to fix some domain of defini-
tion of a measure (say, the o-algebra of all measurable sets). This domain is
either given in advance or is obtained as a result of some extension procedure
(for example, the Lebesgue—Carathéodory extension). However, in many ap-
plications, as we shall see below, the choice of domain of measure turns out to
be a very delicate question, and the problem of extension to a larger domain
is not always solved by completing. Typical examples of such a situation are
related to measures on topological spaces or spaces equipped with filtrations.
Such problems occur in the study of the distributions of random processes in
functional spaces. This chapter is devoted to a broad circle of problems related
to regularity and domains of definition of measures. We discuss Borel and
Baire measures and their regularity properties such as tightness, T-additivity
etc. We shall see that any Baire measure is regular. On the other hand,
we shall encounter examples of Borel measures that are neither regular nor
tight, and examples of Borel measures on compact spaces that are not Radon
(although are tight). It will be shown that there exist Baire measures with-
out countably additive extensions to the Borel o-algebra. This picture will
be complemented by the theorem that every tight Baire measure can be ex-
tended to a Borel measure and has a unique extension to a Radon measure.
In particular, any Baire measure on a compact space X can be (uniquely)
extended to a Radon measure on X (although non-Radon extensions to B(X)
may exist as well). Radon measures are most frequently encountered in real
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applications, so they are given particular attention. Throughout we consider
measures of bounded variation unless the opposite is explicitly said (regarding
infinite measures, see §7.11 and §7.14(xviii)). In addition, we consider only
Hausdorff spaces (although not everywhere is this essential).

7.1.1. Definition. Let X be a topological space.

(i) A countably additive measure on the Borel o-algebra B(X) is called a
Borel measure on X.

(ii) A countably additive measure on the Baire o-algebra Ba(X) is called
a Baire measure on X.

(iii) A Borel measure p on X is called a Radon measure if for every B in
B(X) and e > 0, there exists a compact set K. C B such that |u|(B\K.) < .

A set in a topological space X is called universally measurable if it belongs
to the Lebesgue completion of B(X) with respect to every Borel measure
on X. A set measurable with respect to every Radon measure on X is called
universally Radon measurable. A mapping F' from X to a topological space
Y is called universally measurable if so are the sets F~1(B) for all B € B(Y).

The following lemma shows that Borel measures are uniquely determined
by their values on open sets.

7.1.2. Lemma. If two Borel measures on a topological space coincide on
all open sets, then they coincide on all Borel sets.

ProOOF. It suffices to verify that a Borel measure p vanishing on all open
sets is identically zero. The measures u* and x4~ are nonnegative and coincide
on all open sets. Then pu+ = p~ by Lemma 1.9.4 because the class of all open
sets admits finite intersections. Since u* L =, one has u* = p~ = 0. (]

We observe that, by definition, a measure u is Radon if and only if the
measure |u| is Radon. This is also equivalent to that both measures ut and
1~ are Radon.

Radon measures constitute the most important class of measures for ap-
plications. As we shall see later, on many spaces (including complete separable
metric spaces) all Borel measures are Radon. However, first we consider an
example due to Dieudonné [445], which shows that even on a compact space
a Borel measure may fail to be Radon.

7.1.3. Example. There exists a compact topological space X with a
Borel measure p such that g assumes only two values 1 and 0, but is not
Radon.

ProoOF. We take for X the set of all ordinals not exceeding the first
uncountable ordinal wy. Then X is an uncountable well-ordered set with the
maximal element wy, and for any a # w; the set {z: = < a} is at most
countable. We equip X with the order topology (§6.1); in this topology X is
compact. Let Xo = X\{w;}. Denote by Fy the class of all uncountable closed
subsets in the space Xy equipped with the induced topology. The measure
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pon B(X) is defined as follows: p(B) = 1 if B contains a set from Fy and
wu(B) = 0 otherwise. Let us show that p is countably additive. To this end,
let us introduce the class £ of all sets E C X such that either E or X\E
contains an element from Fy. The class £ is a o-algebra: it is closed under
complementation and countable intersections, since F := ﬂ;o:l F, € Fy if
F, € Fo. Indeed, if F is countable, there is o < w; such that F' C [0, a].
By induction one can easily find a strictly increasing sequence of ordinals
a; € (o, wy) that contains infinitely many elements from every F,, (because
F,, is uncountable and [0, ;] is countable). Then {a;} has a limit o/ € F
and o > «. In addition, B(X) C &. Indeed, if A is closed and uncountable,
then AN Xy € Fy. If A is at most countable, then its complement contains
an element from Fy since A C [0,a] for some o < w;. Suppose now that
{Bn} C B(X) is a sequence of disjoint sets. As shown above, at most one of
them contains an element from Fy, and if there is no such B,, every X\B,
contains a set F,, € Fp, hence ﬂff:l F, € Fy, so U:o:1 B,, has no subsets
from Fy. Therefore, i is countably additive. Every point z # w; has a
neighborhood of measure zero, hence u(K) = 0 for every compact set K C Xj.
Since p({w1}) = 0, w is not Radon (moreover, it even has no support, i.e., the
smallest closed set of full measure because w; belongs to every closed set of
full measure; see below about supports of measures). O

The measure p constructed in this example is called the Dieudonné mea-
sure.

Thus, in order to ensure the Radon property of a measure, it is not
enough to be able to approximate its value on the whole space by the values
on compact sets. The latter property has a special name.

7.1.4. Definition. A nonnegative set function u defined on some system
A of subsets of a topological space X is called tight on A if for every e > 0,
there exists a compact set K. in X such that u(A) < € for every element A
in A that does not meet K.. An additive set function p of bounded variation
on an algebra (or a ring) is called tight if its total variation |p| is tight.

A Borel measure p is tight if and only if for every € > 0 there is a compact
set K. such that |p|(X\K.) < e. However, already in the case of a general
Baire measure one has to formulate this property in the way indicated in the
foregoing definition because nonempty compact sets may not belong to the
domain of such a measure.

It is clear that any measure on a compact space is tight. What is missing
for a tight Borel measure to be Radon?

7.1.5. Definition. A nonnegative set function u defined on some system
A of subsets of a topological space is called regular if for every A in A and
every € > 0, there exists a closed set F. such that F. C A, A\F. € A and
AR < e.

An additive set function p of bounded variation on an algebra (or a ring)
is called regular if its total variation |p| is regular.
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By definition, every Radon measure on a Hausdorff space is regular and
tight. It is clear that if a Borel measure is regular and tight, then it is Radon,
since the intersection of a compact set and a closed set is compact. However,
a regular Borel measure may fail to be tight. Let us consider an example.

7.1.6. Example. Let M be a nonmeasurable subset of the interval [0, 1]
with zero inner measure and unit outer measure (see Chapter 1). We consider
M with the usual metric as a metric space. Then every Borel subset of this
space has the form M N B, where B is a Borel subset in [0,1]. We define a
measure on M by the formula p(MNB) = A(B), where A is Lebesgue measure,
i.e., p is the restriction of A to M in the sense of Definition 1.12.11. Since
Lebesgue measure is regular (see, for example, Theorem 1.4.8), the measure
w is regular as well (we recall that the closed sets in M are the intersections
of M with closed subsets of [0,1]). But it is not tight, since every compact
set K in the space M is also compact in [0, 1], hence, by construction, has
Lebesgue measure zero, whence we obtain p(K) = 0.

The above example of a non-tight measure on a separable metric space
might seem artificial because of a rather exotic choice of the space M, and
one might be tempted to choose for M a more constructive space. In the
subsequent sections we shall see that exotic spaces are inevitable in such
examples and that this circumstance has deep set-theoretic reasons. The
following theorem shows that one cannot take for M a Borel set in [0, 1]. This
is one of the most important theorems in measure theory and is often used in
applications.

7.1.7. Theorem. Let X be a metric space. Then every Borel measure p
on X is reqular. If X is complete and separable, then the measure p is Radon.

PrROOF. We can assume that g > 0. The regularity of p has actually
been proven in Theorem 1.4.8 (no specific features of IR"™ have been used).
Let us suppose that X is complete and separable and show that the measure
u is tight. Let € > 0. By the separability of X, for every natural n, one can
cover X by a finite or countable family of open balls U} of radius e27". By
using the countable additivity of u, one can find a finite union W,, = ;" U,
such that u(X\W,,) < 2", The set W = (,__, W, is completely bounded,
since for every § > 0, it can be covered by finitely many balls of radius §.
In addition, p(X\W) < >°°° | u(X\W,,) < e. It remains to observe that the
closure K of the set W is compact by the completeness of X. The tightness
and regularity yield that our measure is Radon. O

7.1.8. Corollary. FEvery Baire measure p on a topological space X is
reqular. Moreover, for every Baire set E and every € > 0, there exists a
continuous function f on X such that f=1(0) C E and |u|(E\f~1(0)) <e.

More generally, for any family T' of continuous functions on X, every
measure p on the o-algebra o(T') generated by T is regular.
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PRrROOF. It suffices to consider nonnegative measures. We recall that the
set E has the form

E = {:EZ (fl(as), vy (@), ) € B},
where B € B(R*) and f, € C(X) (in the second case, f, € T'). Let ug be
the image of the measure p under the mapping x — (f1 (@), .., fulx),.. )
from X to IR®°. This mapping is continuous. Since IR* is a metric space,
by the above theorem, there exists a continuous function g on IR* such that
g~ 1(0) C B and
po(B\g™(0)) <e.

It remains to observe that the function f(z) = g(fi(z),..., fa(2),...) is con-
tinuous on X and by the definition of the image measure, we have the equality

R(E\FTH0) = po(B\g~'(0)). O
We recall that a topological space X is called perfectly normal if every
closed set in X has the form f~1(0), where f € C(X). It is clear that in

this case the Borel o-algebra coincides with the Baire one. So the following
assertion follows from the definition and the previous corollary.

7.1.9. Corollary. Every Borel measure on a perfectly normal space is
regular.

7.1.10. Lemma. Let i1 be a Baire measure on a topological space X.
Then, for every B € Ba(X) and € > 0, there exists a continuous function
¥: X —[0,1] such that

<E.

/X ¢ dp — p(B)

In addition, there exists a continuous function (: X — [—1,1] such that

/cw—ww>
X

PrOOF. As in Corollary 7.1.8, it suffices to prove both assertions in the
case X = IR™. In this special case, one can find a closed set Z C B and
an open set U D B with |u|(U\Z) < /2. It remains to take a continuous
function ¢: X — [0,1] that equals 1 on Z and 0 outside U (clearly, this is
possible since IR* is a metrizable space). It is easy to see that 1 is a required
function.

For the proof of the second assertion we take the Hahn decomposition
w=pt — p~ and find disjoint closed sets Z; and Zs such that Z; U Z5 C B,
p(Z1) =0, ut(Z2) = 0 and pu™(B\Z1) + p~ (B\Z2) < /4. In addition,
we can find disjoint open sets U; D Z; and Us D Zs for which the inequality
|| (U1\Z1)+|u|(Us\ Z2) < €/4 holds. Finally, let us take a continuous function
C equal to 1 on Z1, —1 on Z3 and 0 outside U; U Uy. Then

/cw—ww>
X

The lemma is proven. ([l

<eE.

< |ul(U\Z1) + [l (U2\Z2) + || (B\(Z1 U Z3)) <e.




72 Chapter 7. Measures on topological spaces

7.1.11. Lemma. If a Borel or Baire measure i is tight (or Radon), then
every measure absolutely continuous with respect to u is tight (respectively,
Radon).

PROOF. Let pu be a tight Borel or Baire measure and let v = f - p,
where f € L£1(u). Then the measure v is tight by the absolute continuity
of the Lebesgue integral. Similarly, one proves that v is Radon for a Radon
measure /. (I

In analogy with the case of scalar functions we shall say that a mapping
of a measure space (X, .4, 1) to a topological space Y is p-measurable if it is
(A,L, B(Y))—measurable. For example, if i is a Borel measure, then A, is the
completion of B(X) with respect to p.

We shall need the following modification of Egoroff’s theorem.

7.1.12. Theorem. Let Y be a separable metric space, (X, A, ) a space
with a finite measure, and let f,: X — Y be a sequence of mappings mea-
surable with respect to the pair of the o-algebras A and B(Y) and convergent
p-a.e. to a mapping f. Then, for every e > 0, there exists a set X, € A
such that |p|(X\X:) < € and the restrictions of the mappings fn to the set
X. converge uniformly to the restriction of f.

PRrROOF. The arguments employed in the proof of Egoroff’s theorem for
real functions remain valid if we observe that

{m: 0y (fn(x),fk(x)) < r} eA
for all » > 0, n,k € IN, where g, is the metric of Y. This follows by the fact
that the mappings « — (fu(2), fe(2)), (X,A) — (Y XY,B(Y)®B(Y)), are
measurable and the function (z,y) — o, (z,y) is continuous, hence measur-

able with respect to the o-algebra B(YxY'), which coincides with the o-algebra
B(Y)®B(Y) by the separability of Y. O

Now we give a generalization of Lusin’s classical theorem.

7.1.13. Theorem. Let X be a topological space with a Radon mea-
sure i, let Y be a complete separable metric space, and let f: X — Y be a
p-measurable mapping (i.e., f~*(B) € B,(X) for all B € B(Y)). Then, for
every € > 0, there exists a compact set K. C X such that |u|(X\K:) < € and
flx. is continuous.

If X is completely reqular and Y is a Fréchet space, then there exists a
continuous mapping f-: X —Y such that |p|(z: f(z) # f-(z)) <e.

PrOOF. We observe that if our claim is true for y-measurable mappings
fn convergent to f a.e., then it is true for f as well. Indeed, for each n, we
find a compact set K,, on which f, is continuous with |u[(X\K,) < 4"
and use Egoroff’s theorem to obtain a compact set Ko with |u|(X\Kp) < /4
on which convergence is uniform. Then we set K. := (,~,K,. Now it
suffices to prove our claim for mappings with countably many values because
f can be uniformly approximated by such mappings. To this end, given
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k € IN, we partition Y into disjoint Borel parts B; of diameter less than 1/j,
choose arbitrary elements y; € B; and define f as follows: fr = y; on
f7Y(Bj). Every fj is the pointwise limit of mappings with finitely many
values, so it remains to note that if f assumes finitely many distinct values
€1,...,Cn, then our assertion is true. Indeed, every set A; := f~!(c;) contains
a compact set K; with |u|(A4;\K;) < ¢/n. The mapping f is continuous on
K, U---UK,, since the sets K; are disjoint and every point in K; has a
neighborhood that does not meet other sets K;. The last assertion follows
by Exercise 6.10.22, which enables us to extend continuous mappings from
compact sets in completely regular spaces.

In the case where X is a metric space, the following alternative proof of
Lusin’s theorem was given in Dellacherie [426]. One may assume that X is
compact and p is a probability measure. The mapping g: x — (x, f (x)) from
X to X xY is measurable with respect to u. Hence there exists a compact
set S C X xY such that pog=!(S) > 1 —e. Let K denote the projection of
S on X. It is clear that K is compact and u(K) = pog=1(S) > 1 —e¢. The
mapping g on K takes values in the compact projection of S on Y, whence
we obtain the continuity of f on K. Indeed, suppose a sequence of points
x, € K converges to a point xg € K. The sequence (ﬂcn, f(:vn)) € S contains
a subsequence convergent to a point in .S. This point can be only (:Co, f (xo)).
Hence {f(z,)} converges to f(zg). O

If we only require that K. be closed, then the first assertion of the theorem
(with a similar proof) is valid for regular Borel measures. The second assertion
(for Radon measures) extends to arbitrary separable metric spaces in the
following weaker form: the mapping f. takes values in some separable Banach
space, in which Y is isometrically embedded (for Y itself, there might be no
such a mapping: it suffices to take Y = {0,1}, X = [0,1], f = Ijp,1/2))- The
case where Y is a Souslin space is considered in Corollary 7.4.4. A non-trivial
generalization of this theorem is given in §7.14(ix).

7.2. t-additive measures

There is one more important regularity property that is intermediate be-
tween the usual regularity and the Radon property.

7.2.1. Definition. A Borel measure p on a topological space X is called
T-additive (or T-regular, T-smooth) if for every increasing net of open sets
(Ux)xea in X, one has the equality

(U ) = tim ), (7:2.1)

AEA
If (7.2.1) is fulfilled for all nets with |J, Ux = X, then p is called 1o-additive
(or weakly T-additive).

It is clear from the definition that a measure p is T-additive precisely when
its total variation |u| is 7-additive (the same is true for the rp-additivity).
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One can verify that any regular rg-additive Borel measure is 7-additive
(see Exercise 7.14.66). On the other hand, there exist 7p-additive measures
that are not T-additive.

7.2.2. Proposition. (i) Every Radon measure is T-additive.

(ii) Ewery T-additive measure on a regular space is regular. In particular,
every T-additive measure on a compact space is Radon.

(iii) Every tight T-additive measure is Radon.

(iv) Ewvery Borel measure on a separable metric space X is T-additive.
Moreover, this is true if X is hereditary Lindeldf.

PROOF. (i) Suppose we are given an increasing net of open sets Uy,
a Radon measure 1 and € > 0. We find a compact set K C [J,c, Ux with
1l (Usea UN\K) < €. It remains to take a finite subcover of K by sets Uj.
(ii) Suppose we are given a T-additive measure p on a regular space X. Denote
by £ the class of all Borel sets E in X such that

lu|(E) = sup{|u|(Z): Z C E is closed} = inf{|u|(U): U D E is open}.

We know that £ is a o-algebra (see the proof of Theorem 1.4.8). Hence it
suffices to show that every open set U belongs to £. By the regularity of X
the set U can be represented in the form of the union of a family of open sets
V such that V' C U. Therefore, U is covered by the directed family of open
subsets of U consisting of finite unions of sets V of the above type, partially
ordered by inclusion. Let € > 0. Then, by the m-additivity of u, there exists
a finite family of open sets V; ¢ V; C U, i = 1,...,n, such that letting
W = U7, Vi, we have |u|(U\W) < e. Then |u|(U\W) < e. If X is compact,
then by the regularity of i we obtain the Radon property. (iii) The restrictions
of a T-additive measure to all compact subspaces are Radon, which by virtue
of tightness yields the Radon property on the whole space. (iv) It suffices to
use the countable additivity of our measure and the property that every open
cover of any subset of X contains an at most countable subcover. ([l

7.2.3. Corollary. Let two T-additive measures p and v on a space X
coincide on all sets from some class U that contains a base of the topology in
X and is closed with respect to finite intersections. Then p = v.

PrROOF. Every open set U in X can be represented in the form of the
union of a net of increasing open sets U, that are finite unions of sets in ¢/. It is
easily seen that p(Uy) = v(Uy). By the T-additivity we obtain u(U) = v(U).
By Lemma 7.1.2 both measures coincide on all Borel sets. (I

We note that Example 7.1.6 gives a 7-additive measure that is not Radon.
Let us consider another interesting example.

7.2.4. Example. Let X = [0,1) be the Sorgenfrey interval (with its
topology generated by all semiclosed intervals [a,b) C X). Then X is hered-
itary Lindel6f and all Borel sets in X are the same as in the usual topology
of the interval (since every open set in the Sorgenfrey topology is an at most
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countable union of intervals [a, b)). The usual Lebesgue measure on this space
is regular and 7-additive, but is not Radon, since compact subsets in X are
at most countable.

7.2.5. Proposition. Let p be a reqular Borel measure. Then the follow-
ing conditions are equivalent:
(i) the measure p is T-additive;
(i) for every increasing net {Uy} of open sets with union U one has the
equality
p(U) = Tim p(Us); (7.2.2)

(iii) for every decreasing net {Zy} of closed sets with intersection Z one
has the equality
p(Z) = lim pu(Z,.); (7.2.3)

(iv) for every decreasing net {Z,} of closed sets with (, Zo = Z = O,
one has equality (7.2.3).

PROOF. Relations (7.2.2) and (7.2.3) are equivalent for any measure and
are fulfilled for 7-additive measures. It follows by (7.2.3) and the regularity of
p that the measures p™ and p~ satisfy (7.2.3), hence satisfy (7.2.2). Therefore,
(7.2.1) is fulfilled, i.e., p is 7-additive. Thus, (i)—(iii) are equivalent. Finally,
let (iv) be fulfilled and let {Z,} be a decreasing net of closed sets. Let us fix
e > 0 and take an open set U such that Z = NyZ, C U and |p|(U\Z) < e.
Then the closed sets Z,\U decrease to the empty set, so lién w(Z\U) = 0.

It remains to observe that we have the inequalities u(Z,) = u(Zs\2) + u(Z)
and |u(Za\Z) — p(Za\U)| < [ul(U\Z) <e. O

We recall that a function f on a topological space X is called lower semi-
continuous if for all ¢ € IR', the sets {z: f(z) > ¢} are open (see Engelking
(632, 1.7.14]). It is clear that such functions are Borel. Note that the point-
wise limit of an increasing net of lower semicontinuous functions is lower
semicontinuous as well. A function f is called upper semicontinuous if all sets
{f < ¢} are open, i.e., the function —f is lower semicontinuous.

7.2.6. Lemma. Let p be a reqular T-additive (for example, Radon) mea-
sure on a topological space X and let {fo} be an increasing net of lower
semicontinuous nonnegative functions such that the function f = lim f, is

[e%

bounded. Then
tiw [ o) u(de) = [ 7(a) ntda),
o Jx X
PROOF. One can assume that p is nonnegative; the general case is ob-

tained from the Jordan—-Hahn decomposition. In addition, one can assume
that f < 1. Set

1 & 1 &
Jan = - Zl{fu>(k—1)/n}y o= - Zl{f>(k:—l)/n}~
k=1 k=1
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By the lower semicontinuity of the functions f,, the function f is lower semi-
continuous as well. Thus, the sets {f, > (k —1)/n} are open and for any
fixed n and k, they form a net increasing to the open set {f > (k—1)/n}. By
the 7-additivity we have li(gn,u(fa > (k—1)/n) = u(f > (k —1)/n). Hence,

for every n, we have
tin [ fondi= [
@ Jx X

In view of the estimates |fo,n — fo| < 1/n, |fr — f| < 1/n this completes the
proof. ([

7.2.7. Corollary. If u is a reqular T-additive measure on a topological
space X and {fo} C Cp(X) is a net decreasing to zero, then

fim [ fa(o) n(da) =0,

PROOF. Let ag be any fixed element. We observe that the net fo, — fa,
o > ap, increases to f,, and consists of nonnegative functions. It remains to
apply the above lemma and the additivity of integral. O

Lemma 10.5.5 in Chapter 10 contains a close result for not necessarily
lower semicontinuous functions contained in the image of a lifting of an arbi-
trary measure p.

7.2.8. Lemma. Let X be a completely reqular space and let i be a T-
additive measure on X. Then, for every B € B(X) and € > 0, there exists a
continuous function 1: X — [0,1] such that

Aﬂwu—MB)

In addition, there exists a continuous function f: X — [—1,1] such that

/f@—M@)
X

In particular, this is true for any Radon measure.

<E€.

<eE.

ProOOF. By Lemma 7.1.10, it suffices to show that for every § > 0, there
exists a set Bs € Ba(X) such that |u|(Bs A B) < §. Since the measure p
is regular by the complete regularity of X and 7-additivity, one can find an
open set G D B with |u|(G\B) < §/2. Due to the complete regularity of X,
the set G is a union of an increasing net of functionally open sets. By using
the T-additivity of u once again, we find a functionally open set Bs C G with
lul(G\Bs) < 4/2. O

Let us introduce the following notation.

Notation. Given a topological space X, we shall use throughout the
following symbols:

M (X) is the set of all Baire measures,

Mp(X) is the set of all Borel measures,
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M, (X) is the set of all Radon measures,

M (X) is the set of all tight Baire measures,

M (X) is the set of all T-additive Borel measures.

The symbols M (X), M (X), M} (X), Mf(X), Mf(X) stand for the
corresponding classes of nonnegative measures. Finally, the symbol P will
denote the subclass of probability measures in the respective classes.

An important application of the property of 7-additivity concerns the
concept of support of a Borel measure. For every Borel measure p, one can
consider the closed set S, that is the intersection of all closed sets of full -
measure (i.e., the complements of sets of |u|-measure zero). If this set also has
full measure, then it is called the support of p and is denoted by supp p (in this
case we say that the measure p has support). The measure pu on a compact
space constructed in Example 7.1.3 has no support (one has S, = {w1}).

7.2.9. Proposition. FEvery T-additive measure has support. In particu-
lar, every Radon measure has support and every Borel measure on a separable
metric space has support.

PROOF. By the 7-additivity, the union of any family of open sets of mea-
sure zero has measure zero. |

We recall that the weight of a metric space (X, d) is the minimal cardi-
nality of a topology base in X (and also the minimal cardinality m with the
property that every set S C X with inf, yeg 22y d(x,y) > 0 is of cardinality
at most m; see Engelking [532, Theorem 4.1.15]).

7.2.10. Proposition. The weight of a metric space (X,d) is nonmea-
surable in the sense of §1.12(x) precisely when every Borel measure on X is
T-additive (and then is Radon if X is complete). An equivalent condition:
every Borel measure on X has support.

PrROOF. Let the weight m of X be measurable. Then X contains a set
S of measurable cardinality m’ < m such that d(z,y) > r > 0 for all z £ y
in S. Indeed, by Zorn’s lemma, for every n € IN, there is a maximal family
M,, of points such that d(z,y) > n~! whenever x,y € M,,. The cardinality of
some family M,, must be measurable, since otherwise the cardinality of their
union would be nonmeasurable, which contradicts the above-cited theorem.
There is a probability measure on the class of all subsets in S vanishing on
all singletons. Its extension to B(X) has no support, since the sets S\{z} are
closed and have measure 1. Conversely, suppose that there is a Borel proba-
bility measure p on X that is not 7-additive. Then p has no support, for its
support would be separable. Indeed, any nonseparable metric space contains
an uncountable collection of disjoint balls, which cannot all be of positive
measure. Therefore, we obtain a family I" of open sets of y-measure zero such
that their union has a positive y-measure. According to Stone’s theorem (see
Engelking [532, Theorem 4.4.1]), there is a sequence T, of collections of open
subsets of sets in I' such that for every fixed n, the sets in I',, are pairwise
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disjoint, and the union of sets in all collections I',, coincides with the union of
all sets in I". Hence there is n such that the union of sets in I';, has a positive
measure. Thus, since the sets in T';, also have measure zero (as subsets of ele-
ments of I'), we may assume that I" consists of disjoint sets. On the set of all
subsets of I' we obtain a nonzero measure v by setting v(E) = p(Ugep K).
E C T'. This measure is well-defined due to the disjointness of sets in I'. All
one-element subsets in I' have v-measure zero. This shows that the cardinality
of X is measurable. Finally, if a Borel measure p on X has support, then, as
noted above, this support is separable, hence u is 7-additive (and is Radon if
X is complete). O

7.3. Extensions of measures

In this section, we discuss several important questions related to exten-
sions of measures to larger o-algebras. In particular, we shall see that every
tight Baire measure can be extended to a Radon measure. Such constructions
are efficient in the study of measures on large functional spaces such as the
space of all functions on an interval. Before proving theorems on extensions of
tight measures, let us consider the following simple example of a tight Baire
measure that has a Radon extension to the Borel o-algebra, but this extension
cannot be obtained by means of Lebesgue’s completion of Ba(X).

7.3.1. Example. Let X = IR”, where T is an uncountable set (for
example, an interval of the real line), let z¢ be any element in X (for example,
the identically zero function), and let v be the measure on the o-algebra Ba(X)
defined by the formula: v(B) = 1 if g € B and v(B) = 0 otherwise (i.e.,
v is Dirac’s measure at xp). It is clear that this measure is tight and by
the same formula can be extended to B(X). However, the one-point set x
is nonmeasurable with respect to Lebesgue’s completion of the measure v on
Ba(X). Indeed, otherwise this set would be a union of a set in Ba(X) and a set
of outer measure zero with respect to v on Ba(X), which is impossible, since
no singleton is Baire in our space, whereas the point xy has outer measure 1.

The next theorem and its corollary are very useful in applications. The
proof employs the inner measure pu, generated by a nonnegative additive set
function p on an algebra 4 by the formula

px(E) = sup{p(A): Ac A AC E}
in accordance with the general construction from §1.12(viii).

7.3.2. Theorem. Suppose an algebra A of subsets of a Hausdorff space
X contains a base of the topology. Let i be a reqular additive set function of
bounded variation on A.

(i) Suppose that p is tight. Then it admits a unique extension to a Radon
measure on X.
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(ii) Suppose that X is reqular and that for every increasing net {U,} of
open sets in A with X = |J, Ua, we have |p|(X) = lim|u|(Us). Then p

admits a unique extension to a T-additive measure on B(X).
If p is nonnegative, then in both cases the corresponding extensions for
all B € B(X) are given by the formula

A(B) = inf{p.(U): U is open in X and B C U}. (7.3.1)

PRrROOF. It suffices to prove the theorem for nonnegative measures, since
the positive and negative parts of any set function p with the properties from
(i) or (ii) possess those properties as well. First we verify claim (ii), which is
more difficult, and then explain the changes to be made for the proof of (i).
Let us show that

li(rxn w(Uq) = s (U) (7.3.2)
for every net of increasing open sets U, € A with |JU, = U. Indeed, other-
«
wise

we(U) = lim p(Uy) > € > 0.

By the regularity of p on the algebra A, there exists a closed set Z C U from
A with u(Z) > p (U) — /2. Let W = X\Z. Then

lim 4 (Up UW) <lim pu(Uy) + p(X) — p(2)
[e% «
< lim p(Ua) + p(X) = 1 (U) + £/2 < p(X) — £/2 < p(X),
which contradicts the equality p(X) = lim u(U, U W) that follows by the
equality X = (J(Uy, UW) due to the rp-additivity of pu.

«
Now we show that

hm,u/*(Ua) = 1« (U) (7.3.3)
for every net of arbitrary open sets U, increasing to U. We verify first that
lim g1, (Uqa) > (V) (7.3.4)

for any open set V C U in A. To this end, we denote by W the class of all
open sets W in A such that W C U, for some «. It is clear that W is a
directed (by increasing) family of sets with union U. According to (7.3.2) we
have
px(U) = sup{p(W), W € W}.
Since V.= J (VNW), we obtain similarly
Wew
w(V) = (V) =sup{u(VnWw), Wew} (7.3.5)

By the definition of W we have VNW C U, for some «, whence u(VNW) <
w(W) < u.(Uy,). Therefore, u(V N W) < lim p.(U,). By (7.3.5) we arrive

at (7.3.4). Taking the supremum over all open sets V' C U in A, we obtain
from (7.3.2) that lim p.(Uy) > ps(U). Since p.(Uy) < ps(U), we arrive

at (7.3.3).
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Let us verify two other properties of u,: if U; and U, are open, then

(U U U2) < s (Uh) + s (U2), (7.3.6)
and if Uy N Uy = @, then
(U1 UUz) = pa(Ur) + ps (U2). (7.3.7)

Indeed, by the hypothesis of the theorem, there exist two nets of increasing
open sets W, and W3 from A such that U, = J, W, and Us = J; W5. Then

BOVEUWE) < (W2) + p(W3) < jua(U0) + o (Ua).
By using (7.3.2) we obtain p, (W2 UUs) < ps(Ur) + 4 (Uz) for every fixed a.
Now (7.3.6) follows from (7.3.3). Similarly, we verify (7.3.7).

Let us now consider the set function

v(A) = inf{p.(U): Uisopenand ACU}, AcCX.
It follows from (7.3.3) and (7.3.6) that v is a Carathéodory outer measure
(see Chapter 1). Therefore,

A, ={A: v(ANB)+v((X\A)NB) =v(B), VBC X}

is a o-algebra, on which the set function v is countably additive. We show
that B(X) C A,. It suffices to verify that every open set U belongs to A, .
To this end, it suffices to establish the estimate

v(UN B) +v((X\U)N B) < v(B) (7.3.8)

for every B C X (the reverse inequality follows by (7.3.6)). Suppose that B
is open. Then (7.3.8) is written in the form

41U N B) + v((X\U) N B) < .(B). (7.3.9)

By the regularity of X there exists a net of increasing open sets U, with
U=U,Uqs and Z, := U, C U for all a, where U, denotes the closure of U,.
Then

B=(BNUy)U(BN(X\Ua)) D (BNU,)U (BN (X\Za)).
Since the set BN (X\Z,) is open, we obtain from (7.3.7) that
1e(B) = (B OUa) + 1o (B 0 (X\Z0)).
We observe that p. (BN (X\Z,)) > v(BN(X\U)), since BN (X\U) belongs
to BN (X\Z,) and the latter set is open. Thus,
e(B) = (B OUL) + (B (X\V)).

By using (7.3.2), we obtain (7.3.9). Now let B be arbitrary and let W D B be
open. Then p, (W) > v(BNU)+v(BN(X\U)). Therefore, we have (7.3.8).
Thus, U € A, and hence B(X) C A,. It remains to take for the desired exten-
sion 1 the restriction of v to B(X). The measure i is 7-additive by (7.3.3),
since v(U) = p.(U) for every open U. If U is open and belongs to A, we
have v(U) = p(U). Let A € A. Given ¢ > 0, by the regularity of p
we find an open set U € A such that A C U and p(A4) > pu(U) — ¢, ie.,



7.3. Extensions of measures 81

w(A) > v(U) —e > v(A) —e. Hence u(A) > v(A). Then p(X\A) > v(X\A4),
as X\A € A. Therefore, u(A) = v(A). Note that A may not belong to B(X),
but is contained in the completion of AN B(X). The uniqueness of extension
follows by Corollary 7.2.3.

We now proceed to assertion (i). In the case of a regular space it follows
by the already proven assertion. In the general case, the above reasoning can
be slightly modified. We observe that in the proof of existence, the regularity
of X was only used in order to verify that B(X) C A,. Hence, by taking
into account that our tight measure satisfies the condition indicated in (ii),
we conclude that the reasoning preceding the above-mentioned verification
remains valid. In order to show that also the inclusion B(X) C A, is still true,
we observe that A, contains all open sets U such that X\U is compact. Then
U =J, U, for some net of increasing open sets U, with Z, = U, C U. This
follows from the fact that every point in U and the compact complement to U
have disjoint neighborhoods. Thus, the subsequent reasoning of the previous
step remains valid and U € A,. Hence all compact sets are in A,. It remains
to show that every closed set Z is contained in A,. Let us take a sequence
of compact sets K, such that p*(K,) > u(X) —1/n. Let K = )—; K.
We observe that v(K,) = pu*(K,,). Indeed, every open set V' containing K,
contains an open set W € A that contains K,,, since every point x € K, has a
neighborhood W, C V from A, and the cover obtained in this way has a finite
subcover. Therefore, u*(K,,) < p(W) < p(V), whence p*(K,,) < v(K,). On
the other hand, by the regularity of u, one has p*(K,,) = inf u(W), where inf
is taken over all open W D K, in A. Since pu(W) > v(K,), this yields the
estimate p*(K,) > v(K,). It follows by the above on account of completeness
of the o-algebra A, that v(X\K) = 0. It remains to observe that Z coincides
up to a v-measure zero set with the set (J,-;(Z N K,,), which belongs to A,
by the above, since the sets Z N K, are compact. The uniqueness of extension
follows from the fact that every two extensions coincide on all finite unions of
elements of a base from A, hence coincide on all compact sets because every
open neighborhood of a compact set contains a neighborhood that is a finite
union of elements of the base. O

7.3.3. Corollary. Let X be a completely regular space. Then:

(i) every tight Baire measure p on X admits a unique extension to a
Radon measure;

(ii) every Baire measure p on X that is To-additive on Ba(X) in the
sense that |p|(X) = sup, |p|(Us) for all increasing nets of functionally open
sets Uy such that X =, Ua, admits a unique extension to a T-additive Borel
measure.

PrOOF. According to Corollary 7.1.8, every Baire is regular. Since X is
completely regular, functionally open sets form a base of the topology. (I

7.3.4. Corollary. Let X be a o-compact completely reqular space. Then
every Baire measure on X has a unique extension to a Radon measure.



82 Chapter 7. Measures on topological spaces

PRrooOF. It suffices to observe that on a o-compact space, every Baire
measure is tight. O

Now we are able to reinforce Corollary 7.3.3.

7.3.5. Corollary. Let X be a completely regular space and let T' be
a family of continuous functions on X separating the points in X. Then,
every tight measure p on the o-algebra o(I') generated by ' admits a unique
extension to a Radon measure on X. Moreover, the same is true if p is a
reqular and tight additive set function of bounded variation on the algebra
A(T") generated by T.

PRrROOF. As above, it is sufficient to consider nonnegative measures, pass-
ing to the Jordan decomposition (in the case of the algebra 2(T") this is possi-
ble due to our assumption of boundedness of variation). This corollary differs
from the main theorem in that 2(T") may not contain a base of the topology
(for example, this is the case if X = [? with the usual Hilbert norm and
I' = (I?)*). It is clear that the main theorem applies to the space X with
the topology 7 generated by I' (i.e., the weakest topology with respect to
which all functions in I' are continuous). Note that all compact sets in the
initial topology are compact in the topology 7. Let p, denote the unique
Radon extension of p to (X, 7). We take a set K,, with p*(K,) > u(X)—1/n
that is compact in the initial topology. By the above theorem we obtain
pr(Kp) = p*(Ky) > p(X) — 1/n. Hence the measure p, is concentrated on
the set Xo = |J,—, K,,. We shall consider X, with the initial topology, in
which it is o-compact. According to Proposition 6.10.8, every Baire set B in
the space X has the form B = XoN E, E € o(T"). Therefore, the restriction
o of the measure p, to Ba(Xy) is well-defined. By using the previous corol-
lary we extend pp to a Radon measure 1z on X and then to a Radon measure
on all of X by setting fi(X\Xo) = 0. It is clear that f is the required exten-
sion. Let us verify its uniqueness. Let p1 and ps be two Radon measures that
coincide on the algebra 2(U) generated by I'. Then these measures coincide
on all compact sets in the topology 7, hence on all compact sets in the initial
topology, whence we have pu; = ps. O

7.3.6. Corollary. Let X be a locally convex space with the o-algebra
o(X*) and let u be a tight measure on o(X*). Then p has a unique extension
to a Radon measure on X. The same is true for every tight regular additive
set function of bounded variation on the algebra generated by X* (or by any
subspace in X* separating the points in X).

ProOOF. The set X* separates the points in X. O

7.3.7. Example. Let X be a normed space and let y be a measure on
the o-algebra £ in the space X* generated by the elements of X. Then u has
a unique extension to a Radon measure on X* with the weak* topology.

PROOF. By the Banach—Alaoglu theorem the balls in X* are compact in
the weak* topology. Hence the measure p is tight. (]
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7.3.8. Example. Let X be the product of the continuum of copies
of [0,1]. Then Dirac’s measure ¢ at zero considered on the Baire o-algebra of
X has a Borel extension that is not Radon.

PROOF. It is known that the ordinal interval (0, w1 ) is homeomorphic to a
subset of X (see Engelking [532, Theorem 2.3.23]). By using this homeomor-
phism we transport the Dieudonné measure p to X and obtain a non-regular
Borel measure p on X that assumes only the values 0 and 1. Its Baire restric-
tion has a unique Radon extension pg. Then py must be Dirac’s measure at
some point z¢. Clearly, p is a non-regular Borel extension of d,,. As shown by
Keller [971], there is a homeomorphism h of X such that h(xzo) = 0. In fact,
Keller proved the result for the countable power, but the uncountable case
follows at once by splitting [0, 1]¢ into a product of countable powers of [0, 1].
Now poh~! is a non-regular Borel extension of dy. O

The results obtained above enable us to identify tight Baire measures on
a completely regular space X with their (unique) Radon extensions.

We recall that Lebesgue’s extension may not be sufficient for obtaining
the extension guaranteed by Theorem 7.3.2 (see Example 7.3.1).

Finally, there exist Baire measures without Borel extensions at all.

7.3.9. Example. Let I = [0,1) be the Sorgenfrey interval with the
topology from Example 6.1.19 and let X = I? be equipped with the product
topology (i.e., X is the set [0,1)? in the Sorgenfrey plane). According to
Exercise 6.10.81, the set T := {(¢,s) € X: ¢t + s = 1} is Baire and for any
B € Ba(X), the intersection BNT is Borel with respect to the usual topology
of the plane. Hence the formula

w(B) :=A(te[0,1): (t,1—1t) € B),

where A is Lebesgue measure on [0, 1), defines a Baire probability measure
on X. Every point ¢ = (u,1 — u) € T is measurable with respect to u and
has measure zero because = belongs to the Baire set

E@)=XnNuyu+1)x[1—-u,2—u),

for which we have y(E) =0, since ift € [0,1) and (¢t,1—t) € E, then t = u. If
the measure p could be extended to a countably additive measure on B(X),
then all subsets of T" would be measurable with respect to the extension,
which along with the equality p({z}) = 0, 2 € T, would give a probability
measure on the set of all subsets of [0, 1) vanishing on all singletons. Accord-
ing to Corollary 1.12.41, this is impossible under the continuum hypothesis.
Exercise 7.14.69 proposes to construct analogous examples without use of the
continuum hypothesis; moreover, one can even take a locally compact space
for X.

Regarding extensions of Baire measures, see also §7.14(iii). The following
non-trivial reinforcement of assertion (i) of Corollary 7.3.3 is easily deduced
from a deep result presented in Exercise 7.14.84. It enables us to drop the
complete regularity assumption on X.
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7.3.10. Theorem. Any tight Baire measure on a Hausdorff space has a
Radon extension.

One more construction of Radon extensions was given in Henry [812].

7.3.11. Theorem. Let X be a Hausdorff space, let A be a subalgebra
in B(X), and let p be a nonnegative additive set function on A satisfying the
following condition: for every A € A and every € > 0, there exists a compact
set K. C A such that p*(A\K.) < €. Then p extends to a Radon measure
on X.

PROOF. Let us consider the set of all pairs (€,7), where £ is a subalgebra
in B(X) containing A and 7 is a nonnegative additive function on £ that
extends p and possesses on £ the same property of inner compact regularity
as p has on A. Such pairs are partially ordered by the following relation:
(E1,m) < (Ea,m2) if &1 C & and malg, = 1. It is clear that every linearly
ordered part (€4, 1) of this set has an upper bound. Indeed, the union & of
all algebras &, is an algebra (because for any two such algebras, one of them
is contained in the other), and A C £. The function 7 on £ defined by the
equality n(E) = no(E) if E € &, is well-defined for the same reason, is additive
and extends p. Finally, it is clear that n has the required approximation
property. By Zorn’s lemma, there is a maximal element (B,v). We show
that B = B(X) and that v is a Radon measure. Let us observe that v is
countably additive on B due to the existence of an approximating compact
class. Therefore, one can extend v to the o-algebra o(B), and the extension
is inner compact regular as well, which is seen from the proof of assertion (iii)
in Proposition 1.12.4. By the maximality of B this shows that B itself is a o-
algebra and v is a measure. Suppose that there is a closed set Z not belonging
to B. We shall obtain a contradiction if we prove the existence of a measure v
that extends v to By := o(BU{Z}) and is inner compact regular in the same
sense as p. Set

v(C)=v"(CNZ)+ V*(Cﬂ (X\Z))
According to the proof of Theorem 1.12.14, By is the class of all sets of the
form C = (ANZ)U (BN (X\Z)), where A, B € B, and 7 is a measure on By
extending v. We verify the inner compact regularity of 7. Given A € By and
g > 0, there exists a compact set K. C A with v*(A\K.) < e. Then

F((AN2\(K.N2Z)) < (A\K.) < v (A\K,) < e.
Let Z € B be a measurable envelope of Z with respect to the measure v
(see §1.12(iv)). Then v(Z) = v(Z), since v.(Z\Z) = 0 by the definition of
a measurable envelope. Since B N (X\Z) € B, there exists a compact set
S. € BN (X\Z) with v*((B N (X\2))\S:) < e. Since Z C Z, one has

S: C BN (X\Z). On account of the equality v(Z) = v(Z) we obtain
(BN (X\2)) =v(Bn(X\2)) =v(BN(X\2))
=" ((BN(X\2))\S:) + v(S:) < v(S:) + .
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Therefore, (7)*((BN(X\Z))\S:) < €. Finally, K.NZ is compact, (K.NZ)US:
is compact as well, (K. N Z)US. C C, and (0)*(C\((K-NZ)US:)) < 2¢ as
required. O

The difference between this theorem and the previous results is that the
algebra A may be very small, but in place of tightness a stronger assumption is
imposed. An analogous theorem holds for infinite measures as well (see [812]).
Extensions of measures are also discussed in §9.8.

7.4. Measures on Souslin spaces

7.4.1. Theorem. Let i1 be a Borel measure on a Hausdorff space X.
Then every Souslin set in X is measurable with respect to p, i.e., belongs

to B(X),.

PrROOF. We know that any Souslin set is representable as the result of
the Souslin operation on closed sets in X. It remains to use that the Souslin
operation preserves the measurability according to Theorem 1.10.5. ]

7.4.2. Example. Let X and Y be Souslin spaces and let f be a Borel
function on X xY that is bounded from below. Set

g(z) = yiggf(x,y)

Then the function g is measurable with respect to every Borel measure on X.
If the function f is bounded above, then the function

h(x) = sup f(z,y)
yey
is measurable with respect to every Borel measure on X.

PROOF. We observe that the set {x: g(z) < ¢} for any ¢ is the projection
on X of the Borel set {(z,y) € XxY: f(z,y) < c}, i.e., is Souslin. In the
case of the function h we consider the set {z: h(x) > c}. O

A slightly more general fact is contained in Exercise 6.10.42.

7.4.3. Theorem. If X is a Souslin space, then every Borel measure
u oon X is Radon and is concentrated on a countable union of metrizable
compact sets. In addition, for every B in B(X) and every & > 0, there exists
a metrizable compact set K. C B such that |u|(B\K.) < €.

PRrROOF. It suffices to show that for every € > 0, there is a compact set
K. such that |u|(X\K.) < e. Then it will follow that p is Radon. Indeed,
compact subsets of Souslin spaces are metrizable by Corollary 6.7.8, and on
metrizable compact sets all Borel measures are Radon. The tightness can be
verified in two ways. The first possibility is to take a continuous mapping
f from IN*® onto X and apply Theorem 6.9.1. Hence we obtain a mapping
g: X — IN* such that f(g(z)) = « for all z € X and, in addition, for
every B € B(IN>), the set g~1(B) belongs to the o-algebra generated by all
Souslin sets. As shown above, g is measurable with respect to p. It remains
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to observe that u = (o g~ ') o f~! and pog~! is a Borel, hence Radon,

measure on IN*. By the continuity of f the measure i is Radon as well. The
second possibility is to apply Theorem 7.14.34. To this end, one has to verify
that the set function B — |u|* (f(B)) is a Choquet capacity. This possibility
is left as Exercise 7.14.89. O

7.4.4. Corollary. Let v be a Radon measure on a topological space T,
let X be a Souslin space, and let f: T — X be measurable with respect to
(B(T),,B(X)). Then, for every e > 0, there is a compact set S. C T such
that |v|(T\S:) < € and f|s. is continuous.

PROOF. We find a compact set K C X with |v| o f7}(X\K) < € and
then apply Theorem 7.1.13 to the mapping f: f~1(K) — K. O

7.5. Perfect measures

In this section, we discuss an interesting class of measures important for
applications: perfect measures. For notational simplicity we consider here
only finite nonnegative measures.

7.5.1. Definition. Let (X,S) be a measurable space. A nonnegative
measure |t on S is called perfect if for every S-measurable real function f and
every set E C R with f~Y(E) € S, there exists a Borel set B such that B C E

and j(f~1(B)) = u(f 1 (E)).

It terms of po f~! perfectness means that the completion of B(IR') with
respect to p o f~! contains all sets E such that f~!(E) € S. Indeed, for the
set D = IR'\ E we also have f~1(D) = X\ f~1(E) € S, hence there is a Borel
set B C D with pu(f~*(B’)) = u(f~'(D)). Then for the Borel sets B and
B" = R"\B' we have BC E C B” and po f~%(B) = po f~'(B"), since

po f~HB") = p(fHIRN\B)) = u(X) — u(f(B))
= uw(X) = p(f71(D)) = w(X) — u(X\fHE)) = u(fH(E)).

In particular, we have f(X) € B(Rl)uof—l. However, the set f(A) may fail
to be o f~l-measurable for a set A € S, although the set f(A) is always
pa o fl-measurable. For example, the identity mapping on the interval [0, 1]
with Lebesgue measure (which is perfect, as we shall see) can be redefined on
a measure zero set Z in such a way that the image of Z will be nonmeasurable
with respect to Lebesgue measure (note that Lebesgue measure is transformed
into itself).

It is clear from the definition that a perfect measure p is perfect on every
o-algebra §; C S.

7.5.2. Proposition. A measure p on (X,S) is perfect if and only if for
every S-measurable real function f, there exists a Borel set B C IR such that

BCf(X) and p(f~'(B)) = u(X).
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PrROOF. The above condition is obviously fulfilled for any perfect mea-
sure. Suppose now that it is fulfilled for some measure p on S. Let f be an
S-measurable function, E ¢ R' and f~'(E) € S. Let us take an arbitrary
point ¢ € E and consider the following function: fo(x) = f(z) if z € f~1(E),
fo(z) =cif x ¢ f~1(E). It is clear that fy is an S-measurable function and
fo(X) = E. Hence there is a Borel set B C E with pu(f;'(B)) = u(X).
If ¢ ¢ B, then f;'(B) = f~(B), whence w(f~1(B)) = u(X). Therefore,
p(f~HE)) = w(X). If c € B, then f3'(B) = f~1(B)U (X\f~(E)), whence
one has

p(f7HB)) + u(X\fTH(E)) = u(X).
Therefore, p(f~H(B)) — p(f~*(E)) =0. O

7.5.3. Example. Let X C [0,1], \*(X) = 1, A\.(X) = 0, where A is
Lebesgue measure, and let p be the restriction of A to B(X), i.e., one has
w(BNX)=A(B), BeB([0,1]). Then p is not perfect (it suffices to take the
function f: X — [0,1], f(x) = ).

Let us mention some elementary properties of perfect measures. These
almost immediate properties are often useful in applications.

7.5.4. Proposition. (i) A measure pu on a o-algebra S is perfect precisely
when its completion is perfect on S,,.

(ii) If a measure p on a o-algebra S is perfect, then its restriction to any
set E € S, equipped with the trace of an arbitrary sub-c-algebra in S, is a
perfect measure.

(iii) Let a measure 1 on (X, S) be perfect, let (Y, A) be a measurable space,
and let F: X — Y be an (S, A)-measurable mapping. Then, the induced
measure g o F~1 on A is perfect.

PROOF. (i) Let a measure ;1 on S be perfect and let f be an S,,-measurable
function. We shall assume that the set f(X) is uncountable, since otherwise
it can be taken as a required Borel set. We pick a point ¢ € f(X) with
1(f~%(c)) = 0. There exist an S-measurable function f; and a set X € S
such that pu(Xo) = p(X) and fy = f on Xy. The function fy can be redefined
in such a way that fo(z) = c if z € X\ X,. We take a Borel set B C fo(X)
with p(f5 ' (B)) = p(X). It is clear that B C f(X) and u(f~1(B)) = p(X).
Claim (ii) follows by (i).

(iii) If a function f is measurable with respect to A, then the function foF
is measurable with respect to S. Hence there exists a Borel set B C f(F(X))
with p(F~H(f71(B))) = w(X) = po FY(Y). By Proposition 7.5.2, the
measure p o F~! is perfect. (]

As explained above, the image of a space X with a perfect measure p
under a p-measurable real function f is measurable with respect to the image
measure g o f~1 (but it may not be measurable with respect to other Borel
measures, for example, with respect to Lebesgue measure). The same is true
for mappings f with values in a measurable space (E, &) if £ is countably
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generated and countably separated because (F,E) is isomorphic to a subset
of R! with the Borel o-algebra. However, in general, the image of a space
with a complete perfect measure under a measurable mapping to a space with
a complete perfect measure may not be measurable.

7.5.5. Example. Let X = {0} be equipped with Dirac’s measure ¢ and
let Y be the product of the continuum of intervals. We equip Y with Dirac’s
measure § at zero considered on the d-completion of Ba(Y). Then in both
cases the measure d is perfect, the natural embedding X — Y is measurable,
but the point zero is not in Ba(Y)s.

The previous example also shows that the restriction of a perfect measure
to a nonmeasurable set of full outer measure may be a perfect measure.

The next result shows that the class of perfect measures is very large.
Most measures actually encountered are perfect. The same result describes
close connections between perfect and compact measures.

7.5.6. Theorem. (i) Every measure possessing an approrimating com-
pact class is perfect.

(ii) A measure p on a o-algebra S is perfect if and only if it possesses
an approximating compact class on every countably generated sub-o-algebra
S CS.

(iii) A measure p on (X,S) is perfect if and only if it is quasi-compact
in the following sense: for every sequence {A;} C S and every € > 0, there
exists a set A € S such that u(A) > p(X) — e and the sequence {AN A;} is a
compact class.

(iv) A measure on a countably separated o-algebra is perfect if and only
if it has a compact approximating class.

PROOF. (i) We show that any measure p with an approximating compact
class K is quasi-compact. As explained in §1.12(ii), we may assume that the
class IC belongs to S and admits finite unions and countable intersections.
Given € > 0 and sets A, € S, we find C,, C A, and B, C X\A, such that

Cp, Bn € K, 1(A\Ch) < 2271 u((X\An)\By) < &2,

Let A=_,(Cy,UDB,). Then C,,N A € K. It is easy to see that we have
A, N A= C,N A, which proves the compactness of the class {4, N A}. In
addition, u(A) > u(X) —e.

We now prove that any quasi-compact measure p is perfect. Let f be an
S-measurable function. Let {I,} be the countable set of all open intervals
with rational endpoints. Let A, = f~(I,). For every ¢, = 27F, we take a
set By, with u(Ey) > u(X) — 27F such that the class {E, N A,} is compact.
Set E = Uy, Ex. Tt is clear that u(E) = p(X). It remains to observe that
the sets f(FEy) are closed. Indeed, let k be fixed and let ¢ be a limit point of
the set f(E}). Then there exist numbers n; such that the intervals I,,; are
decreasing and t = ﬂ(;il I,,;. Tt is clear that they all meet f(E}) because

t € f(Ey). Hence the sets Ey N A, are nonempty. By the definition of a
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compact class, there exists a point x in their intersection. Then f(z) = ¢
since f(x) € f(Ex N Ay,) C I,,. Hence f(Ey) is closed. By Proposition 7.5.2
the measure p is perfect.

(ii) Let the measure p be perfect and let a o-algebra S; be generated
by a countable family of sets A; € S. As shown in Theorem 6.5.5, one has
S = ffl(B(IRl)), where f = > ° 37™I4,. Due to our assumption the
set f(X) is p o f~l-measurable. Hence the class £ of its compact subsets is
approximating for the measure po f~1. Then the class of sets f~1(E), where
FE € &, is compact and approximating for p on Sy.

If 1 has an approximating compact class on every countably generated
o-algebra in S, then the reasoning in (i) yields that u is quasi-compact on S,
hence is perfect as shown above. Claim (iii) follows by the already proven
assertions.

(iv) If a measure p on a countably separated o-algebra S in X is perfect,
then we take an injective S-measurable real function f on X and denote by K
the class of all sets of the form f~!(FE), where E is a compact subset in f(X).
If we are given a family of sets K, = f~1(E,) € K such that every finite
subfamily has a nonempty intersection, then all finite families of compact sets
E, have nonempty intersections. Hence (1), E, # @. By the injectivity of f
we obtain (), Ko # @. Thus, the class K is compact (even N-compact, see
below). Furthermore, K approximates u, as for every A € S the measure p|a
is perfect, which gives compact sets E, C f(A) with u(f~'(E,)) — p(A). O

Vinokurov, Mahkamov [1930] and Musial [1346] give examples of spaces
with perfect, but not compact measures. Since their constructions are rather
involved, we do not reproduce them here.

Certainly, it can happen that on a given o-algebra there are perfect and
non-perfect measures. The following result deals with the situation where all
measures on a given o-algebra are perfect.

7.5.7. Theorem. (i) Let X C IR. Ewvery Borel measure on B(X) is
perfect if and only if X is universally measurable, i.e., is measurable with
respect to the completion of every Borel measure on IR.

(ii) Let (X,S) be a measurable space. If for every S-measurable func-
tion f, the set f(X) C IR is universally measurable, then every measure
on every sub-c-algebra S C S is perfect. Conversely, if every measure on
every countably generated sub-c-algebra S; C S is perfect, then for every S-
measurable function f, the set f(X) C IR is universally measurable.

(iii) Let S be a countably generated o-algebra in a space X . Every probabil-
ity measure on S is perfect if and only if for some (and then for every) sequence
of sets A, generating S, the set of values of the function h := >~ 37 "14,
1s universally measurable on the real line.

ProoOF. (i) If X is measurable with respect to a Borel measure p on
the real line, then p is Radon on X, hence perfect. The converse follows by
Proposition 7.5.2.



90 Chapter 7. Measures on topological spaces

(ii) If we are given a measure p on S and an S-measurable function f, then
the measurability of f(X) with respect to uo f~! gives a Borel set B C f(X)
of full measure with respect to 1o f~!. By Proposition 7.5.2 the measure
is perfect on S§. The same is true for any sub-o-algebra in S.

Suppose that every measure p on every countably generated sub-o-algebra
in S is perfect. If we are given an S-measurable function f and a measure
v on B(f(X)), then we can consider the measure p: f~'(E) — v(E) on
the countably generated o-algebra of sets f~'(E), E € B(f(X)) Since by
hypothesis the measure p is perfect, its image v is perfect as well. By (i) the
set f(X) is universally measurable.

(iii) If every measure on S is perfect, then h(X) is universally measurable
(for any sequence {A,} C §) according to (ii). Conversely, suppose that for
some sequence of sets A4,, generating S the set h(X) is universally measurable
on the real line. Every S-measurable function f has the form g o h, where g
is a Borel function on the real line. According to (i) every Borel measure on
h(X) is perfect. By (ii) the set g(h(X)) is universally measurable. O

7.5.8. Example. If X is a Souslin space (for example, a Borel set in
a Polish space), then every measure p on an arbitrary sub-o-algebra S in
S := B(X) is perfect. This is clear from assertion (ii) in the above theorem
and the fact that the image of a Souslin space under a Borel function is
universally measurable. However, 1 may not be extendible to all of B(X) and
not approximated from within by compact sets (see Example 9.8.1).

7.5.9. Example. (Sazonov [1656]) Under the continuum hypothesis,
there exists a measurable space (X, S) such that every measure on S is perfect,
but there is a sub-o-algebra &1 C S on which there are non-perfect measures.
Indeed, we take for X the interval [0, 1] with the o-algebra S of all subsets.
We know (see §1.12(x)) that under the continuum hypothesis, every measure
on S is concentrated on a countable set, hence is perfect. On the other hand,
there are non-perfect measures on [0, 1], as we have seen in Example 7.5.3.

So far in our discussion of perfect measures no topological concepts have
been involved. It is time to do this.

7.5.10. Theorem. (i) Every Radon measure on a topological space is
perfect. Hence every tight Baire measure is perfect.

(ii) A Borel measure on a separable metric space is perfect if and only if
it is Radon.

(iii) A Borel measure on a metric space is Radon if and only if it is perfect
and T-additive.

PROOF. The first claim in (i) follows from Theorem 7.5.6 and Theo-
rem 7.3.10. The second claim follows from the first one and Proposition 7.5.4.
For the proof of assertion (ii) we suppose that a measure p on a separable
metric space X is perfect and take a countable family of open balls U,, with
all possible rational radii and centers at the points of a countable everywhere
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dense set. The function -
£=> 3",
n=1

maps X one-to-one onto the set {(X) C IR'. If we equip this set with the
usual topology, the mapping £€~1: £(X) — X becomes continuous. Indeed,
let t € £(X) and € > 0. In the e-neighborhood of the point x = £71(¢) we
pick a ball U,, containing this point. Let s € £(X) and |t — s| < 37"~ L,
Then the point y = £7'(s) belongs to Uy,, since otherwise Iy, (y) = 0 and
[t —s| = [&(x) — £(y)| > 37™0/2. Hence 71 is continuous. By hypothesis,
there exists a Borel set B C ¢{(X) such that u(X) = p(¢71(B)). Since the
measure g o £~ on the real line is Radon, for every ¢ > 0, one can find a
compact set C. C B with pu(¢71(C.)) > p(X) —e. It remains to observe
that K. = £71(C.) is compact by the continuity of £~1. Claim (iii) follows
from (ii), since any 7-additive measure on a metric space has separable support
because any nonseparable metric space contains an uncountable collection of
disjoint balls. (I

7.5.11. Example. (i) There exists a 7-additive Borel measure on a
separable metric space that is not perfect.

(ii) There exists a perfect measure on a locally compact space possessing
an approximating compact class, but not T-additive.

(iii) There exists a perfect 7-additive Borel measure (which even has an
approximating compact class) that is not tight.

PROOF. For the proof of (i) we take the measure from Example 7.5.3.
In order to construct an example in (ii), we take for X the space X, from
Example 7.1.3 (the space of countable ordinals), and consider the measure
u that equals 0 on all countable sets and 1 on their complements (such sets
exhaust all Borel sets in Xj). One can verify that p is not 7-additive, but
possesses an approximating compact class (namely, consisting of the empty
set and all sets of measure 1). Finally, Lebesgue measure on the Sorgenfrey
interval from Example 7.2.4 can be taken in (iii). This measure is perfect,
since the Borel o-algebra corresponding to the Sorgenfrey topology is the usual
Borel o-algebra of the interval. By Theorem 7.5.6(ii) it has an approximating
compact class. However, this measure vanishes on all compact sets in the
Sorgenfrey interval, since they are finite. O

Some authors call a measure i on a o-algebra A in a space X compact if
it has an approximating class K C A that is compact in the following stronger
sense: every collection of sets in K that has an empty intersection possesses a
finite subcollection whose intersection is empty. In this terminology, measures
(and classes) compact in our sense are called countably compact, semicom-
pact or Xg-compact. For the above-mentioned stronger property we shall use
the term N-compactness. It is clear that any Radon measure possesses this
stronger property. However, not every compact (in our sense) measure is
R-compact (see Exercise 1.12.105).
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7.6. Products of measures

In this section, we discuss regularity properties of product measures on
topological spaces. First of all, the kind of problems we have as compared
to the already discussed product measures must be explained. The point is
that the product of Baire or Borel o-algebras may be strictly smaller than
the Baire and Borel o-algebra of the product space. There are no problems if
we deal with countable products of Borel probability measures on separable
metric spaces (or on Souslin spaces).

7.6.1. Example. Let u, be Borel probability measures on separable
metric spaces X,,. Then u = @, itn is a Borel probability measure on the
separable metric space X = HZO:1 Xn.

PROOF. The measure p is defined on the o-algebra £ generated by finite
products of Borel sets in X,,. But & = B(X) due to the fact that every open
set in X belongs to &, since it can be represented as a countable union of
finite products of open sets in X,,. O

We shall see below that the situation is not that simple for uncountable
products and for countable products of more complicated spaces. Another
simple, but important result concerns countable products of Radon measures.

7.6.2. Theorem. (i) Let u, be a sequence of Radon probability measures
on Hausdorff spaces X,,. Then their product p = @, | pn uniquely extends
to a Radon measure on X =[[7 | X,,.

(ii) Let py, be a sequence of tight Baire probability measures on completely
reqular spaces X,. Then their product p is a tight measure on the space
Qoo Ba(X,,) and uniquely extends to a Radon measure on X = [[ 2, X,.

PrROOF. (i) Let ¢ > 0. The measure u is defined on the o-algebra
& = Q,., B(X,), which contains finite products of open sets, hence con-
tains a base of the topology in X. Every X, contains a compact set K, with
pn(Ky) > 1—e27". It remains to observe that K = HZO:1 K, is compact and
w(K) > 1—e. Thus, the measure p is tight. In order to apply Theorem 7.3.2,
we have to verify the regularity of pu on £. According to the cited theorem,
it suffices to verify the regularity of u on the algebra R generated by finite
products of Borel sets in the spaces X,, (we observe that £ is the o-algebra
generated by R). The algebra R consists of finite unions of finite products of
sets in B(X,,), hence the required regularity follows by the regularity of each
measure fiy,.

In case (ii) the reasoning is analogous: we take compact sets K, such
that p,(A) < 27" for every Baire set A disjoint with K. The set K =
[1,2, K, is compact. If a set A € @~ , Ba(X,,) does not meet K, then
u(A) < e. Indeed, let v, be the Radon extension of u, to B(X,). Then
vn(K,) > 1—e27" since otherwise we could take a compact set C,, C X\ K,
with v,(C,) > €27", next find a functionally open set U, with C,, C U,
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and U, N K,, = &, which would give pu,(U,) = v,(U,) > €27™. Hence
n(A) = (®Zo:1 Vn)(A) <1- (®ZO:1 Vn)(K) <e. U
For uncountable products this theorem may fail.

7.6.3. Example. Let pu,, « € A, be an uncountable family of Baire
probability measures on spaces X, without compact subsets of outer mea-
sure 1. Then ®qpuq(K) = 0 for every compact set K C [[,, Xq. In particular,
the measure ®q o is not tight.

PrOOF. By the compactness of K, there exist compact sets K, C X,
such that K C [], K4. Since A is uncountable, our hypothesis yields that
for some ¢ < 1, there is an infinite family of indices # with uj(Ks) < g.
We take in this family any countable subfamily B = {3, } and obtain the set
C =1, Ks, x HagB K, of measure zero containing K. (]

Obviously, it follows by the above theorem that finite products of Radon
measures have Radon extensions. But when dealing with products it is often
desirable to have not only the existence of a product measure, but also to be
able to apply Fubini’s theorem. Certainly, Fubini’s theorem is applicable to all
sets in the o-algebra generated by rectangles (this has no topological specifics).
However, as we have already noted, in the case of general topological spaces,
there are Borel sets in the product not belonging to this o-algebra. We shall
now see that Fubini’s theorem can be applied to such sets as well.

Let X7 and X5 be two spaces. For every set A C X7 x Xs, let

A = {xz € Xo: (z1,22) € A}, Ay, = {xl € Xy: (z1,29) € A}.

7.6.4. Lemma. Let X1 and X5 be topological spaces and let v be a
T-additive measure on X1. Then:

(i) for every B € B(X;1 x X3), the function xo — v(By,) is Borel on Xa;
hence for every bounded Borel function f on X XY the function

L2 = f(z1,22) v(dz1)
X1

is Borel on Xo;
(ii) if v is nonnegative and the set U C X1x Xy is open, then the function
x9 — v(Uy,) is lower semicontinuous on Xs.

PROOF. First we verify assertion (ii). If U = U; x Uy, then we have
v(Uyg,) = v(U1)Iy, and it remains to observe that the indicator of an open
set is lower semicontinuous. Our assertion remains true for any set U that is
a finite union of such products. Finally, an arbitrary open set U C X3 X X5
can be represented as U = J, Ua, where {U,} is a net of increasing open
sets that are finite unions of open rectangles. By the T-additivity we obtain
v(Uy,) = sup, ¥((Ua)s, ), whence the claim follows.

It suffices to prove (i) for nonnegative measures. Denote by B’ the class of
all sets B € B(X;1 xX3) such that the function xzg — v(B;,) is Borel. By the
above, B’ contains the class £ of all open sets. It is clear that any countable
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union of pairwise disjoint sets in B’ belongs to B’ as well (since the sum of
the series of Borel functions is a Borel function). In addition, B;\Bs € B’ for
all By, By € B’ such that B, C By. According to Theorem 1.9.3, we obtain
that the o-algebra generated by &£ is contained in B’. Therefore, the class B’
coincides with B(X; x X3). O

7.6.5. Theorem. Suppose that py and ps are T-additive measures. Then
the measure @ = p1®us has a unique extension to a T-additive measure [ on
B(X1x X2) and for every B € B(X1xX3) one has

u(B):/X ul(Bm)uz(du):/X p2(Bz, ) pu1(dz1), (7.6.1)

where the functions xo +— p1(By,) and x1 — po(By,) are Borel. If both
measures 1 and po are Radon, then the extension by formula (7.6.1) is Radon
as well and coincides with the extension from Theorem 7.6.2.

PROOF. According to the above lemma the integrands in (7.6.1) are
Borel. Hence both integrals are well-defined and produce Borel measures
on X1 X Xs. In the justification of equality (7.6.1) it is sufficient to consider
nonnegative measures. Denote by £ the class of all sets B € B(X; x X3) on
which these measures are equal. As in the proof of the above lemma, the
class € is o-additive. Hence for the proof of the equality &€ = B(X; x X5) it
suffices to show that every open set U belongs to £. We represent U in the
form U = |, Ua, where {U,} is a net of increasing open sets that are finite
unions of open rectangles. Clearly, U, € £. The 7-additivity of u1, the lower
semicontinuity of the functions x5 — p1((Ua)z, ), and Lemma 7.2.6 yield

/ 11 (Us,y) ia(dics) = / lim iy (Ua)as) 2 (dez2)
Xo Xo

[e3

= lién/x 11 ((Ua)a,) po(dzg) = liénu(Ua).

The same reasoning applies to the second integral, whence we obtain U € &.
The proof of the 7-additivity of the obtained measure p is analogous. The
uniqueness of a T-additive extension follows from the fact that if a 7-additive
measure vanishes on all open rectangles, then it vanishes on all open sets,
hence on all Borel sets (this follows by Lemma 1.9.4). Finally, if the measures
w1 and po are Radon, then so is the constructed measure pu, since it is 7-
additive and obviously tight. a

7.6.6. Lemma. Let X and Y be topological spaces and let v be a prob-
ability measure on B(X)QB(Y). Suppose that the projections of p on X and
Y are tight. Then p is tight as well. If both projections are concentrated on
countable unions of metrizable compact sets, then p has this property as well.

PRrooOF. Given € > 0, we find compact sets K C X and S C Y such that
w(KxY)>1—¢/2 and (X xS) > 1—¢/2. Then K xS is compact in X XY
and p(K xS) > 1—e. The last claim is obvious from the proof. O
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Additional information about finite and infinite products of measures is
given in §7.14(i) and Exercises 7.14.100, 7.14.116, 7.14.157, and 7.14.158.

7.7. The Kolmogorov theorem

In many problems of measure theory and probability theory and their
applications, one has to construct measures on products of measurable spaces
that are more complicated than product measures. In this section, we prove
the principal result in this direction: the Kolmogorov theorem on consistent
probability distributions. The classical Kolmogorov result was concerned with
measures on products of real lines, and the abstract formulation given below
goes back to E. Marczewski.

Let T be a nonempty set. Suppose that we are given nonempty mea-
surable spaces (Q,B;), t € T. For every nonempty set A C T, we denote
by Q4 the product of the spaces €, t € A. The space Qp is equipped with
the o-algebra Ba that is the product of the o-algebras B, t € A (see §3.5
in Chapter 3).

7.7.1. Theorem. Suppose that for every finite set A C T, we are given
a probability measure pp on (Qp,Ba) such that the following consistency con-
dition is fulfilled: if A1 C Az, then the image of the measure pp, under
the natural projection from Qp, to Qa, coincides with pa,. Suppose that
for every t € T, the measure u; on B; possesses an approzrimating compact
class ICy C Bi. Then, there exists a probability measure p on the measurable
space (Q = [Ler B == Qyer Bt) such that the image of p under the
natural projection from Q to Qp is pp for each finite set A C T.

PROOF. Every set B € Bj can be identified with the cylindrical set Cy =
B x HtGT\ A & It is clear that the family of such sets forms an algebra R.
This algebra is generated by the semialgebra of finite products

HBti X H Qt~

i=1 tZ{t1,..,tn}

On the algebra R, we have the set function u(Cy) = ua(B). The consistency
condition yields that this function is well-defined, i.e., u(Cy) is independent
of the representation of Cy in the above form. Indeed, if we replace B with
some other set B’ € By, where A C A’, then B is the image of B’ under
projecting Qa to Qa, hence pp(B) = pa/(B').

We verify the countable additivity of the set function p on the algebra R.
Let us recall that the class I of all finite unions of products of the form
[T, Ky, XQp\{t1,...tn}> Where Ky, € Ky, is compact (see Lemma 3.5.3). We
prove that this class approximates p. It suffices to show that for every product
B =TI, By, x [Lig(t,,.. 1,y ¢ and every £ > 0, there exists a set Ky, € Ky,
such that the set K =[], Ko, X[ Tigqt,,....1,,y S0 approximates B with respect
to p up to e. We take K;, € Ky, such that py, (B, \K;,) < en~! and observe
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that one has the easily verified inclusion

B\KCU(Bt\Kt xHQ)
t£t;

whence we obtain
n

n(B\K) SZ (B, \K4,) ZZM((Bn\Kti)XHQt> <e,
-1 i=1 1t

which completes the proof. (]

The measure p is called the projective limit of the measures pp.
It is clear that the Kolmogorov theorem is applicable if us are consistent
Radon measures.

7.7.2. Corollary. Let X;, t € T, be Souslin spaces and let B, = B(X).
Suppose that for every finite set A C T, we are given a probability measure
pua on (2, Ba) such that the consistency condition from Theorem 7.7.1 is
fulfilled. Then, there exists a probability measure p on the measurable space
(Q = TLer QB = Q,er Be) such that the image of p under the natural
projection from ) to Qp is pp for all finite sets A C T.

PROOF. It suffices to use the fact that all Borel measures on Souslin
spaces are Radon. (I

Certainly, the same result is true for measurable spaces that are isomor-
phic to Souslin spaces with the Borel o-algebras.

We remark that a particular case of the above theorem is the existence of
the product of the measures p;. Indeed, in this case one takes for p,, where
A is a finite set, the finite product @, p1e on @, Bi. However, in this
particular case, as we know, no approximating compact class is needed (see
§3.5). Let us show that in Theorem 7.7.1 one cannot omit this condition.

7.7.3. Example. Let us take sets X,, C [0, 1] such that all X,, have outer
Lebesgue measure 1, X,,11 C X,, and ﬂflo:l X, = & (see Exercise 1.12.58).
Let B,, be the Borel o-algebra of X, and let u, be the trace of Lebesgue
measure on B, (see Chapter 1, Definition 1.12.11). For every n, let

n
T Xp — HX“ () = (z,...,2).
i=1
On .-, B; we obtain the measure H(1,....n) = Hn © 7. Then the family of
probability measures {N(l,...,n)vn > 1} is consistent, but there is no measure
on the product ([];2, X;, @:=, B;) whose images under the projections to
[Ti—, X; coincide with the measures ju(;,... ) for all n.

PROOF. Since X, are separable metric spaces, one has

élgi —B<f[1Xi)7
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in particular, the diagonal A, = {& = (z1,...,2,): 1 = ... = z,} be-
longs to @, B;. It is clear from the construction that pa,...n)(Ay) =1 for
all n. If we had a measure p on X with the projections p(;, .. ), then we
would obtain u(92,,) =1 for all sets Q,, = A, xH?;n+1 Xy. However, this is
impossible for a countably additive measure, since ()7, Q,, = @ due to the
equality (o, X,, = @. O

In books on probability theory and random processes, the Kolmogorov
theorem appears in the context of the distributions of random processes. We
recall the corresponding terminology. A random process & = (& )ter On a
nonempty set T is just a family of measurable functions &; indexed by points
t € T and defined on a probability space (2, A, P). For every ordered finite
collection of distinct points t¢1,...,t, € T, one obtains a Borel probability
measure on IR" defined by

Pi.s(B) = P(w: (e (@), &, (W) € B).

This measure is called a finite-dimensional distribution of the process £. The
finite-dimensional distributions are consistent in the following sense:

(1) the image of the measure Py, . ;. s, .. under the projection from
R"* to IR” coincides with P, .4, forall t; and s;,

(2) for every permutation o of the set {1,...,n}, one has

— —1
Pttr(l)w"'atrr(n) - Pt17~~~;tn oT )

where T': R" — R", T'(x1,...,20) = (To(1)s -+ To(n))-

The latter property enables one to define the measures u for subsets A in
T cousisting of all (not ordered) collections ¢;, i = 1,...,n (note that Theorem
7.7.1 deals merely with subsets of T' without any ordering or numbering, so
that {t1,t2} is the same subset as {ta,t;}). Namely, if we fix an arbitrary
enumeration of the points ¢4,...,%,, then every set B € B(IRA) is identified
with some set B’ € B(IR"). Hence one can set

Py (m eR): z€ B) =Py, . (B,

which gives a well-defined object due to the foregoing consistency condition.
Certainly, it is possible to consider the distributions P, .. ;. with multiple
points ¢;, but this is not necessary for applying Theorem 7.7.1.

The Kolmogorov theorem states the converse: given a nonempty set 7' and
a family of consistent (in the sense of conditions (1) and (2)) measures P, .+,
on the spaces IR™ for all distinct ¢; € T, there exist a probability space and
a random process £ on it whose finite-dimensional distributions are Py, .+

n

For a probability space € one can take the space IR, and for P the measure
p from the Kolmogorov theorem, in which for any A = {t1,...,t,} we set
pa = Py ¢ . Any point w € Q is a function on T and we set & (w) := w(t).
It is clear that we obtain a random process with the required properties. The
constructed measure p on IR” is called the distribution of the process £ in the
path space (the space of trajectories) and is denoted by pe. The Kolmogorov
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theorem can be alternatively formulated as follows: an additive set function
on the cylindrical algebra in IRT with countably additive finite-dimensional
projections is itself countably additive.

In applications of Theorem 7.7.1 the following problem is typical. Usually,
it is clear that the random process &, the distribution of which is constructed
in this theorem, possesses trajectories with certain additional properties (for
example, continuous), and it is desirable that the corresponding measure p¢ be
concentrated on the set Xy of such trajectories. However, the straightforward
application of the Kolmogorov theorem does not guarantee this in most of
the cases because the set Xy turns out to be nonmeasurable with respect
to pe. A trivial example: the process is identically 0 and X, is a point
(see Example 7.3.1). The effect of this in the study of random processes is
that the distribution of a process does not determine the process uniquely
(in particular, does not uniquely determine the properties of its trajectories
as functions of ¢). For example, it can occur that two processes & and 7
have equal distributions, but & (w) = 0 for all ¢ and w, whereas for every w,
there exists ¢ with n,(w) = 1. To this end, it suffices to take Q = [0,1]
with Lebesgue measure and set n:(¢t) = 1 and n(w) = 0 if w # ¢t. Several
standard tricks are known to circumvent the obstacle. A natural and efficient
procedure (going back to Kolmogorov) is to verify the equality pg(Xo) = 1,
which enables one to restrict u to the set Xy of full outer measure. Let us
formulate another important theorem of Kolmogorov that gives a constructive
sufficient condition of the above equality (we do not include a proof, since it
is found in many textbooks, see, e.g., Wentzell [1973, §5.2]).

7.7.4. Theorem. Suppose that a random process & on a set T C IR!
satisfies the following condition:

]E|§t - £s|a S L|t - S|1+ﬁa

where L, o, B are positive numbers and IE is the expectation (i.e., the integral).

Then pig (C(T)) =1.

By means of two Kolmogorov’s theorems given above one can easily justify
the existence of the Wiener measure on C|0, 1], i.e., a measure py such that
every functional x — x(t) — z(s) is a Gaussian random variable with

[ aumw =0, [ fole) (o) raw (o) = o ol
C[0,1] Clo,1]

and, additionally, for all t; < ¢t < ... < t,, the functionals x(¢;+1) — x(¢;) are
independent and x(0) = 0 for puw-a.e. z. Regarding this see Bogachev [208].

In the literature, one can find diverse sufficient conditions for various
sets Xg (for example, functions without discontinuities of second order); see
Gikhman, Skorokhod [685]. We remark that certain additional problems
arise in the case where for X one has to take a space whose elements are
equivalence classes rather than individual functions (for example, L?). One
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more procedure of fighting the arising nonmeasurabilities goes back to Doob
and employs his concept of a separable random process (see details in Doob
[467] and Neveu [1368]).

7.8. The Daniell integral

The construction of the integral presented in this book is based on a
preliminary introduction of a measure. However, it is possible to go in the
opposite direction and define measures by means of integrals. The following
result due to Daniell is at the basis of this approach. In the formulation we
use the concept of a vector lattice of functions, i.e., a linear space of real
functions on a nonempty set 2 such that max(f,g) € F for all f,g € F. Note
that then one has min(f, g) = — max(—f,—g) € F and |f| € F for all f € F.
Since max(f,g) = (|f — gl + f + ¢)/2, it would be sufficient to require only
that F be a linear space closed with respect to taking the absolute values.
A vector lattice of functions is a particular case of an abstract vector lattice,
i.e., a linear space with a lattice structure that is consistent with the linear
structure in the sense that ax < fr if x >0, a,8 € [0,00), and x+ 2 < y+ 2
if x <y. As an example one can take L?[0,1].

7.8.1. Theorem. Let F be a vector lattice of functions on a set Q such
that 1 € F. Let L be a linear functional on F with the following properties:
L(f) > 0 whenever f > 0, L(1) = 1, and L(f,) — 0 for every sequence
of functions fr in F monotonically decreasing to zero. Then, there exists a
unique probability measure p on the o-algebra A = o(F) generated by F such
that F C L (u) and

L(f):/Qfdp, VfeF. (7.8.1)

PROOF. (i) Denote by L% the set of all bounded functions f of the form
f(z) = lim f,(z), where f, € F are nonnegative and the sequence {f,}

is increasing. Clearly, the sequence {f,} is uniformly bounded, hence the
sequence {L(f,)} is increasing and bounded by the properties of L. Set
L(f) = nlingo L(fn). We show that the extended functional is well-defined,
coincides on bounded nonnegative functions in F with the initial functional
and possesses the following properties:

(1) L(f) < L(g) for all f,g € LT with f < g;

(2) L(f +9) = L(f) + L(g), L(cf) = cL(f) for all f,g € LT and all
¢ € [0, +00);

(3) min(f,g) € L1, max(f,g) € L for all f,g € LT and

L(f) + L(g) = L(min(f, g)) + L(max(f, 9)):
(4) lim f, € LT for every uniformly bounded increasing sequence of
functiong?,ioe L, and one has L( lim f,) = lim L(f,).
We observe that if {f,,} and { gZ?;re two irrllazoasing sequences of nonneg-

ative functions in F with lim f, < klirn gk, then lim L(f,) < klim L(gk).

n—oo
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Indeed, it follows by the hypotheses of the theorem that L(v,,) — L(¢)
if nonnegative functions 1, in F are decreasing to ¢y € F. The functions
min(f,,gx) € F are increasing to f,, as k — oo, since f, < klim gr- Hence

— 00

L(fn) = Jim L(min(fn,gx)) < lim L(gg).

It remains to take the limit as n — oo. This shows that L on LT is well-
defined, i.e., is independent of our choice of an increasing sequence convergent
to an element in £7. In particular, we obtain that on FN L™ the constructed
functional coincides with the initial one. Properties (1) and (2) now follow at
once from the fact that they hold for functions in F. We have max(f,g) =
nh_)Holo max(fp,gn) and min(f,g) = nh_)néo min(fy, gn) if nonnegative functions

fn,gn € F are increasing to f and g, respectively. In addition, both limits are

monotone. Hence Property (3) follows by definition and the obvious equality

max(f,g) + min(f,g) = f + g. Let us verify (4). Suppose that nonnegative

functions fg , € F are increasing to f, € LT as k — oo. Set g, = max fmn-
nsm

Then gm € F, gm < gmy1 and frn < gm < fr if n <m Hence we have
L(gm) < L(gm+1) and L(fmn) < L(gm) < L(fm) if n < m. Therefore,
lim f,, = lim ¢, € LT and

m—0o0 m—0o0

lim L(fy)= lim L(gm)=L( im g,)=L( lim f,).

(ii) Denote by G the class of all sets G with I € L*. Set u(G) = L(Ig) for
all G € G. We observe that Ig,ng, = min(Igl s IGQ), Ig,ua, = maX(IG1,1G2).
Hence by Property (3) established in (i), the class G is closed with respect
to finite intersections and finite unions, then also with respect to countable
unions by Property (4). In addition, p is a nonnegative monotone additive
function on G, and one has

w(G1 N Ge) + p(Gr U Gz) = u(Gr) + pu(Gz)
for all G1,Gy € G, and p(G) = lim p(G,) if the sets G,, € G are increasing
to G. Note also that u(Q) = 1. According to Theorem 1.11.4 (applicable in
view of Example 1.11.5 and the fact that G is closed with respect to countable
unions), the function
w*(A) =inf{u(G): Geg, AcCG}
is a countably additive measure on the class
B={BcQ: pu*(B)+p*(Q\B)=1}.
We shall denote by p the restriction of p* to B.
(iii) We verify that A C B. If f € L7, then {f > ¢} € G for all ¢, since

Iifsey = nlergo min (1, nmax(f — ¢,0)).
Hence all functions in £T are measurable with respect to the o-algebra o(G).

On the other hand, all such functions are measurable with respect to the o-
algebra A generated by the class F. Since G C o(L1) = o(F), we obtain the
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equality A = o(G). Thus, it suffices to show that G C B. Let G € G. We take
an increasing sequence of nonnegative functions f, € F with Ig = lim f,.

Then p*(G) = p(G) = lim L(f,). Since p*(G) + p*(Q\G) > 1, in order to
show the inclusion G € B, it suffices to prove that ©*(G) + p*(Q\G) < 1,
which is equivalent to the inequality

p(Q\G) < nh_)rr;o L(1 - fn). (7.8.2)

The functions 1 — f,, are decreasing to Io\g. For any n and any ¢ € (0, 1),
the set U. = {1 — f,, > ¢} contains Q\G and by the above belongs to G.
Therefore, the obvious inequality Iy, < ¢~ !(1 — f,,) yields

pH(NG) < p(Ue) = L(Iy,) < ¢ 'L~ fo).
Letting ¢ — 1 and then n — oo, we obtain (7.8.2).

(iv) It remains to prove that F C £!(p) and that (7.8.1) is true. We know
that all functions in £* are A-measurable. If f = Ig, where G € G, then
the required equality is fulfilled by the definition of u. Clearly, this equality
remains true for any finite linear combinations of indicators of sets in G. Let
f € LT and f < 1. Then f is the limit of the increasing sequence of functions

- 2n 1
fn = Z 327 o p<rnyz-ny = 27" Z Ly>jamry-
i=1 =t

It follows that
Lta) = [ fudn
Q

Property (4) established in (i) and the properties of the integral show that
as n — 00, the right-hand side and left-hand side of this equality converge to

L(f) and
/ fdp,
Q

respectively. Moreover, by the same reasoning (7.8.1) extends to all nonneg-
ative functions f € F, since f = nlln;o min(f,n) and min(f,n) € £*. Finally,
for any function f € F, we have f = max(f,0) — max(—f,0), which yields
our assertion.

The uniqueness of p satisfying (7.8.1) follows from the fact that it is
uniquely determined on the class G, which is closed with respect to finite
intersections and generates A. O

A function L with the properties listed in the above theorem is called the
Daniell integral (see below the case 1 € F).

7.8.2. Corollary. Suppose that in Theorem 7.8.1 the class F is closed
with respect to uniform convergence. Let Gx be the class of all sets of the form
{f>0}, feF, f>0. Then Gr generates the o-algebra A = o(F), and one
has the equalities

w(A) =inf{u(G): ACG,Gegr}, VAEA, (7.8.3)
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w(G) =sup{L(f): feF,0<f<Ig}, VG EeEGs. (7.8.4)

PRrROOF. It suffices to verify that the class G coincides with the class G
introduced in the proof of the theorem. It has been shown in that proof that
{f > 0} € G for all nonnegative f € F. On the other hand, if G € G, then by
definition there exists an increasing sequence of nonnegative functions f,, € F
convergent to I. Set f =", 27" f,. By uniform convergence of the series
we have f € F. It is clear that f > 0 and G = {f > 0}. O

Functionals considered in the above theorem are called positive. Thus,
the expression L > 0 means that L(f) > 0 if f > 0. However, this theorem
extends to not necessarily positive functionals.

7.8.3. Theorem. Let F be a vector lattice of bounded functions on a
set Q0 such that 1 € F. Suppose that we are given a linear functional L on F
that is continuous with respect to the norm ||f|| = supgq |f(z)|. Then L can
be represented in the form L = Lt — L™, where LY >0, L™ > 0, and for all
nonnegative f € F one has

L(f) = sup L(g), L(f)=— inf L(g). (7.8.5)
0<g<f <g=f

In addition, letting |L| := Lt + L™, we have for all f >0
ILI(f) = sup [L(g)l, [Lll=L"(1)+L"(1).
0<|g|<f

ProOOF. Given two nonnegative functions f,g € F and a function h € F
such that 0 < h < f 4 g, we can write h = h; + ho, where hy, he € F,
0<hy <f,0<hy <g. Indeed, let hy = min(f, h), ha = h — hy. Then
hi, ha € F, 0 < hy < f and hy > 0. Finally, hs < g. For, if hy(x) = h(z),
then ha(x) = 0, and if hy(z) = f(x), then ha(z) = h(z) — f(z) < g(z), since
h<g+f.

Let Lt be defined by equality (7.8.5). Note that the quantity LT (f) is
finite, since |L(h)| < [[L|| [|A|| < |LI| | f]|- It is clear that LT (¢f) = tL*(f) for
all nonnegative numbers ¢t and f > 0. Let f > 0 and g > 0 be in F. Keeping
the above notation we obtain

L¥(f+g) =sup{L(h): 0<h < f+g}
= sup{L(h1) + L(ha): 0<hy < f, 0<hy <g}=L"(f)+ LT (g).

Now for all f € F weset LT(f) = L*T(f*)—L*(f™), where fT = max(f,0),
f~ = —min(f,0). Note that if f = f; — fo, where fi, fo > 0, then

LY(f) =L (f1) = L (f2).

Indeed, fi + f~ = fo+ fT, hence LT(f1) + LT(f7) = LT (fo) + LT(fT). Tt
is clear that Lt (tf) = tLt(f) for all t € R' and f € F. The additivity of
the functional L follows by its additivity on nonnegative functions. Indeed,
given f and g, we can write f = ft — f~, g = g7 — g~, whence we have
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f+9=("+9")—(f~ 4+ g ), and according to what has been said above
we obtain

LY (f+g)=LT(fT+g") —LT(f"+97)=L"(f) + L (g).
By definition, one has Lt (f) > L(f) for nonnegative f, hence the functional
L~ := L* — L is nonnegative. It is easy to see that L~ is given by the stated
formula.
Finally, ||L|| < ||IL*||+ |L~|| = LT (1) + L~ (1). On the other hand,
LY(1)+ L~ (1) =207 (1) — L(1) = sup{L(2p — 1): 0< ¢ <1}
<sup{L(h): ~1<h<1}<||L||

The theorem is proven. O

7.8.4. Corollary. Suppose that in the situation of the previous theorem
the functional L has the following property: L(f,) — 0 for every sequence of
functions f, in F monotonically decreasing to zero. Then the functionals L™
and L~ have this property as well. In particular, L™ and L™ are defined by
nonnegative countably additive measures on o(F) and L has representation
(7.8.1) with some signed countably additive measure p1 on o(F).

PROOF. Let {f,} be a sequence in F monotonically decreasing to zero
and let € > 0. By definition one can find ¢, € F with 0 < ¢, < f, and
L(pn) > LT(fn) —e27". Set g, = min(p1,...,¢,). We verify by induction
that

L5(f) < Lign) + 32" (7.8.6)

This is true if n = 1. Suppose that (7.8.6) is true for n = 1,...,m. One has
the equalities

9m+1 = min(gnu Qom-‘,-l)a
max(gm; Pm+1) + MiN(Grm, Prt1) = gm + Pm1,
whence

L(max(gm, em+1)) + L(gm+1) = L(gm) + L(Pms1)
> L(gm) + LT (fm41) —e27™ 7L

On other hand, the estimates g, < ©Vm < fin, ©m+1 < fma1 < fm and the
inductive assumption yield

L(max(gm; @m—i—l)) < L+(fm) < L(gm) +e Z 27i'
i=1
Therefore,

L(gm) + LT (fm1) = 27" = L(gms1) < Lgm) +€» 27,
i=1

whence we obtain (7.8.6) for n = m + 1. Thus, (7.8.6) is established for all n.
Since g, < fn, the sequence {g,} is decreasing to zero. Therefore, L(g,) — 0
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and (7.8.6) yields limsup L*(f,,) < e. Since € > 0 is arbitrary and LT (f,) is
nonnegative, we obtain that L™ (f,) — 0. The claim for L™ follows too. [

7.8.5. Remark. In the above corollary, the functionals L™ and L~ are
represented by the measures pu+ and p~, where u represents L. This can be
easily seen from (7.8.5) and the properties of the integral.

7.8.6. Theorem. Let F be a vector lattice of functions on a set Q such
that 1 € F. Suppose that L is a linear functional on F with the following
properties: L(f) > 0 4f f > 0, L(1) = 1, and L(fs) — 0 for every net
of functions fo in F monotonically decreasing to zero. Then, there exists
a unique probability measure p on the o-algebra A = o(F) generated by F
such that F C L(p) and (7.8.1) holds. In addition, p(Go) — (U, Ga) for
every increasing net of sets Go, such that I, € LY, where LT is the class
of all bounded functions that are the limits of increasing nets of nonnegative
functions in F.

PrOOF. The reasoning in the proof of Theorem 7.8.1, where we dealt
with o-additive functionals, applies with minor changes. We take for £ the
class of all bounded functions f representable as the limits of increasing nets
of nonnegative functions f, in F. The extension of L to £ is defined as in
Theorem 7.8.1 with nets in place of sequences. All the arguments remain valid
and show that the extension possesses the following property: if an increasing
net of functions f, € L1 converges to a function f € LT, then L(f,) — L(f).
As in the cited theorem, we obtain a countably additive measure on the o-
algebra o(LT) generated by LT such that the following equalities hold:

w(G)=L(Ilg), GeG:={G: Ig € LT}, W(B) =inf{u(G): Geg, BCG},

/fdu:L(f) for all f € LT.
Q

Moreover, F C £'(p) and the previous equality holds for all f € F. It should
be noted that in this situation the o-algebra A = o(F) may be strictly smaller
than o(LT). It is clear from the construction that if an increasing net of sets
G, gives in the union the set G, then u(Gy) = L(Ig,) — L(Ig) = w(G). O

We assumed in the above results that the lattice F contains 1. For this
reason they are not applicable so far to constructing infinite measures. It turns
out that if 1 € F, then the above conditions are not sufficient for the existence
of a representing measure. One can construct an example of a set {2, a vector
lattice F of functions on €2, and a positive 7-smooth linear functional on F
that is not representable as the integral, see Fremlin, Talagrand [639], Fremlin
(635, §439H]. We give below a similar example (borrowed from Fremlin [619])
with a o-smooth functional. However, one can improve the situation by adding
the Stone condition:

min(f,1) € F for all f € F.
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A natural example of a lattice satisfying the Stone condition and not contain-
ing 1 is the space of all continuous functions with compact support on IR™.
The proof of the following theorem is delegated to Exercise 7.14.126 (it can
also be derived from the previous results).

7.8.7. Theorem. Let F be a vector lattice of functions on a set Q) sat-
isfying the Stone condition. Suppose that L is a nonnegative linear functional
on F such that L(f,) — 0 for every sequence of functions f,, € F pointwise
decreasing to zero. Then, there exists a countably additive measure p defined
on o(F) and having values in [0,+00] such that F C L'(u) and (7.8.1) is
fulfilled.

In place of the Stone condition one can sometimes use the following condi-
tion: there exists a sequence of nonnegative functions ¢, € F increasing to 1
(see Hirsch, Lacombe [834, p. 58]). One can verify that the Stone condition
is fulfilled on the space £ of all functions f such that f* and f~ belong to
the class V of all functions of the form g = nh—>Holo gn, where {g,} is increasing,

gn € F and sup L(g,) < oo. The functional L extends to V by monotonicity
and then to £ by linearity. The measure p generating L is o-finite in this
case, since u({yn > 1/k}) < co. Hence the aforementioned condition is more
restrictive than that of Stone.

As a simple corollary of the above results one obtains the existence of the
Lebesgue integral on IR™ or on a cube. To this end, we take for F the class of
all continuous functions with bounded support (observe that every sequence
of such functions pointwise decreasing to zero converges uniformly) and for L
we take the Riemann integral. The same method works for constructing the
Lebesgue integral on any sufficiently regular manifold (certainly, it is necessary
that the Riemann integral of continuous functions be defined).

We now proceed to the aforementioned example of non-existence of rep-
resenting measures.

7.8.8. Example. Let F be the set of all real functions f on [0, 1] with the
following property: for some number a = a(f), the set {t: f(t) # (1 +1t)}
is a first category set. Let L(f) := . Then F is a vector lattice of functions
with the natural order on RV, L is a nonnegative linear functional on F,
and L(f,) — 0 for every sequence functions f, € F pointwise decreasing to
zero, but L cannot be represented as the integral with respect to a countably
additive measure.

PRrROOF. We observe that for each function f € F, there is only one
number « with the indicated property, since the interval is not a first category
set. Hence the function L is well-defined. Given f € F, we set

Ep:={t: f(t) #a(1+1)},
where « is the number corresponding to f. If f,g € F and a = «a(Yf),
B = a(g) are the corresponding numbers, then E¢ U E, is a first category
set, and one has f(t) + g(t) = (a + 8)(1 + t) outside it. For any real ¢
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we have ¢f(t) = ca(l + t) outside the set Ey. Thus, F is a linear space.
It is easily seen that |f| € F if f € F. It is also clear that the function
L is linear. If f > 0, then L(f) > 0. If functions f,, € F are pointwise
decreasing to zero, then the union of the sets Ey, is a first category set.
Hence there exists a point ¢ such that L(f,) = fn.(t)/(1 + t) simultaneously
for all n, whence nan;O L(f.) = 0. Suppose now that there exists a measure

p on o(F) with values in [0, +oc] such that F C £'(u) and L(f) coincides
with the integral of f against the measure y. The function ¢: t — 1+ ¢
belongs to F, whence we obtain that all open sets in [0,1] belong to o(F).
The estimate ¢ > 1 yields that u([0,1]) < L(¢)) = 1. Thus, the restriction of
w to B(]0,1]) is a finite measure. Therefore, there exists a first category Borel
set E such that u([0,1]\E) = 0. Indeed, one can take the union of nowhere
dense compact sets K,, with ([0, 1]\K},,) < 1/n, which can be constructed by
deleting sufficiently small open intervals centered at the points of a countable
dense set of y-measure zero. Let us consider the following function f: f(¢) =0
ifteE, f(t) =1+4+tift & E. It is clear that f € F and L(f) = 1. On the
other hand, the integral of f with respect to the measure p is zero, which is
a contradiction. (|

This example shows that one cannot always represent L as an integral,
but a closer look at the proof of Theorem 7.8.1 reveals that even without
the Stone condition one obtains the functional L with the basic properties
of the integral (which explains the term “the Daniell integral”). Let F be
some vector lattice of functions on a set 2 and let L be a nonnegative linear
functional on F such that L(f,) — 0 for every sequence {f,} C F pointwise
decreasing to zero. We shall use the term an L-zero set for sets .S C € with the
property that for every € > 0, there exists an increasing sequence of functions
fn > 0in F such that L(f,) < e and sup,, fo(z) > 1 on S. Let LT denote
the class of all functions f with values in (—oo, +00] for which one can find
an increasing sequence {f,} C F such that f(z) = nh_)n;o fn(x) outside some

L-zero set and the sequence L(f,) is bounded. It is readily verified that such
a function f is finite outside some L-zero set. Set L(f) := lim L(f,). The

reasoning in the proof of Theorem 7.8.1 shows that L is well-defined on £T.
Let £ denote the set of all functions f with f, f~ € £T. For such functions,
we set L(f) := L(f™) — L(f™). The class L is equipped with the following
equivalence relation: two functions are equivalent if the set on which they
differ is L-zero. Then the set £ of all equivalence classes becomes a metric
space with the metric dy(f,g) := L(|f — g|). In addition, £ is a linear space.
It is clear by construction that F is everywhere dense in L.

7.8.9. Proposition. The functional L on L is linear, and the statements
of the Beppo Levi, Lebesque, and Fatou theorems are true if the integral in
their formulations is replaced by L. In addition, L is complete with respect to
the metric dy,.
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PrOOF. We give only a sketch of the proof; more details can be found
in Shilov, Gurevich [1699, §2]. It is easily verified that L is linear on £ and
L(f) < L(g) if f < g. We observe that the union S of L-zero sets S, is an
L-zero set. Indeed, given ¢ > 0, for every n, there is an increasing sequence
of functions fy, x > 0 in F with L(f, %) < 27" and supy, fnx(z) > 1 on S,.
Let gn, = fn1+ -+ fon. Then {g,} is increasing, g, > 0, L(g,) < ¢, and
sup,, gn(x) > 1 on S. Suppose the sequence of functions f,, € L is increasing
outside an L-zero set and {L(f,)} is bounded. Passing to f, — fi we may
assume that f, > 0. For every n, we can find f,, , € F increasing to f, outside
some L-zero set Sp,. Let g, = maxy m<n fm k- Then g, € F, {g,} is increasing
and {L(g,)} is bounded. Then f = lim_g,, € Lt and L(f) = nan;OL(gn).
Clearly, f.(z) — f(z) outside an L-zero set and L(f) = nan;o L(f,) because
L(gn) < L(fn) and L(f) = kliﬁrgo L(fn,x)- Fatou’s theorem is deduced exactly

as in the case of the Lebesgue integral.

Suppose fp(r) — f(z) and |f,(z)] < ®(x) outside an L-zero set, where
fn,® € L. Let o (x) := infi>, fu(z), pn(z) := supgs, fr(z). Then, outside
an L-zero set, one has ¢, < f, < ¥, n > —®, 1, < @, {p,} increases to f
and {t,, } decreases to f. Hence f € L and L(f) = 71113;0 L(pn) = nlingo L),
which gives L(f) = nh—>n<>lo L(fn).

Suppose {fn} C L is dr-fundamental. Passing to a subsequence we may
assume that dr,(fpn, fn+1) < 27™. As shown above, the series of |f,, — fn—1],
where fy := 0, converges outside some L-zero set S to an element ® of L.
Then the sums f, = > _;(fx — frk—1) converge to a finite limit f outside S.
Since |f,| < @, we conclude that {f,} converges to f in L. O

Let us now consider the class Ry of all sets E C € such that there
exists a sequence of functions f, € F convergent to I outside some L-zero
set. Such sets will be called measurable (although no measure is introduced).
Given E € Ry, we set v(E) := L(Ig) if Ig € £ and v(E) = 400 otherwise.
It is readily verified that Ry is a o-ring and the function v is a countably
additive measure with values in [0, +00]. One can also consider v on the J-
ring RY of all sets on which v is finite. However, in the general case (without
Stone’s condition), the integral with respect to the measure v does not coincide
with L. Say, in Example 7.8.8, the measure v is identically zero. Indeed, in
that example the L-zero sets are precisely the first category sets, since if
a(fn) <1/3, then f,(t) < 2/3 outside a first category set. The class £ differs
from F only in that a function may now assume the values 400 and —oco on
first category sets. If functions f,, € F have a finite limit outside some first
category set, then this limit coincides with the function a(1+t) outside a first
category set, hence the indicator of a set can only appear if « = 0, i.e., only
the first category sets are measurable and they are L-zero.

We note that the theorems in this section do not involve topology. The
topological concepts will be employed in the next two sections.
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9. Measures as functionals

Every Baire measure p on a topological space X defines a continuous
linear functional on the Banach space Cy(X) with the norm || f|| = sup | f(x)]
X

by the formula
fH/f@mum (7.9.1)
X

In this and the next sections, we discuss what functionals can be obtained
in such a way and what can be said about the properties of measures (such
as regularity) in terms of the corresponding functionals. If a net of functions
{fa} decreases pointwise to f (i.e., fo(z) | f(x) V), we write f, | f.

Although we do not discuss measures other than countably additive ones,
for the purposes of this section it is useful to recall certain basic concepts
related to additive set functions. It should be noted that in most of the
literature, additive set functions are also called measures. However, following
our earlier convention, we reserve the term “measure” only for countably
additive set functions. Now let X be a topological space with the algebra
A(X) generated by all functionally closed sets. A set function m: 2A(X) - R
is called an additive regular set function if it is (i) additive, (ii) uniformly
bounded, and (iii) for every A € A(X) and & > 0, there exists a functionally
closed set F' such that FF C A and |m(B)| < e for all B C A\F, B € A(X). It
is verified directly (Exercise 7.14.88) that such a function m can be written as
the difference of two nonnegative additive regular set functions m™ and m™,
where

mt(A) =sup{m(B): Be€U(X),B C A},
m~(4) = —inf{m(B): B e A(X),B C A}.

Set ||m]| :==m™(X) +m~(X).

In analogy with the Riemann integration, one can define the integral of a
bounded continuous function f on X with respect to an additive regular set
function m (see §4.7(ix)). The role of additive set functions can be seen from
the following fundamental result due to A.D. Alexandroff [30].

7.9.1. Theorem. Ifm is an additive reqular set function on A(X), then

H/f

is a bounded linear functional on Cyp(X) whose norm equals ||m||. Conversely,
for any bounded linear functional L on Cy(X), there exists an additive regular
set function m on A(X) with ||m| = ||L|| such that

:Aﬂ@mm

for all f € Cy(X). In addition, m is nonnegative precisely when so is the
functional L.
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PROOF. The direct claim is obvious. Let us prove the converse. Accord-
ing to what has been said above, we can assume that L is a nonnegative
functional on Cy(X). Let be Z the class of all functionally closed sets and

m(Z) = int{L(f): feCyX), I;<f<1}, ZeZ.

We show that m.. is the required set function. It is clear that m(Z) = m.(Z)
for any Z € Z, since the class Z admits finite unions. Let Z;,Z; € Z and
71 C Zy. We show that

m(Zg) — m(Zl) = m*(ZQ\Zl)

Note that m(Zs) — m(Z1) > m«(Z3\Z1) because Z; UZ € Z if Z € Z and
ZCZ\Zy. Lete >0, f € Cy(X) and f > Iz,. Let Y = {z: f(z) <1—¢).
Then Y N Z; = @. We fix a function g € Cp(X) with g > Iz,~y. For all
x € Zy we have f(z) 4+ g(x) > 1 —¢, since if z € YV, then g(z) > 1, and if
x €Y, then f(z) >1—e. Since f + g > 0, we obtain (1 — &)~ (f +g) > Iz,,
whence L(f) 4+ L(g) > (1 — e)m(Zz). Taking the infimum in g, we obtain the
inequality L(f) + m(Z2NY) > (1 —e)m(Z3). By using that ZoNY C Z3\ 74,
we arrive at the estimate L(f) + m.(Z2\Z1) > (1 — e)m(Z3). Therefore,

m(Zl) + m*(Zg\Zl) Z (1 — E)m(Zg),

which yields m(Z1) +m.(Z2\Z1) > m(Zs), since ¢ is arbitrary. Thus, we have
m(Zg) — m(Zl) = m*(ZQ\Zl)

Now let Z € Z and let E be an arbitrary set. Let us verify the equality
m(E) = m.(ENZ)+m.(E\Z), which means the Carathéodory measurability
of Z with respect to m.. Since one always has m,(E) > m.(ENZ)+m.(F\Z),
we have to verify the reverse inequality. Let Zy C E, Zy € Z. By the above
we have m(Zp) = m(ZoNZ)+m.(Zo\(ZoNZ)). The right-hand side does not
exceed m.(ENZ)+m.(E\Z), which yields the required inequality. According
to Theorem 1.11.4, the class 9,,,, is an algebra, contains Z, and the function
m., is additive on 9M,,,. Hence the restriction of m, to A(X) is the required
function. O

It is clear that in the general case the set function m may not be countably
additive. In this and the next sections we clarify what functionals correspond
to countably additive, Radon, and m-additive measures. Let us introduce the
following classes of functionals.

7.9.2. Definition. Let L € Cp(X)*.

(i) The functional L is called o-smooth if for every sequence { f,,} C Cyp(X)
with f, | 0, one has L(f,) — 0.

(ii) The functional L is called T-smooth if for every net {fo} C Cp(X)
with fo | 0, one has L(f,) — 0.

(iii) The functional L is called tight if for every net {fo} C Cp(X) such
that || foll < 1 and fo — 0 uniformly on compact subsets of X, one has
L(fa) = 0.

Let My (X), M, (X), M(X) denote the spaces of o-smooth, T-smooth,
and tight functionals, respectively.
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7.9.3. Theorem. The following properties are equivalent:

(i) L € Mo (X); (i) Lt, L~ € My (X); (iii) |L] € My(X).

PrOOF. Clearly, (ii) yields (i) and (iii), and (iii) yields (i). We show
that (i) implies (ii). Let us verify that LT € M, (X). If this is not true,
then there is a sequence of functions f,, € Cp(X) decreasing to zero such that
L*(fn) > ¢ > 0. By the definition of L™ one can find g1 € Cp(X) with
0 < g1 < f1 and L(g1) > ¢/2. We observe that the functions max(f,,g1)
are decreasing to ¢g1. Hence L(max(f,,g1)) — L(g1) and there exists n; with
L(max(fn,,01)) > ¢/2. Set hy := max(fn,,91). Then 0 < f,,, < hy < f; and
L(h1) > ¢/2. Repeating the same reasoning we find ny € IN and hy € Cp(X)
with 0 < f, < ha < fp, and L(ha) > ¢/2. By induction, we obtain indices
ng and functions hy € Cp(X) with the following properties: ngi1 > ng,
Jrper < heg1r < fuy, and L(hg) > ¢/2. Then {hy} is decreasing to zero,
which leads to a contradiction. The case of L~ is similar. O

7.9.4. Theorem. The following properties are equivalent:

(i) L € M (X); (i) L, L~ € M. (X); (iii) |L] € M,(X).

PROOF. As in Theorem 7.9.3, the main step is a verification of the inclu-
sion LT € M, (X) for any L € M,(X). Suppose that there exists a net of
functions f, € Cy(X) decreasing to zero such that L*(f,) > ¢ > 0. Without
loss of generality we can assume that | f,| < 1. The set T" of all pairs («, 3) with
B > a will be equipped with the following partial order: (ai,51) > (a2, 52)
if either oy > (B2 or ay = ag and By = fa. If (as,83) > (a9, B2) and
(a2, B2) > (a1, 1), where the three pairs are distinct, then as > (B2, B2 > ag
and ag > (1, hence ag > [, ie., (as,03) > (a1,51). As in the case of se-
quences, for every o we find g, € Cp(X) with 0 < g, < fo and L(ga) > ¢/2.
Taking T as a new index set, we observe that the net p, 5 = max(ga, f3),
(a, B) € T, is decreasing to zero. Indeed, if (o, 5) > (a1, 1) and o # aq, then
a>frand B> a > B1,50 go < fo < fp, and fz < fp,. Hence L(pa,p) — 0.
Let us take an index (ag, 8y) such that |L(pa,g)| < ¢/2 if (o, 8) > (v, Bo)-
Then for all 5 > §y we obtain |L(pg,,3)| < ¢/2. Note that the net ¢g, g is
decreasing to gs,. By hypothesis, we have L(yg, 3) — L(gs,) > ¢/2. Then
for some 5 > By we have |L(pg,,3)| > ¢/2, which is a contradiction. O

7.9.5. Theorem. The following properties are equivalent:
() L€ My(X); (i) L+, L~ € My(X): (iii) |L] € My (X).

PROOF. As in the two previous theorems, everything reduces to the proof
of the inclusion LT € M(X) for L € M;(X). Suppose we are given a net of
functions f, € Cp(X) that converges to zero uniformly on compact sets and
[fa| < 1. It is clear from the definition of L™ that there exists g, € Cp(X)
such that 0 < g4 < fo and 0 < LY(|fa]) < 2L(gs). Then the net {g,} also
converges to zero uniformly on compact sets and |g,| < 1. Hence we obtain
L(ga) — 0, whence the assertion follows. O
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7.10. The regularity of measures in terms of functionals

Now we show that the functionals in the classes mentioned in the last three
theorems correspond one-to-one to Baire, 7-additive, and Radon measures.

7.10.1. Theorem. Let X be a topological space. The formula
L) = [ fa) ) (7101)

establishes a one-to-one correspondence between Baire measures p on X and
continuous linear functionals L on Cy(X) with the following property:

lim L(f,) =0
n—oo
for every sequence {fn} pointwise decreasing to zero.

PROOF. Any measure u € Ba(X) defines a continuous linear functional
on the space Cy(X). The converse follows by Theorem 7.8.1 and Corol-
lary 7.8.4. 0

7.10.2. Remark. It is clear that every nonnegative linear functional L
on Cp(X) (i.e., nonnegative on nonnegative functions) is automatically con-
tinuous, since it satisfies the estimate |L(f)| < L(1) sup | f].

Certainly, not every continuous linear functional satisfies the condition of
Theorem 7.10.1.

7.10.3. Example. Let X = IN be equipped with the usual discrete
topology. Set

LIM(f) = lm_f(n)

on the space Cy(IN) of all functions f on IN for which this limit exists and
is finite. The functional LIM is continuous on the space Cy(IN) by the esti-
mate |[LIM(f)| < sup|f|. By the Hahn—Banach theorem LIM extends to a
continuous linear functional on the space Cy(IN). It is clear that even on the
subspace Co(IN) the functional LIM cannot be represented as the integral
with respect to a countably additive measure on the space IN.

Such a situation is impossible for compact spaces. The following result is
called the Riesz representation theorem.

7.10.4. Theorem. Let K be a compact space. Then, for every contin-
wous linear functional L on the Banach space C(K), there exists a unique
Radon measure p such that

L(f) = /K f(@) uldz), V[ € C(K).

PROOF. By Dini’s theorem, any sequence of continuous functions mono-
tonically decreasing to zero on a compact set is uniformly convergent (see
Engelking [532, 3.2.18]). Hence, in our case, every continuous linear func-
tional satisfies the hypothesis of Theorem 7.10.1. It remains to observe that
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every Baire measure on a compact space extends uniquely to a Radon measure
according to Theorem 7.3.2. (]

The Riesz theorem yields at once a Radon extension of the product of
Radon measures g and v on compact spaces X and Y: the integral with
respect to p®v defines a continuous functional on C'(X xY’) (we recall that
for all compact spaces one has Ba(X xY) = Ba(X)®Ba(Y)).

7.10.5. Corollary. Let X be a compact space. Then formula (7.10.1) es-
tablishes a one-to-one correspondence between nonnegative linear functionals
on the space C(X) and nonnegative Radon measures on X.

The following two theorems characterize functionals generated by Radon
and 7-additive measures.

7.10.6. Theorem. Let X be a completely regular space. Formula (7.10.1)
establishes a one-to-one correspondence between Radon measures pn on X and
continuous linear functionals L on Cy(X) satisfying the following condition:
for every € > 0, there exists a compact set K. such that if f € Cp(X) and
f k.= 0, then

IL(f)| < esup|f].

Proor. If p is a Radon measure, then this condition is satisfied. Let
us prove the converse. Let {f,} be a sequence of bounded continuous func-
tions monotonically decreasing to zero. Let us verify the hypotheses of The-
orem 7.10.1. We may assume that |f,| <1 and ||L|| < 1. Let us fix € € (0,1)
and take the corresponding compact set K.. By Dini’s theorem, there exists
a number ng such that supg_|fn| < € for all n > ng. For every n > ng, we
find a function g, € Cp(X) such that g, = f, on K. and |g,| < e. Then
|L(gn)| < e. By hypothesis, |L(f, — gn)| < 2¢, since f, — g, = 0 on K, and
|fn — gn| < 2. Hence |L(f,)| < 3e. Therefore, L is generated by a Baire
measure .

Let us verify that p is tight. We observe that it suffices to consider
positive functionals L (this corresponds to nonnegative measures ), since the
functional |L| generated by the measure || satisfies the condition mentioned
in the formulation of the theorem. Indeed, if a compact set K. is taken for ¢
and L, and a function f € Cy(X) vanishes outside K., then by Theorem 7.8.3
we have |L(f)| < |L|(|f]) < esup|f], since |f] = 0 on K.. Thus, we may
assume that p is nonnegative. In order to show that y is tight, suppose that a
Baire set B does not meet K.. By the regularity of 1 we can find a functionally
closed set Z C B such that u(B\Z) < ¢, and then a neighborhood U of K,
disjoint with Z. By the complete regularity of X, there exists a continuous
function f: X — [0,1] such that f = 0 on K. and f = 1 outside U, in
particular, f =1 on Z. Then

n(z) < /deu <e,

whence we obtain u(B) < 2e. O
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7.10.7. Theorem. Let X be a completely regular space. Formula (7.10.1)
establishes a one-to-one correspondence between T-additive measures p on X
and continuous linear functionals L on Cy(X) satisfying the following con-
dition: if a net {fo} of bounded continuous functions is decreasing to zero
pointwise, then L(f,) — 0.

PRrROOF. According to Corollary 7.2.7, the functionals defined by 7-ad-
ditive measures satisfy the above condition. In view of Theorem 7.9.4, in
the proof of the converse assertion we can assume that the functional L is
nonnegative. It remains to apply Theorem 7.8.6. (Il

Thus, the classes of functionals M, (X), M,(X), and M;(X) can be
identified with the respective classes of measures.

If an additive set function m > 0 on Ba(X) is such that there is no nonzero
countably additive measure m; > 0 with m; < m, then m is called purely
finitely additive. If m is countably additive, but there is no nonzero T-additive
my > 0 with my < m, then m is called purely countably additive. Finally, if
m is 7-additive, but there is no nonzero tight measure m; > 0 with m; < m,
then m is called purely 7-additive. Let us mention the following decomposition
theorem obtained in Knowles [1015] (the existence of the compact regular
and 7-additive components was proved by Alexandroff [30], who raised the
question about the purely countably additive component).

7.10.8. Theorem. Every nonnegative additive set function m on the
Baire o-algebra of a completely regular space X has a unique representation

m=me+ My + Mg + Mg,

where m, > 0 is a tight measure, m, > 0 is a purely T-additive measure,
me > 0 1s a purely countably additive measure, and m, > 0 is a purely
finitely additive set function on Ba(X). An analogous result is true for signed
additive set functions of bounded variation on Ba(X).

This result, excluding, possibly, the presence of the m,-component, holds
for general Borel measures as well.

In connection with the Riesz representation theorem the following useful
condition of weak compactness in the space C'(K) should be mentioned (see
Dunford, Schwartz [503, IV.6.14] for a proof and related references).

7.10.9. Theorem. Let K be a compact space and let F C C(K). Then
the following conditions are equivalent:

(i) the closure of F in the weak topology is compact,

(ii) every sequence in F' has a weakly convergent subsequence,

(i) F' is norm bounded and is contained in a set in C(K) that is compact
in the topology of pointwise convergence.

7.11. Measures on locally compact spaces

Consideration of locally compact spaces brings some specific features in
the theory of integration. We recall that a Hausdorff topological space X is
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called locally compact if every point in X possesses an open neighborhood
with compact closure. A locally compact space is completely regular (see En-
gelking [532, Theorem 3.3.1]). By Lemma 6.1.5, for any compact set K in a
locally compact space X and any open set U D K, one can find a continu-
ous function f: X — [0,1] such that f|x = 1 and f vanishes outside some
compact set contained in U. The set of all continuous functions on X with
compact support is denoted by Cp(X). On typical non-locally compact spaces,
for example, infinite-dimensional normed spaces, the class Cy(X) consists only
of the zero function. In the locally compact case, this class separates points,
which turns out to be of great importance in the theory of integration. Apart
from compact spaces, standard locally compact spaces encountered in appli-
cations are finite-dimensional manifolds and locally compact groups. Denote
by K(X) the class of all compact sets in X.

7.11.1. Theorem. Suppose that X is a locally compact space and that
7: K(X) — [0,+00) is a set function such that for all Ky, Ko € K(X), one
has

T(K1UK2) ST(K1)+T(K2), T(KluKQ):T(K1)+T(K2) Zle QKQ :@,

and 7(K1) < 7(Ks) if K1 C Ky. Then, there exists a unique measure i on
B(X) with values in [0, 400] that is outer reqular in the sense that the measure
of every Borel set is the infimum of measures of the enclosing open sets, and
the value on every open set U is the supremum of measures of compact subsets
of U, and one has

w(U) =sup{r(K): K CU, K e€K(X)}. (7.11.1)

In addition,
W(K) < 7(K) < p(K), VK € K(X), (7.11.2)

where K° is the interior of K.

If 7(K) = inf{r(S): S € K(X), K C S°} for all sets K € K(X), then p
coincides with T on K(X).

Finally, the restrictions of u to all Borel sets of finite measure are Radon
measures, and the formula

p (B) =sup{u(K): KCB,KeK(X)}, BeB(X), (7.11.3)

defines the Borel measure p' with values in [0, +00] that coincides with p on
compact sets, in particular, every function in Co(X) has equal integrals with
respect to p and p' (the completion of ' is an infinite Radon measure in the
sense of §7.14(xviii)).

PROOF. For every open set U, we define u(U) by formula (7.11.1). We
obtain a monotone and additive function p with values in [0, +00] on the
class U of all open sets. Indeed, if U,V € U are disjoint, then for every
compact set K C UUV, the sets UN K and V N K are compact. This yields
wUUV) < pu(U)+ p(V) by the additivity of 7. The reverse inequality is
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easily verified as well. Further, one has
p(U) =sup{u(V): VeU,V cUVeKX)}.

This follows from the fact that for every compact set K C U, one can find a
set V € U with the compact closure V such that K ¢ V ¢ V C U. Finally,
the function p is countably subadditive. Indeed, if U = Ufil U, U, e U,
then, given € > 0, there exists a set V € U with compact closure such that
p(V) > p(U)—eand V.C V. C U. Then V C |J_, U; for some n, whence

p(V) < ,u(U?:l Ui>. Hence it suffices to establish the finite subadditivity of

won U. Now we can consider only two sets U; and Us. For every compact set
K C Uy UUs, according to Exercise 7.14.71, there are continuous nonnegative
functions f; and fo with the compact supports Ky C U; and Ko C Us,
respectively, such that f; + fo = 1 on K. The sets Q; = {f; > 1/2} with
i =1,2 are compact in U; and K = (K N Q1) U (K NQ3). Hence

T(K) <7(KNQ1)+7(KNQ2) < pu(Ur) + pu(Us),

whence pu(U) < p(Uy) + u(Uz). Then p = p* on U (Exercise 1.12.125). It is
readily seen that pu(A) = p(AN B) + p*(A\B) if A,B € U, hence Y C M,
(Exercise 1.12.126). The restriction of p* to Mt,,« will be denoted by  as well.
Thus, we obtain an outer regular measure. For every K € K(X), we have
w(K°) < 7(K) by (7.11.1). Hence pu(K°) < 7(K) < p(K). The uniqueness of
1 follows by construction.

If for all K € K(X) the condition 7(K) = inf{r(S): S € K(X), K C S°}
is fulfilled, then

p(K) =mf{u(U): Ue U, KC U} <inf{u(S°): Se K(X),KC 5%}
<inf{r(9): Se K(X),KC 5°} = 7(K).

Note that under the aforementioned condition we could also apply Theo-
rem 1.12.33, which would give us the measure p'.

If B € B(X) and p(B) < oo, then the restriction of u to B is a Radon
measure. Indeed, the outer regularity of u yields that the restrictions of u to
compact sets are Radon. Now, given € > 0, we take an open set U D B with
w(U\B) < €/4, next we find a compact set K1 C U with u(U\K;) < /4.
Since p is Radon on K7, there exists a compact set Ko C K; N B with
1((K1 N B)\K2) < /3. Hence K> C B and u(B\K3) < . Finally, for any
Borel set B with compact closure, we have p/(B) = u(B), since by the above
this is true for all sets of finite measure. The countable additivity of p’ follows
by the additivity verified as follows. If A and B are disjoint and have finite
measures, then p’ coincides with u on A, B and AU B, and if A or B has the
infinite measure, then A U B also does. O

7.11.2. Remark. (i) The measure y constructed in the theorem may not
be inner compact regular, and the measure ' may not be outer regular, i.e.,
one cannot always combine both regularity properties (this happens for some
Haar measures, see also Example 7.14.65 and Exercise 7.14.160). Certainly,
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for finite measures this problem does not arise. The property of inner compact
regularity is more useful than the outer regularity, and in our discussion of
Haar measures in Chapter 9 we shall employ the measure p'.

(ii) The assertions of the theorem remain valid if (X)) is a certain class of
compact sets in X that is closed with respect to finite unions and intersections
and contains all compact Gs-sets. This is easily seen from the proof.

7.11.3. Theorem. Let X be a locally compact space and let L be a linear
function on Co(X) such that L(f) > 0 if f > 0. Then, there exists a Borel
measure  on X with values in [0,400] such that

L(f):/deu, YV f € Co(X). (7.11.4)

In addition, one can choose p in such a way that it will be Radon on all sets
of finite measure (and even inner compact reqular on B(X), and there is only
one measure with this property).

PROOF. Here Theorem 7.8.7 is applicable, since if f,, € Co(X) and f | 0,
then convergence is uniform. This theorem gives a measure on o (Co(X)) that
can be extended to B(X) by the previous theorem and remark. Let us give an
alternative justification. For every open set V with the compact closure V, let
Co(V) be the set of continuous functions on X with compact support in V.
Since V is open, the class Cy(V') can be identified with the set of all continuous
functions on V with compact support in V, extended to X by zero outside
the support. Thus, Cy(V') can be regarded as a linear subspace in the space
C(V). The functional L on Cy(V) satisfies the condition L(f) < M maxy | f|
with some M > 0. Indeed, let us find § € Cy(X) with 6 > 0 and 0] = 1.
Let M = L(6). Then L(f) < L(9) if f € Co(V) and |f| < 1. By the Hahn—
Banach theorem L extends to a continuous linear functional on C(V), which
by the Riesz theorem gives a Radon measure v on V such that

L(f):/vfdz/, vV feCy(V).

Let puy = v|y. Then

L(f):/vfduv, YV f e Co(V). (7.11.5)

It is clear that pwy > 0 and that if VW are two open sets with compact
closure, then py|yaw = pw|vaw. This follows by (7.11.5) due to the fact
that every Radon measure 7 on VNW is uniquely determined by the values on
compact sets S C VNW and if 7 > 0, then 7(S) is the infimum of the integrals
with respect to 7 of functions f € Co(VNW) with 0 < f <1 and f|g = 1.
Thus, the required measure p is constructed on the d-ring of Borel sets whose
closures are compact. Given such a set B, we find its neighborhood V with
compact closure and set u(B) := py(B). It follows by the above that u(B)
is well-defined. It remains to extend p to all Borel sets. This can be done by
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formula (7.11.3). Certainly, one can also refer to the previous theorem and
remark. The uniqueness assertion is clear from the proof. O

If L is a nonnegative linear functional on the space C'(X), then one might
hope to find a Borel measure p such that (7.11.4) is true for all f € C(X).
However, this is not always possible for general locally compact spaces. If
X is locally compact and o-compact, then such a measure exists (details are
found in Exercise 7.14.161).

7.12. Measures on linear spaces

In this section, some of the general results obtained above are applied to
measures on linear spaces. If X is a linear space and G is some linear space
of linear functions on X, then sets of the form

C(fi,.. faB)={z € X: (fi(2),..., fa(z)) € B},

where f1,...,fn € G and B € B(IR"), are called G-cylindrical. The family
of all G-cylindrical sets is denoted by Cyl(X,G). It is clear that the smallest
o-algebra containing Cyl(X, Q) is 0(G), i.e., the o-algebra generated by G.

Any cylindrical set has the following representation. Suppose that the
functionals are f; linearly independent. Then, one can find linearly indepen-
dent vectors ey, ..., e, with fi(e;) = 0if i # j and f;(e;) = 1. The isomor-
phism (x1,...,2,) — Z?:l x;€; takes the set B to a set B’ in X. Then the
set C(f1,..., fn, B) is the cylinder B’ + L, where L is the intersection of the
kernels of the functionals f;, i.e., L = i, f;l(O). Geometrically, one can
think of B’ + L as a cylinder with a base B’.

The most interesting case in applications is where X is a locally convex
space, X* is the space of all continuous linear functions on X, and G C X*
is a linear subspace. If G = X*, then the sets in Cyl(X,X™*) are called
cylindrical. Exercise 7.14.132 proposes to verify that the class Cyl(X,G) is
the algebra generated by G. The base of the topology (X, G) (see §4.7(ii))
consists of cylinders. Applying the general results from §7.1 to measures on
o(X*), where X is a locally convex space with the dual X*, we see that
every measure y on o(X*) is regular: for every A € o(X*) and € > 0, there
exists a closed set F' € o(X*) with ' C A and |u|(A\F') < . We recall that
by Corollary 7.3.6 every tight nonnegative regular additive set function on
Cyl(X, X™*) has a unique extension to a nonnegative Radon measure on X.
Hence every Radon measure on a locally convex space is uniquely determined
by its values on Cyl(X, X*). However, we shall prove this useful fact directly
in a different formulation.

7.12.1. Proposition. Let pu be a Radon measure on a locally convex
space X. Then, for every u-measurable set A, there exists a set B € o(X*)
such that |p|(AA B) = 0. Moreover, if G C X* is an arbitrary linear subspace
separating the points in X, then such a set B can be chosen in o(G).
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PRrROOF. Let us verify that for every € > 0, there exists a set C' in
Cyl(X,G) such that |u|(A A C) < e. Since p is Radon, it suffices to do
this for compact sets A. We find an open set U D A with |u|(U\A) < /4
and a compact set S with |u|(X\S) < /4. Now we use that on the compact
set S, the original topology of X coincides with the topology (X, G) (in
particular, if G = X*, then with the weak topology). By the compactness
of AN S one can find finitely many open G-cylindrical sets C1,...,Cy such
that ANS Cc (CLU---UC,)NS cUNS. Let C =CLU---UCg. Then
C e Cyl(X,G) and

(AAC) < |ul((ANS) A (CNS)) +2/4 < |u|((UNS)\(ANS)) +e/d <e,

as required. O

Let us explain why this proposition is not identical to Corollary 7.3.6.
The point is that the Lebesgue completion of o(X*) may not include B(X).
For example, we have already seen that if p is Dirac’s measure at the point 0
on the product of the continuum of real lines, then this point does not belong
to 0((IRC)*)M. Hence the assertion of the proposition cannot be obtained by
using only the outer measure generated by the values of ;1 on Cyl(X, X*) or
on o(X*). It is important that in this proposition the measure is already
defined on B(X).

7.12.2. Corollary. Let p be a Radon measure on a locally convex
space X. Then the class of all bounded cylindrical functions on X is dense
in LP(u) for any p > 0. In the case of complex-valued functions, the same is
true for the linear space T' generated by the functions exp(if), f € X*. More-
over, this assertion is true if we replace X* with any linear subspace G C X*
separating the points in X.

Let p be a set function on an algebra Cyl(X,G), where X is a locally
convex space and G C X*. For every continuous linear operator P: X — IR"
of the form Pz = (fi(x),..., fu(z)), where f; € G, one has the set function

po PH(B) = pu(P~H(B)) = p(C(f1,- .. fa, B)), BeBR"),
called the projection of u generated by P.

7.12.3. Definition. An additive real function p on Cyl(X, Q) such that
all finite-dimensional projections o P~ are bounded and countably additive
18 called a G-cylindrical quasi-measure. If G = X*, then such a function is
called a cylindrical quasi-measure. A probability quasi-measure is a nonnega-
tive quasi-measure p with p(X) = 1.

It is clear that any countably additive measure on Cyl(X,G) is a G-
cylindrical quasi-measure, but the converse is false. Let us consider the follow-
ing simple example. Let X =2, G = X* = [2, and let v be the quasi-measure
defined as follows: if C' = P~1(B), where P is the orthogonal projection to
a linear subspace L C X of dimension n and B is a Borel set in L, then
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v(C) = 1 (B), where 7, is the standard Gaussian measure on L (with den-
sity (271')_”/26_””'2/2 with respect to Lebesgue measure on L generated by the
inner product in X). It is clear that every cylinder can be written in such a
form. If the measure v were countably additive on the algebra of cylinders,
then it would have a unique extension to a countably additive measure on the
o-algebra generated by all cylinders (which coincides with the Borel o-algebra
of X). However, direct computations show that in this case every ball has
measure zero. Indeed, if U, g is the ball of radius R centered at the origin
in IR", then nlgrolo Yn(Un,r) = 0 for all R. This is a contradiction. Corol-

lary 7.3.6 states that a sufficient (in the case of a complete separable metric
space also necessary) condition of the countable additivity of a nonnegative
cylindrical quasi-measure is its tightness. In the next section we shall give
sufficient conditions in terms of characteristic functionals.

In applications, one usually deals with measures on separable Banach
spaces and also on some special nonnormable spaces such as the spaces S’
and D’ of distributions. Measures on Fréchet spaces (i.e., complete metrizable
locally convex spaces) are concentrated on separable Banach spaces. The
proof of this fact employs the following construction, which is useful in diverse
problems of infinite-dimensional analysis. Let X be a locally convex space
and let K be a convex and symmetric compact set (the symmetry means that
—z € K if x € K). Denote by Fx the linear subspace in X generated by K,
i.e., Fx is the union of the sets nK. It turns out that Fx can be made
a Banach space if we declare K to be the unit ball. More precisely, Fx is
complete with respect to the norm pg(z) = inf{A > 0: z/\ € K}, called the
Minkowski functional of the set K. Moreover, in place of the compactness of
K it suffices that K be a bounded convex symmetric and sequentially complete
set (see Edwards [518, Lemma 6.5.2, p. 609].

7.12.4. Theorem. Let p be a Radon probability measure on a Fréchet
space X. Then, there exists a linear subspace E C X such that p(E) =1 and
E with some norm || - ||g is a separable reflexive Banach space whose closed
balls are compact in X.

PRrROOF. The topology of X is generated by a metric p. For every n,
we take a compact set K,, with u(X\K,) < 1/n. Then u(U,~, K,) = 1.
Let us pick a number ¢, > 0 such that ¢, K, belongs to the ball of radius
1/n centered at the origin. It is easily verified that the closure S of the
set Ui,“;l cn K, is compact. There is a convex symmetric compact set K
containing S (see Schaefer [1661, Corollary in p. 80, §4, Ch. II]). This set
may not be what we want, since Ex, may not be even separable (just look at
the embedding of I*° to IR*). But according to Edwards [518, Lemma 9.6.4,
p. 922], one can take a larger convex symmetric compact set K7 such that Ky
is compact as a subset of Ex,. The closure Ej of the linear span of Ky in Fy,
is already a separable Banach space of full y-measure. However, it may not
be reflexive, although its closed unit ball is compact in X (since K7 is the unit
ball in Fg,). The measure p can now be restricted to Ejy, since all Borel sets
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in Ey are Borel in X (see Chapter 6). Repeating this procedure once again,
we obtain a separable Banach space Fo C Ej of full y-measure whose closed
unit ball is compact in Ey. According to a well-known result in the theory
of Banach spaces (see Diestel [442, p. 124]), there exists a reflexive Banach
space F such that F5 C F C Ey and the unit ball from F is bounded in Ej.
Note that E is automatically separable (Exercise 7.14.134), although one can
simply deal with the closure of E5 in E. The closed balls in E are compact
in X. This follows from the fact that they are closed in X, being convex and
weakly closed by their weak compactness in E (see [1661, Ch. IV]). O

The question arises as to which Banach spaces can be taken for F.

It is shown in Fonf, Johnson, Pisier, Preiss [596] that one cannot always
take for E a space with a Schauder basis or with the approximation property.
A Hilbert space E can be found even more rarely. Moreover, if in a Banach
space X every Radon measure is concentrated on a continuously embedded
Hilbert space, then X itself is linearly homeomorphic to a Hilbert space (see
Mouchtari [1337] and Sato [1651]). This assertion does not extend to Fréchet
spaces: for example, it is obvious that on IR° every Radon measure is concen-
trated on a continuously embedded Hilbert space {(z,): > oo cp2? < o0},
where the numbers ¢,, > 0 decrease to zero sufficiently fast. Indeed, the unit
ball in the space F from the previous theorem is coordinate-wise bounded in
IR*° and hence is contained in some Hilbert space of the indicated type. The
following interesting generalization of Theorem 7.12.4 is obtained in Matsak,
Plichko [1271]: one can take for E a closed subspace in the [*-sum of finite-
dimensional Banach spaces. Herer [819] and Okazaki [1397] considered the
so-called stochastic bases in a separable Fréchet space X with a Borel prob-
ability measure p. A stochastic basis is a system of vectors ¢, € X with the
following property: there exist f,, € X* with f,,(¢x) = dnk such that letting
P,z = >"" | fi(z)p;, one has P,z — x p-a.e. It is shown in [1397] that
such a basis exists provided that all continuous seminorms are in L?(u), the
elements of X* have zero means, and there is a sequence {f,} C X* whose
elements are independent random variables with respect to u such that their
linear span is dense in X* with the metric from L?(y). It is also shown in
the same work that the existence of a stochastic basis yields a Banach space
of full measure possessing a Schauder basis. Hence, by the above-mentioned
result, stochastic bases do not always exist.

7.13. Characteristic functionals

This section is devoted to the conditions of countable additivity of additive
set functions on certain algebras of subsets of a linear space. Our main tool
is the concept of a characteristic functional introduced by A.N. Kolmogorov.
However, we start our discussion with the following theorem of Bochner, giv-
ing the description of characteristic functionals of probability measures on IR".
We already know that the characteristic functionals of probability measures
are positive definite, continuous and equal to 1 at the origin. It turns out that
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these properties completely identify the characteristic functionals of probabil-
ity measures.

7.13.1. Theorem. A function ¢: IR" — C coincides with the character-
istic functional of a probability measure on IR™ precisely when it is continuous,
positive definite and p(0) = 1. Hence the class of all characteristic function-
als of nonnegative measures on IR™ coincides with the class of all continuous
positive definite functions.

PROOF. The necessity of the indicated conditions has already been es-
tablished. In the proof of sufficiency we suppose first that the function ¢ is
integrable. It was shown in the proof of Theorem 3.10.20 that ¢ coincides with
the characteristic functional of a probability measure possessing a density with
respect to Lebesgue measure. In the general case, we consider the integrable
functions ¢y (x) = () exp[—k~t|z|?/2], which are positive definite, since so
are the functions exp[—k~!|z|?/2] that are the Fourier transforms of Gaussian
densities. In addition, ¢x(0) = 1. Hence there exist probability measures piy
with i = pr. We show that for every ¢ > 0, there exists R > 0 such that

pie(z: 2| > R) <6, VkelN. (7.13.1)

Since p(z) = klirn (), for the standard Gaussian measure 7, on IR" and

any t > 0, we have

din [ /)l = [ (1= (/] (),
—00 JIjn R"

By (3.8.6) we obtain

k—oo

lim sup g (2: || > R) <3 /}R 1= o/ R)) ().

It remains to observe that as R — oo, the right-hand side tends to zero by the
dominated convergence theorem and continuity of . It follows by (7.13.1)
that for every bounded continuous function f on IR", the integrals of f against
the measures uy, converge. Indeed, such integrals have a limit for every smooth
function f with bounded support, since by the Parseval equality one has

f duy, = / (2m)" Fioy da,

R"

where f € LY(IR™). This yields that such integrals converge for every continu-
ous function f with bounded support, and then (7.13.1) implies the existence
of a limit for every bounded continuous function. Moreover, (7.13.1) and The-
orem 7.11.3 yield the existence of a probability measure p the integral with
respect to which of every bounded continuous function f equals the limit of
the above integrals (this also follows by a general theorem on the sequential
completeness in §8.7). It is easily verified that p is the required measure. [
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We remark that by Theorem 3.10.20 and the Bochner theorem, every
measurable positive definite function ¢ almost everywhere equals the charac-
teristic functional of a nonnegative measure (however, even under the condi-
tion ¢(0) = 1 it is not always true that this measure is probability, since the
continuous modification of ¢ may not equal 1 at zero). As has already been
noted, one cannot omit the measurability of .

We now proceed to infinite-dimensional analogs of the Bochner theorem.

7.13.2. Definition. The characteristic functional (the Fourier trans-
form) of a quasi-measure p on Cyl(X,G) is the function : G — C defined
by the equality

i) = [ eto )

We remark that the function e is integrable with respect to the bounded
measure p o f~' on the real line.

The most important case for applications is where X is a locally convex
space and G = X* is its dual.

7.13.3. Definition. Let G be a linear space. A function ¢: G — C is
called positive definite if Zij:l cicio(y; —y;) > 0 for all y, € G, ¢; € C,
i=1,...,k, ke N.

The Bochner theorem yields the following.

7.13.4. Proposition. A function p: G — C is the characteristic func-
tional of a probability quasi-measure precisely when it is positive definite, con-
tinuous on finite-dimensional linear subspaces in the space G and p(0) = 1.

We note that if a quasi-measure p is symmetric, i.e., u(A) = u(—A) for
every set A € Cyl(X, ), then [ is real.

7.13.5. Lemma. If u and v are measures on o(X*) and o = v, then
one has p = v. The same is true for Radon measures.

Proor. For all functionals fi,..., f,, € X* by Proposition 3.8.6 we have
po (fi,oo oy fu) v =vo(fi,...,fn)"t. Hence u = v on o(X*), which for
Radon measures yields the equality on B(X). O

It is clear that by the dominated convergence theorem the characteristic
functional of any measure on o(X™*) is sequentially continuous. Hence if p
is a measure on a normed space X, then the function g is continuous with
respect to the norm on X*. In the general case, the characteristic functional
of a Radon measure is not continuous in the weak* topology o(X*, X). For
example, if X is an infinite-dimensional locally convex space, then the function
i is o(X*, X)-continuous only in the case, where p is concentrated on the
union of a sequence of finite-dimensional subspaces (Exercise 7.14.133).

Let us give a sufficient condition of continuity of the Fourier transform of
a measure. Recall that a locally convex space X is called barrelled if every
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closed symmetric convex set whose multiples cover X contains a neighborhood
of zero. The Mackey topology 7(X™*, X) on the dual X* to a locally convex
space X is the topology of uniform convergence on convex symmetric weakly
compact sets in X. Regarding X as the dual to (X*, U(X*,X))7 we obtain
the Mackey topology 7(X,X*) on X. If the space X is barrelled, then its
topology is exactly the Mackey topology. A locally convex space is quasi-
complete if all closed bounded sets in it are complete, i.e., all fundamental
nets have limits.

7.13.6. Proposition. (i) Let u be a Radon measure on a locally convex
space X. Then the function i is uniformly continuous in the topology of
uniform convergence on compact sets in X, and if X is quasi-complete, then
also in the Mackey topology 7(X*, X).

(ii) If a measure p is defined on the dual X* to a barrelled space X and
is Radon in the weak® topology, then the function [ is uniformly continuous
on X.

Moreover, the characteristic functionals of Radon measures in a uniformly
tight bounded family are uniformly equicontinuous in both cases.

PRrROOF. Let ||g|| < 1 and € > 0. We can find a compact set K such
that |p[(X\K) < e. Let us take in X* the following neighborhood of zero:
U:={ye X*: sup,cx |y(z)| <e}. Then, by the estimate |exp (iy(z)) —1| <
|y(x)| we have for all y € U

[ Vexpti) = 1]dlul < 206l + [ Jexplin) ~ 1dlu] < 22 4=

X K

It remains to use the estimate

() — ily)| < /X |exp(iy) — expliye)| di| < /X |expli(ys —y2)] — 1] dlpl-

If X is quasi-complete, then the closed convex envelope of any compact set
is compact, hence K can be made convex. In particular, this is the case
if X is the dual to a barrelled space (see Schaefer [1661, Ch. II, Corollary
in §4.3, Ch. IV, §6.1]). The last claim of the proposition is clear from our
reasoning. (I

In general, i may not be continuous in the Mackey topology (see Kwapieri,
Tarieladze [1095]).

We note the following simple estimate useful in the study of characteristic
functionals: if p is a probability quasi-measure on Cyl(X, G), then foralll € G
we have

) —1 < /X ()| p(de) < ( /X z<z>2u<da:>)l/2. (7.13.2)

One can ask under what conditions a function ¢: X* — C is the char-
acteristic functional of a (Radon) measure on X. In the case of a nonneg-
ative measure on IR", the Bochner theorem asserts that this is so if and
only if ¢ is continuous and positive definite. This is not true in general
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infinite-dimensional spaces. For example, the function e~ (**) on the infinite-
dimensional Hilbert space X = [? is not the characteristic functional of a
Borel measure because it is not sequentially continuous in the weak topol-
ogy. Important infinite-dimensional generalizations of the Bochner theorem
are given by the Minlos and Sazonov theorems. The Sazonov theorem [1655]
states that a function ¢ on a Hilbert space X is the characteristic functional
of a nonnegative Radon measure on X if and only if it is positive definite and
continuous in the topology generated by all seminorms of the form z — |Tz|,
where T is a Hilbert—Schmidt operator on X. According to the Minlos the-
orem [1320], if X is the dual to a barrelled nuclear space Y, then the same
is true for the Mackey topology on X. The role of Hilbert-Schmidt operators
in both theorems was clarified by Kolmogorov [1031].

A continuous linear operator on a Hilbert space X is called a Hilbert—
Schmidt operator if for some orthonormal basis {e,}, the sum of the se-
ries >, |Teq|? is finite (then this sum is independent of the basis). An
operator S on H is called nonnegative nuclear if S is a symmetric opera-
tor such that (Sz,z) > 0 for all  and ) (Ses,eq) < oo for some (and
then for all) orthonormal basis {en}. Given a locally convex space X, we
denote by LS(X*,X) the class of all operators R: X* — X of the form
R = ASA*, where S is a symmetric nonnegative nuclear operator in some
separable Hilbert space H and A: H — X is a continuous linear operator.
Let 7(X*, X) be the locally convex topology on X* generated by all semi-
norms y — +/(y, Ry), R € LS(X™*, X). This topology is called the Sazonov
topology. Similarly, one defines the topology 7 (X, X*) on X. The Sazonov
topology on a Hilbert space X is generated by the seminorms x +— |Tz|, where
T is a Hilbert—Schmidt operator on X.

If X is a locally convex space, then the set M C X* is called o(X*, X)-
bounded if sup;¢ |I(x)| < oo for every € X. The strong topology 5(X, X*)
on X is the topology of uniform convergence on all o(X*, X)-bounded sets
in X*.

7.13.7. Theorem. Let X be a locally convex space and let ¢ be a positive
definite function on X* that is continuous in the topology T(X*, X) with
©(0) = 1. Then @ is the characteristic functional of a probability measure on
X that is Radon with respect to the strong topology B(X, X™*).

PRrROOF. By the finite-dimensional Bochner theorem, the function ¢ is the
characteristic functional of a cylindrical quasi-measure . We have to verify
that the measure p is tight when X is considered with the strong topology.
The main idea of the proof is to apply the following estimate. Let u be
a probability measure on IR", and let A and B be symmetric nonnegative
operators on IR" such that B is invertible. Similarly to Corollary 3.8.16 one
proves that if 1 — Refi(y) < e whenever (Ay,y) < 1, then for all C > 0 one

has
Ve
Ve—1

u(gc: (Bz,zx) > C’) < (5 + 20_1traceAB).
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Now one can verify that for every € > 0, there exists a compact ellipsoid K.
in X such that p*(K.) > 1 —e. This ellipsoid is constructed in the following
way. Given § > 0, there exists a seminorm ¢s € 7 (X*, X) with the property
that 1 — Refi(y) < § whenever ¢s(y) < 1. Let S :={y € X*: ¢5(y) < C} and

K. :={z € X: suply(z)| <1}.
yeS

By using the aforementioned inequality one can choose § and C such that the
set K. will be as required. Since the corresponding arguments are presented in
detail in Bourbaki [242, Ch. IX, §6], Vakhania, Tarieladze, Chobanyan [1910,
Ch. VI, §4], Daletskii, Fomin [394, Ch. III, §1], and Smolyanov, Fomin [1755,
§4], we do not reproduce them here. O

7.13.8. Corollary. A function ¢ on a Hilbert space X with ¢(0) =1 is
the characteristic functional of a Radon probability measure on X if and only
if it is positive definite and continuous in the Sazonov topology generated by

all seminorms of the form x — |Tx|, where T is a Hilbert-Schmidt operator
on X.

PROOF. The sufficiency of continuity in the Sazonov topology is clear
from the theorem, since R = /S is a Hilbert-Schmidt operator for any non-
negative nuclear operator S on X. Now let u be a Radon probability measure
on X. It suffices to verify the continuity in the Sazonov topology in the case
where p is concentrated on the ball of radius M centered at the origin, since
the measures Iy, -y, where U, is the ball of radius n centered at the ori-
gin, converge in the variation norm to u, and their characteristic functionals
converge uniformly to fz. The nonnegative operator S defined by the equality

(Su,v) = /X (u,2) (v, ) pldz),

is nuclear, since for any orthonormal basis {e;} one has

oo

> (Sejies) = [ Jaf n(de) < 2%
=1 X
It remains to apply (7.13.2), which yields |fi(y) — 1| < [v/Syl. O

In general Banach spaces, the condition of Theorem 7.13.7 is not necessary
(see Vakhania, Tarieladze, Chobanyan [1910], Mushtari [1348]). Moreover,
the Radon measures on a Banach space X with 7(X™*, X)-continuous char-
acteristic functionals are precisely the measures concentrated on continuously
embedded separable Hilbert spaces. In order to obtain the Minlos theorem,
one has to consider the case where X is the dual to a nuclear space. Namely,
by using Theorem 7.13.7 one proves the following.

7.13.9. Theorem. Let E be a nuclear locally convex space.
(i) Let ¢ be a positive definite function on E with ¢(0) = 1 that is con-
tinuous in the topology T (E, E*). Then ¢ is the characteristic functional of
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a probability measure on E* that is Radon with respect to the strong topology
B(E*, E).

(ii) If E* is metrizable or barrelled, then the characteristic functional of
any probability measure on E* that is Radon in the weak* topology o(E*, E)
(e.g., is Radon in the strong topology B(E*, E)) satisfies the conditions in (i).

It should be noted that in the above theorem, it is not enough to have only
the sequential continuity of the characteristic functional. For example, for any
compact symmetric nonnegative operator S on 2 that has no finite trace, the
function exp(—(Sz,z)) is the characteristic functional of a non-countably ad-
ditive Gaussian cylindrical quasi-measure on [? and is sequentially continuous
even in the weak topology (which is weaker than the Sazonov topology).

The analysis of the proof of Theorem 7.13.7 yields at once the following
statement (see details in Daletskii, Fomin [394, Ch. III], Smolyanov, Fomin
[1755, §4]).

7.13.10. Corollary. (i) Let M be a family of probability measures on
the o-algebra o(X™) in a locally convexr space X such that their characteristic
functionals are equicontinuous at the origin in the topology T (X*,X). Then
the family M is uniformly tight with respect to the strong topology B(X, X™*).

(ii) If a locally convex space X is barrelled and nuclear, then the char-
acteristic functionals of any uniformly tight family of Radon (with respect to
the topology o(X*, X)) probability measures on X* are equicontinuous at the
origin in the topology of space X.

It is important for applications that the above analogs of the Bochner
theorem are valid for such spaces as R>, S(R"), S'(R"), D(R"), D'(IR").

7.14. Supplements and exercises

(i) Extensions of product measures (126). (ii) Measurability on products (129).
(iii) Mafik spaces (130). (iv) Separable measures (132). (v) Diffused and atom-
less measures (133). (vi) Completion regular measures (133). (vii) Radon
spaces (135). (viii) Supports of measures (136). (ix) Generalizations of
Lusin’s theorem (137). (x) Metric outer measures (140). (xi) Capacities (142).
(xii) Covariance operators and means of measures (142). (xiii) The Choquet
representation (145). (xiv) Convolution (146). (xv) Measurable linear func-
tions (149). (xvi) Convex measures (149). (xvii) Pointwise convergence (151).
(xviii) Infinite Radon measures (154). Exercises (155).

7.14(i). Extensions of product measure

Let X7 and X5 be topological spaces with o-algebras of one of our stan-
dard classes (say, Borel or Baire). The space X = X; x X5 is topological as
well and can be equipped with the corresponding o-algebra. If the inclusions
B(X1)®B(X3) C B(X), Ba(X1)®Ba(X3) C Ba(X) are strict, then the ques-
tion arises about extensions of a product measure p to these larger o-algebras
(see §7.6). There are trivial cases, where p is defined on B(X) or Ba(X). For
example, if the spaces X; have countable bases, then B(X) = B(X;)®B(X>),
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and if both X; and X5 are compact, then Ba(X) = Ba(X1) ® Ba(X3) (see
Lemma 6.4.2).

According to Fremlin [622], B(X; X X5) may not belong to the Lebesgue
completion of B(X7)®B(X5) with respect to the measure p1®pus even if both
measures p1 and ps are completion regular (see Definition 7.14.17) Radon
measures on compact spaces. However, as we know, the product measure
admits a Radon extension. It remains an open problem whether the product
of two Borel measures on topological spaces can be always extended to a
Borel measure (this problem is not solved even for purely atomic measures
on compact spaces). It is not known whether there exists a non-Radon Borel
extension of the product of two Radon measures on compact spaces. The
following result shows that the condition in Theorem 7.6.5 can be partly
relaxed.

7.14.1. Theorem. Let uy and s be Borel measures on topological spaces
X, and X, respectively. Then, the product measure p = 1 ®uo extends to a
Borel measure on X = X1 x Xy in either of the following cases:

(i) at least one of the measures p1 and po is T-additive (for example, is
Radon);

(ii) either X1 or Xs is a first countable space.

Assertion (i) is obvious from Lemma 7.6.4 (it was noted in Godfrey, Sion
[703], Ressel [1555], Johnson [911]), and (ii) can be found in Johnson [907].
As observed by R.A. Johnson (see Gardner [660, Section 26]), in case (i) there
may exist two different Borel extensions of 11®us. The proof of (i) employs the
following natural construction of a product of two probability Borel measures
u and v on topological spaces X and Y. Given a set B € B(X xY'), the sets
B, = {y: (z,y) € B} are Borel in Y. Hence the function z — v(B;) is
well-defined. If this function is p-measurable (as is the case if v is T-additive),
then we shall say that the measure vy is defined and set

vi(B) 2:/)<V(Bx)ﬂ(d$).

It is clear that such a measure is a Borel extension of y®v. However, Johnson
[908] constructed examples where the measure vp is not defined. In addition,
he constructed an example where the measure vy is defined whereas the mea-
sure uv is not. Finally, there is an example (Exercise 7.14.111) where X =Y,
and both measures vy and uv are defined, but are not equal.

We close this subsection with two interesting results on infinite products.

7.14.2. Theorem. Let p, be T-additive probability measures on topo-
logical spaces X,,, n € IN. Then the measure jp = Q. jin, on the o-algebra
Qo B(X,,) in the space X =[], X, is T-additive as well and extends to
a T-additive measure on B(X).

The proof is delegated to Exercise 7.14.70.

We have seen in Example 7.3.1 that the Lebesgue completion of an un-
countable product of Dirac measures is not defined on all Borel sets. The
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following theorem shows that this effect is caused by open sets of zero mea-
sure in the factors.

7.14.3. Theorem. Let T be a nonempty set and let X;, t € T, be sep-
arable metric (or Souslin) spaces with Radon probability measures p; such
that for every t, the measure u; does not vanish on nonempty open sets. Let
X = Tlier Xt and p = Q,cp pie- Then B(X) belongs to the Lebesgue com-
pletion of @, cp B(X:) with respect to pi, and p is T-additive. In particular, in
the case of separable metric spaces or completely reqular Souslin spaces, p is
completion regular in the sense of Definition 7.14.17 below.

PRroOF. (1) Let Uy, where « belongs to some index set, be nonempty open
sets of the form V,, xY,, where V,, is an open set in the product of finitely
many spaces X; and Y, is the product of the remaining X;. Let U := |, Ua.
We show that there exists a finite or countable set of indices «, such that
w(U\U,~, Ua,) = 0. By Corollary 4.7.3, there exists a countable set of
indices o, such that pu(Us\Up—; Ua, ) = 0 for each . We show that this is
the required set. Since each U,, depends only on finitely many coordinates,
one can find a finite or countable set S C T with the property that every
U,, has the form U,, = W, xY, where W, is an open set in Hses X,
and Y := HteT\S X:. Denote by 7 the projection to the countable product
[I,cs X5 and set U’ := U~ Uy,. The set w(U) is open in [] .4 X;. Since
U c U c nYnw(U)), where the open sets U’ and 7~ (m(U)) belong to
Q7 B(Xy), it suffices to show that pu(U’) = p(x~(7(U))). Suppose that
w(U") < p(r= (7 (U))), ie., porn t(x(U")) < pon t(m(U)). In the case
of separable metrizable spaces, the product [], g X, is separable metrizable
as well, and the set 7(U) is the union of open (in this space) sets 7(Uy).
Therefore, 7(U) coincides with some finite or countable union of these sets.
The same is true in the case of Souslin spaces. Hence, there exists a such that

pon H(m(Ua)\m(U")) > 0. (7.14.1)
The set U, can be written in the form U, = Wy N W5, where

Wy =Gx [ Xex [] X0 Wo= ][ Xoxwx ] X

SES\F teT\S seS teT\(SUN)

F c S and N C T\S are finite sets, G' is open in [[,.p X, W is open
in [T,cy X¢. It is clear that pu(Us\U’) = pu(Wa)u(Wi\U') by the definition
of the product measures (in this case everything reduces to the countable
product over the indices in S U N). Our hypothesis yields that u(Ws) > 0,
since this number equals the measure of the nonempty open set W in the
finite product of the spaces X;, t € N. By the construction of U’ we have
w(Us\U") = 0. Hence pu(W1\U’) = 0. This contradicts (7.14.1), since we have
T(Ua) = Gx][5eq\r Xs = 7(W1) and p(Wi\U’) = po H(r(W)\m(U")).
(2) By the above, all open sets belong to the completion of @), B(X¢),
hence it contains B(X). In addition, we obtain the T-additivity of p. O
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7.14.4. Remark. It is clear from the proof that this theorem extends to
more general spaces, for example, hereditary Lindel6f. One could also require
the validity of the conclusion for all finite products of T-additive measures p;
that are positive on nonempty open sets.

7.14(ii). Measurability on products

When one considers functions on the product X xY of topological spaces,
the following two questions frequently arise:

(a) the measurability of the function f(z,y) in the situation where the
functions x — f(z,y) and y — f(x,y) possess certain nice properties,

(b) the measurability or continuity of the function

33»—>/ f(z,y) v(dy), (7.14.2)
Y

where v is a measure on Y,

(c) the measurability of the function f(x, cp(a:)) for a mapping p: X — Y.

In Lemma 6.4.6 and Exercise 6.10.43 we have already encountered ques-
tion (a); Corollary 3.4.6 and Lemma 7.6.4 were concerned with question (b).
In this subsection, some additional related facts are mentioned. Exercises
7.14.102-7.14.106 contain information on question (a). In particular, it turns
out that if X and Y are equipped with Radon measures p and v, and all
compact sets in Y are metrizable (for example, Y is a Souslin space), then
the continuity of f in y and its py-measurability in = yield the measurability
with respect to p®v. However, one cannot omit the requirement of metriz-
ability of compact sets in Y. Under the continuum hypothesis, Fremlin [621]
constructed a counter-example (see Exercise 7.14.106). Let us mention an
interesting result from Johnson [905] and Moran [1329], extended in Fremlin
[621] to arbitrary finite products.

7.14.5. Theorem. Let pu and v be Radon probability measures on X
and Y and let a function f: X xY — IR! be continuous in every argument
separately. Then f is measurable with respect to the Radon measure on X XY
that is the extension of u®u.

The proof and a more general assertion can be found in Exercise 7.14.105.
We remark that this theorem follows at once from Proposition 5.2 in Burke,
Pol [285], according to which every separately continuous function on the
product of two compact spaces is jointly Borel measurable.

Concerning question (b) we note that if a function f is bounded and con-
tinuous in every argument separately, then in the case of a metrizable space X,
the function (7.14.2) is continuous on X by the dominated convergence theo-
rem. If X is Souslin (or compact sets in X are metrizable), then such functions
are pu-measurable due to the sequential continuity. In the general case, the
function (7.14.2) may fail to be continuous.

7.14.6. Example. Let X = [0,1] be equipped with Lebesgue measure
and let Y be the space of all continuous functions from [0, 1] to [0, 1] with the
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topology of pointwise convergence. Set F(z,y) = y(z), x € X, y € Y. The
function F' is continuous in every argument separately, but the function

oly) = / Fla.y)de = / (o) d

is discontinuous on Y since for any xy,...,2, € [0,1], there is y € Y with
y(x;) = 0 and (y) > 1/2, although ¢ is sequentially continuous.

Now we give a positive result from Glicksberg [697].

7.14.7. Theorem. Let X be a compact space, let Y be a Hausdorff
space, and let f: X xY — IR! be a bounded function that is continuous
in every argument separately. Then, for every Radon measure v on Y, the
function (7.14.2) is continuous.

PROOF. Since v is a limit of a sequence of Radon measures with compact
support convergent in variation, it suffices to consider the case where Y is
compact. For every x € X, we consider the function f,: y — f(x,y). By the
continuity of f in the second argument, we have f, € C(Y'). By the continuity
of f in the first argument, the mapping  — f, from X to the space C(Y')
with the topology of pointwise convergence is continuous. Hence the image
® of this mapping is compact in the pointwise topology. By the boundedness
of f the set ® is norm bounded in C(Y’). By Theorem 7.10.9 the topology of
pointwise convergence coincides on ¢ with the weak topology. Therefore, the
considered mapping is continuous if we equip C(Y') with the weak topology,
which proves our assertion. O

Exercise 7.14.107 gives some generalization of this theorem. For jointly
continuous functions the situation simplifies; the proof of the next result is
left as Exercise 7.14.108.

7.14.8. Proposition. Suppose that X andY are Hausdorff spaces. Let i
be a T-additive measure on'Y and let f: XxY — IR be a bounded continuous
function. Then the function (7.14.2) is continuous.

Concerning question (c), see Exercise 7.14.113. The measurability of sep-
arately continuous functions is also considered in Janssen [883].

7.14(iii). Maftik spaces
Matiik [1267] obtained the following result.

7.14.9. Theorem. If a space X is normal and countably paracompact,
then every Baire measure u on X has a regular Borel extension v that, for
every open set U C X, satisfies the condition

W|(U) = sup{|ul(F): F U F=f"0), f€Cy(X)}.

This nice result gave rise to the problem of characterization of topological
spaces with the Maiik property.
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7.14.10. Definition. Let X be a completely reqular space.

(i) The space X is called a Mafiik space if every Baire measure on X
extends to a regular Borel measure.

(ii) The space X is called a quasi-Marik space if every Baire measure on
X extends to a Borel measure (not necessarily regular).

(iii) The space X s called measure-compact (or almost Lindeldf) if every
Baire measure on X has a 7-additive Borel extension.

By definition, every normal countably paracompact space is a Maiik
space. It has already been noted (see Example 7.3.9 and Exercise 7.14.69)
that not all completely regular spaces are Maiik. A general result, which
gives a lot of examples with additional interesting properties, is proved in
Ohta, Tamano [1394]. In particular, according to [1394, Example 3.5], there
exists a countably paracompact space X with a Baire measure p without
Borel extensions. Under some additional set-theoretic assumptions, there ex-
ists a normal space X with a Baire measure without Borel extensions (see
Fremlin [635, §439N]). Thus, both conditions in Marik’s theorem are essen-
tial. Trivial examples of Maiik spaces are perfectly normal spaces. Compact
spaces are less trivial examples, since we know that a Baire measure on a
compact space may possess Borel extensions that are not regular. It is clear
by Theorem 7.3.2(ii) that any measure-compact space is Maiik. As shown
in Fremlin [623], under Martin’s axiom and the negation of the continuum
hypothesis, the space IN*! is measure-compact (hence Maiik), but is neither
normal nor countably paracompact. As shown in Moran [1328] and Kemper-
man, Maharam [980], such standard spaces of measure theory as IR and IN*,
where c¢ is the cardinality of the continuum, are not measure-compact. Under
some additional set-theoretic axiom, Aldaz [19] established the existence of a
normal quasi-Maiik space that is not Maiik. On the other hand, it is shown
in [19] that a quasi-Marik space X is Mafik if every countable open cover
of X has a pointwise finite refinement. It is known that the product of any
family of metric spaces is a quasi-Maiik space (Ohta, Tamano [1394]). It is
unknown whether such a product is always Maiik (in particular, it is even
unknown whether any power of IN is a Maiik space). According to [1394,
Example 3.16], the union of two Martik spaces may not be a quasi-Matik space
even if one of them is a functionally open set and the other one is a functionally
closed set. There exists a first countable locally compact space X possessing
a Baire probability measure p that has no Borel extensions (see Fremlin [635,
§439L)). Aldaz [19] has shown that the union X =Y U K and the product
X =Y x K, where Y is a Mafik space and K is compact, are Maiik spaces.
Gale [651] proved that the union of a compact space and a measure-compact
space is measure-compact. It is worth noting that every F-analytic set (hence
every Baire set) in a measure-compact space is measure-compact, see Fremlin
(635, §436G]. Some additional information can be found in Adamski [7], Al-
daz [19], Bachman, Sultan [89], Gale [651], Gardner, Gruenhage [664], Kirk
[1004], Koumoullis [1046], Ohta, Tamano [1394], Wheeler [1978], [1979].
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7.14(iv). Separable measures

In applications it is often desirable to deal with separable measures. By
definition (see §1.12(iii)), a bounded measure p on (X, B) is separable if there
exists an at most countable family C C B such that for every B € B and
every € > 0, one can find a set C € C with |u|(BAC) < e (in other words,
the countable family C is dense in the measure algebra associated with |u|).
It is easily verified that u is separable if and only if all spaces LP(u), where
p € (0,00), are separable (in fact, the separability of either of these spaces
is enough, see Exercise 4.7.63). The connections between the separability of
a measure and its topological regularity properties are not very strong. For
example, the product p of the continuum of copies of Lebesgue measure on
I =10,1] is a nonseparable Radon measure on a separable compact space I¢
(the mutual distances in L?(u) between the coordinate functions are equal
positive numbers). On the other hand, let us consider an example of a Radon
measure y on a compact space X that vanishes on every metrizable compact
set, hence on every Souslin set in X (according to Exercise 7.14.156, so does
the above-mentioned product), but has separable L!(u).

7.14.11. Example. Let X be the space “two arrows” (see Example
6.1.20). The space X is compact, separable, perfectly normal, hereditary
Lindelof and satisfies the first axiom of countability, but every metrizable
subspace in X is at most countable. In addition:

(i) the Borel o-algebra of X is generated by a countable family and sin-
gletons, and every Borel measure on X is separable;

(ii) there exists a Radon probability measure g on X (the natural nor-
malized linear Lebesgue measure on X) such that its image under the natural
projection coincides with Lebesgue measure on [0,1], and p vanishes on all
metrizable subspaces in X (hence on all Souslin subsets in X).

PrOOF. The topological properties of X are listed in Example 6.1.20.
We recall that B(X) is contained in the Borel o-algebra generated by the
standard topology of IR?, since X is hereditary Lindelf and every open set
in X is an at most countable union of elements of the base. According to
Exercise 6.10.36, B(X) consists of all sets B such that for some Borel set
E C [0,1], the set B A m~1(E) is at most countable, where 7: X — [0,1] is
the natural projection. It is clear from this description that B(X) is generated
by a countable family and singletons and that every measure on B(X) is
separable. The measure p is given by the formula p(B) = A(E). The Radon
property of p is obvious from the fact that the set S := 7T(B A wil(E)) is
at most countable, hence for every e > 0, the set F\S contains a compact
subset K with A\(K) > A(E) — ¢, and the set 7—1(K) is compact in X. By
construction, p vanishes on all countable sets, hence by property (i) on all
metrizable subsets (which yields that it vanishes on all Souslin subset in X).
Note that u is a unique probability measure on B(X) with the projection .
We observe that every measure on B(X) is Radon (the proof is similar). O
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The following result (its proof is delegated to Exercise 7.14.147) gives
some sufficient conditions of separability.

7.14.12. Proposition. FEither of the following conditions is sufficient
for separability of a Borel measure p on a space X:

(i) the space X is hereditary Lindeldf and there exists a countable family
of measurable sets approximating with respect to u every element of some base
of the topology in X

(ii) for each € > 0, there exists a metrizable compact set K. such that one
has |p|(X\K;) < €.

7.14.13. Example. Suppose that all compact subsets in X are metriz-
able. Then every Radon measure on X is separable.

We recall that a simple necessary and sufficient condition of the metriz-
ability of a compact space K is the existence of a countable family of contin-
uous functions separating the points in K.

7.14(v). Diffused and atomless measures

7.14.14. Definition. A Borel measure on a Hausdorff space is called
diffused or continuous if it vanishes on all singletons.

Let us recall a concept already encountered in §1.12(iii).

7.14.15. Definition. Let (M, M, ) be a space with a nonnegative mea-
sure. An element A C M is called an atom of the measure p if p(A) > 0
and every element B in M that is contained in A, has measure either zero
or u(A). A measure without atoms is called atomless.

It is clear that any atomless Borel measure is diffused. The following
assertion is obvious (see Exercise 7.14.148).

7.14.16. Lemma. Fvery diffused T-regular (for example, Radon) mea-
sure is atomless.

There exist diffused Borel measures with atoms. An example is the
Dieudonné measure (see Example 7.1.3), for which the whole space is an
atom (since this measure assumes only two values).

It is shown in Grzegorek [751] that there exist two countably generated o-
algebras ©; and G5 such that on each of them there exist atomless probability
measures, but there are no such measures on o(&; U &s).

7.14(vi). Completion regular measures

7.14.17. Definition. (i) A Baire measure is called completion regular
if its Lebesgue extension contains the Borel o-algebra. A Borel measure is
called completion regular if its restriction to the Baire o-algebra is completion
reqular; in other words, for every B € B(X), there exist By, By € Ba(X) with

By CBC By and |u|(B1\B2)=0.
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(ii) A Baire measure is called monogenic if it has a unique regular Borel
extension. A Borel measure is called monogenic if so is its Baire restriction.

It is clear that any completion regular measure is monogenic, but the
converse is not true (for example, for the Dieudonné measure). There exists
a Radon measure on a Radon space (a space on which every Borel measure
is Radon, see the next subsection) such that it is not completion regular. See
references and additional results in Gardner [660, §21].

According to Theorem 7.14.3, the product of any family of Radon proba-
bility measures on separable metric (or Souslin) spaces is completion regular,
provided these measures are positive on nonempty open sets. An important
example of a completion regular measure is the Haar measure on any locally
compact group (see Theorem 9.11.6).

It is unknown whether in the ZFC there exists an example of a com-
pletion regular, but not 7-additive measure on a completely regular space.
Moran [1328] constructed an example of a Baire measure on IR® that is not
T-additive, but his measure is not completion regular. Assuming that there
is a measurable cardinal, we obtain a Baire measure on a metric space that is
not 7-additive (but is completion regular, of course). Let us consider a class
of spaces on which any completion regular measure is T-additive.

A space X is called dyadic if it is a continuous image of the space {0, 1}/
for some set I. The following spaces are dyadic: (i) compact metric spaces,
(ii) finite unions and arbitrary products of dyadic spaces, (iii) functionally
closed sets in dyadic spaces, (iv) compact topological groups. Fremlin and
Grekas [637] introduced the larger class of quasi-dyadic spaces, i.e., continuous
images of arbitrary products of separable metric spaces. According to [637],
continuous images, arbitrary products, and countable unions of quasi-dyadic
spaces are quasi-dyadic. In addition, the Baire subsets of quasi-dyadic spaces
are quasi-dyadic. The following two results are obtained in [637].

7.14.18. Theorem. Let X be a quasi-dyadic space with a completion
reqular Borel probability measure p. Then u is T-additive. If, in addition,
v s a T-additive Borel probability measure on a space Y, then every open
subset in X XY is measurable with respect to the usual product measure pQv.

7.14.19. Corollary. Let X,, a € A, be a family of quasi-dyadic spaces
equipped with completion regular Borel probability measures po. Suppose that
all, with the exception of at most countably many, measures po are positive
on nonempty open sets. Then the measure Qufio on the space [, o4 Xo is
defined on the Borel o-algebra and is completion reqular.

It is worth noting in this connection that according to Gryllakis, Kou-
moullis [750], if p, are T-additive Borel probability measures such that all 7-
additive finite sub-products are completion regular and all measures pq, with
the exception of at most countably many of them, are positive on nonempty
open sets, then the usual product measure is defined on the Borel o-algebra
of [[ X4 and is 7-additive, i.e., p is completion regular.
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7.14(vii). Radon spaces

Let us consider the following classes of topological spaces.

7.14.20. Definition. (i) A topological space X is called a Radon space
if every Borel measure on X is Radon.

(ii) A topological space X is called Borel measure-complete if every Borel
measure on X is T-additive.

Any Radon space is Borel measure-complete, but the converse is false
(example: a nonmeasurable subset of an interval). Exercise 7.14.128 lists some
properties of Radon spaces. Not all compact spaces are Radon (example: the
Dieudonné measure). There exists a first countable compact space that is not
Radon (see Fremlin [635, §439J]). The class of Radon spaces is not closed
with respect to weakening the topology, taking continuous (even injective)
images and, under the continuum hypothesis, the product of two compact
Radon spaces may not be a Radon space (see Wage [1955]). It is unknown
whether every continuous image of a Radon compact space in a Hausdorff
space is Radon. All known examples of Radon compact spaces are sequentially
compact. Some special classes of spaces (for example, Eberlein compacts
or Corson compacts) are known to be Radon under additional set-theoretic
axioms (see Fremlin [635], Gardner [660], Schachermayer [1660]). Although
the definition of Radon spaces is simple and the membership in this class
may be important, it appears, on the basis of the above facts, that it would
be unlikely that a complete characterization of Radon spaces, were it to be
found, could be of great use in applications.

7.14.21. Remark. Sometimes, considering a measure p on a completely
regular space X, it is useful to extend it to the Stone Cech compactifica-
tion X by the formula pg(B) := p(B N X). This is possible for Borel or
Baire measures, but X may be nonmeasurable with respect to the corre-
sponding extension pg of the measure p (i.e., may fail to belong to B(3X),,
or Ba(BX),,). Then one of the following additional assumptions may be
useful: (1) X € Ba(8X), (2) X € B(8X), (3) X is measurable with respect
to all Radon measures on X, (4) X is measurable with respect to all Borel
measures on 3X.

For example, if X is locally compact, then it is open in X, in particular,
X € B(BX).

7.14.22. Example. (see Alexandroff [30], Knowles [1015]) Let X be
completely regular. Every 7-additive measure on X is Radon if and only if X
is measurable with respect to every Radon measure on X (i.e., is universally
Radon measurable in 5X).

ProOOF. If X is universally Radon measurable in X and p is a 7-additive
measure on X, then its extension pg to X is Radon, which yields that p is
Radon. In order to obtain the inverse implication, it suffices to consider
the case where v is a Radon measure on $X such that X is a set of full
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outer v-measure. Then the measure p on X defined by u(B N X) = v(B),
B € B(BX), is T-additive. By our hypothesis, it is Radon on X, whence the
v-measurability of X follows. O

7.14(viii). Supports of measures

In connection with supports of measures, questions arise concerning;:

(a) the existence of a non-trivial atomless (in the sense of §7.14(v)) Borel
measure 4 on a given space X,

(b) the existence of u with the additional property supp u = X,

(c) the properties of the support of a given measure (for example, the
metrizability).

We recall that for Radon measures the absence of atoms is equivalent to
the absence of points of positive measure, but in the general case the first
property is strictly stronger. In §9.12(iii), there is a simple proof of the fact
that on every nonempty compact space without isolated points, there is an
atomless Radon probability measure (but its support may be smaller than
the whole space). The following more general result is obtained in Knowles
[1014].

7.14.23. Theorem. (i) If X is Cech complete and has no isolated points,
then there exists a non-trivial regular atomless Borel measure on X.

(ii) If every subset of X contains an isolated point and X is Borel measure-
complete (see Definition 7.14.20), then there is no non-trivial reqular atomless
Borel measure on X.

Babiker [83] constructed an example (under the continuum hypothesis)
of a completely regular space without isolated points on which there is no
non-trivial atomless Borel measure. Necessary and sufficient conditions for
the existence of a Radon measure p with full support on a compact space are
obtained in Hebert, Lacey [805]. However, such a measure may be atomic.
As shown in [805], if X is compact and first countable and has no isolated
points, then the existence of a Radon measure p with support X implies the
existence of an atomless Radon measure v with support X. In particular, such
a measure v exists if X is a separable first countable compact space without
isolated points. In such problems, various additional set-theoretic assump-
tions may be essential. For example, under the continuum hypothesis, Kunen
[1077] constructed a compact, hereditary Lindelof first countable space X
that is nonseparable, but is the support of a Radon measure p (see also Hay-
don [802]). On the other hand, under Martin’s axiom and the negation of the
continuum hypothesis, such a space cannot exist (see Juhdsz [921], Fremlin
[627]). On some spaces, Radon measures are concentrated on subspaces with
nice properties. For example, according to the Phillips—Grothendieck theo-
rem, every Radon measure on a weakly compact set in a Banach space has a
norm metrizable support. A more general result is given in §7.14(xvii). Let us
give a simple result in this direction (see its application in Exercise 7.14.131).
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7.14.24. Proposition. Let p be a Radon measure on a topological space
X such that there ezists a sequence of p-measurable functions f, separating
the points in X. Then, for every e > 0, there exists a metrizable compact set
K. with |p|(X\K.) < e.

PROOF. The hypothesis yields the existence of an injective y-measurable
function g. Since p is Radon, for every € > 0, there is a compact set K. such
that |u|(X\K.) < € and ¢ is continuous on K.. By the injectivity of g the
compact sets K. are metrizable. O

7.14(ix). Generalizations of Lusin’s theorem

The classical Lusin’s theorem states that a measurable function f on the
space X = [0,1] is almost continuous in the sense that given ¢ > 0, one can
find a compact set K. such that A([0,1]\K.) < € and f is continuous on K.
There are a number of generalizations of this theorem: to more general spaces
X or to more general spaces of values Y (or both). One can construct an ex-
ample of a Borel mapping from X = [0,1] to a compact space Y that is
not almost continuous with respect to Lebesgue measure (Exercise 7.14.76).
A standard generalization (Theorem 7.1.13) covers the case where X is a space
with a Radon measure o and Y is a separable metric space. If, in addition,
X is completely regular and Y is a Fréchet space, then as in the classical
Lusin theorem, given € > 0, there exists a continuous mapping fe: X — Y
with |u|(f # fo) < e. Further generalizations are obtained in Fremlin [625]
and Koumoullis, Prikry [1049] (the latter deals with multivalued mappings),
where it is shown that for every Radon measure p on a space X and every
p-measurable mapping f from X to a metric space Y, there exists a separable
subspace Yy in Y such that f(z) € Yy for p-a.e. 2. In particular, the follow-
ing generalization of Lusin’s theorem is obtained in [625]; for simplicity we
formulate it for finite measures (for another proof, see Kupka, Prikry [1081]).

7.14.25. Theorem. Let p be a Radon measure on a topological space
X and let Y be a metric space. A mapping f: X — Y is measurable with
respect to p if and only if it is almost continuous.

In the case of Lebesgue measure the proof is simplified (Exercise 7.14.75).
It is shown in Burke, Fremlin [288] that under certain additional set-theore-
tical assumptions, there exists a measurable mapping f: [0,1] — [0,w;] that
is not almost continuous, but there are some other set-theoretic assumptions
making this impossible according to Fremlin [625]; see also Fremlin [628].

The next result is a generalization of a theorem obtained in Scorza Drag-
oni [1686] and Krasnosel’skil [1055] in the case X = Y = [a,b], in which
it is a direct corollary of Lusin’s theorem for Cfa,b]-valued mappings. We
follow Berliocchi, Lasry [159] (see also Castaing [317]). Kucia [1069] gives
an extension to the case of f with values in a topological space Z with a
countable base and to the case of multivalued mappings. The latter case un-
der various assumptions is discussed in many papers on multivalued analysis
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(see, e.g., Averna [81]). Other important results and a survey can be found
in Bouziad [247].

7.14.26. Theorem. Let X and Y be two topological spaces such that'Y
has a countable base, let pu be a regular Borel probability measure on X and
let a function f: X xY — IR' be such that, for p-a.e. © € X, the function
y — f(z,y) is continuous, and for every y € Y, the function x — f(x,y) is
p-measurable. Then, for every e > 0, there exists a closed set F' C X such
that (X \F) < € and f|p«y is continuous.

PROOF. It suffices to consider functions with values in (0,1). Let {U,}
be a countable topology base in Y, let {yi} be a dense sequence in Y, and
let on g =qly,, ¢ € QN (0,1). Set By qr :={z € X: f(z,yx) > @n,q(yr)}-
Then E, g = Nrey En.gr € B(X),. It is readily seen that

Eng={zeX: f(z,y) > onqly) Yy €Y}

Letting ¥n q(2,y) = Ig,,(2)¢Pnq(y), we obtain f = sup, v, There-
fore, arranging the pairs (n,q) in a single sequence, we can write f(z,y) =
sup Ia, (z)gx(y), where A, € B(X), and each g is a lower semicontinuous
function. For every k, there exist a closed set Fj and an open set G} such
that Fj, C Ay, C Gy and u(Gp\F)) < €27%72. The restriction of I4, to the
closed set B = Fj, U (X\G}) is lower semicontinuous, hence the restriction
of I, gr to B xY is lower semicontinuous. The set F/ = ﬂzozl By, is closed,
w(X\F') < e/2, and f|p: is lower semicontinuous. Applying the same reason-
ing to 1 — f we find a closed set F" such that u(X\F") < ¢/2 and —f is lower
semicontinuous on F” xY. Finally, letting F' = F' N F”, we obtain a desired
set. Note that if Y is a compact metric space, then the result follows imme-
diately by Lusin’s theorem applied to the following mapping: ®: X — C(Y),

®(z)(y) = f(x,y). O

It is clear from the proof that an analogous theorem holds for lower semi-
continuous functions (see also the papers cited above).

The existence of a countable base in Y is essential and cannot be replaced,
for example, by the assumption that Y is a Lusin space. Indeed, let Y be
C[0,1] with the pointwise convergence topology (this is a Lusin space with
the same Borel g-algebra as for the standard norm on C[0,1]), X = [0, 1] with
Lebesgue measure, f(x,y) = y(z). Suppose we have a positive measure set F
such that f is continuous on F'xY. Then F contains an infinite convergent
sequence {z,}. One can find a sequence of continuous functions y,, convergent
to zero pointwise with y,,(z,) — oo, which leads to a contradiction.

Let us see how the above theorem works.

7.14.27. Example. Let u be a Radon probability measure on a topo-
logical space X and let a function ®: X x R' xIR'® — IR' be measurable
in the first variable and continuous in the couple of the last variables. Sup-
pose that a sequence of py-measurable functions f, converges in measure to
a p-measurable function f and a sequence of p-measurable functions g, is
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bounded in measure in the sense that A}im sup,, p(z: |gn(z)] > M) =0

(which is fulfilled, e.g., if {g,} is bounded in L'(u)). Then the sequence
U (2) 1= ®(z, fu(2), gn(z)) — ®(z, f(2), gn(x)) converges to zero in measure.
Observe that in general one cannot replace the functions <I>(9L'7 f(x), gn (m)) by

®(z, (), 9(x)).

PrROOF. It suffices to show that any subsequence in {#,,} contains a fur-
ther subsequence for which the claim is true because convergence in measure
is metrizable. Hence we may assume that {f, } converges a.e. Given e > 0, we
combine Theorem 7.14.26 and Egoroff’s theorem to find a compact set K C X
such that u(K) > 1 —¢, the restriction of ® to KxIR'xIR! is continuous, f is
bounded on K, and the sequence { f,,} converges to f uniformly on K. There
is M such that p(z: |g,(x)] > M) < ¢ for all n. Hence for some N > M
one has |fy(z)] < N for all z € K and all n > N. By the compactness of
K x[—N, NJ, there exists § > 0 such that |®(x,t,s) — ®(z,t',s)| < € whenever
t,t’ € [-N,N] and |t —¢'| < 4. Hence |9, (2)| <eif z € K, |fn(z)] < N, and
|gn(x)] < N. Let n > N. Then

(s fon(@)] > €) < p(XNE) + (e |ga(e)] > N) < 22,

which completes the proof. (I

Yet another aspect of Lusin’s theorem is related to the approximate con-
tinuity. Approximately continuous functions on topological spaces are con-
sidered in Sion [1733]. Let X be a topological space equipped with a finite
nonnegative regular Borel measure p, let € X, and let A'(z) denote a basis
of neighborhoods of x. A mapping f on X with values in a topological space
Y is said to be p-continuous at x if, for every € > 0 and every neighborhood
V of f(x), there exists a neighborhood U, of x such that for every W be-
longing to N (z) and contained in U,, we have u(W — f=1(V)) < ep(W).
Let us consider the following property (V) (Vitali’s property): there exists
a > 0 such that, for every A € B(X), and every family & of open sets
with the property that every neighborhood W of every x € A contains some
U € UNN(z), one can find a countable subfamily {U,} of U such that
(1) p(A=U,2, Uy) =0, (2) for every p-measurable set B C |Jo-, U, one
has 3 cp (BN W) < au(B). The following result is proved in [1733].

7.14.28. Theorem. Let Y have a countable base and let u have prop-
erty (V). Then f: X — Y is u-measurable if and only if f is p-continuous
at p-almost all x. In addition, for every A € B(X),, one has the equality

lim ANW W) =0 for u-almost all x.
plm (AN () = 0 for

The last assertion remains true if in place of property (V) the measure u
possesses property (V’) that is defined as follows: only (1) in the definition of
(V) is required for some disjoint family {U, }.
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7.14(x). Metric outer measures

We shall discuss here an application of Carathéodory’s method to con-
structing the so-called metric outer measures on metric spaces, including cer-
tain generalizations of Hausdorff measures. A metric outer measure on a
metric space (X, d) is a Carathéodory outer measure m such that

m(AUB) =m(A) +m(B) if dist (A, B) > 0, (7.14.3)

where dist(A4, B) := infseapep d(a,b), dist(A, @) := +oo. We have already
encountered this condition in Chapter 1, where we have in fact proved the
following result (see Theorem 1.11.10).

7.14.29. Theorem. A Carathéodory outer measure m on a metric space
X is a metric outer measure precisely when all Borel sets are m-measurable.

We know that the Hausdorff measures H?® satisfy this condition. The
measures H*® are obtained as a special case of the measure H" generated by
a set function h: F — [0, +o0c] defined on some class F of subsets of X and
satisfying the condition h(@) = 0. By means of this function one defines the
Carathéodory outer measures

H™(A) = mf{z h(F)): Fj € F,diamF; <e,Ac | Fj}, e>0.
j=1 j=1
If there are no such Fj, then we set H"(A) = co. According to the termi-
nology of Chapter 1, the function H"¢ is the Carathéodory outer measure
generated by the function i with the domain consisting of all sets in the class
F of diameter at most €. Now let
H"(A) := lim H"*(A) = sup H"(A).
e—0 £>0
Letting h(F) = a(s)27%(diam F)*, a(s) = I['(1 + s/2)7!, and F = 2%, we
obtain the r-dimensional Hausdorff measure H°. One can take more general
functions h(F) = t(diam F). Certainly, H" also depends on the choice of the
class F.
The proof of the following theorem is the subject of Exercise 7.14.85.

7.14.30. Theorem. The above-defined Carathéodory outer measure H"
18 a metric outer measure.

Howroyd [856] established the following important fact.

7.14.31. Theorem. Let X be a Souslin metric space and let H" be the
r-dimensional Hausdorff measure on X. Then, for every Borel set B C X and
every a < H"(B), there exists a compact set K C B with a« < H"(K) < oc.

According to a theorem of Davies (see Davies [410], Rogers [1587]), in
the case of Souslin subspaces of IR"™ the analogous assertion is true for the
measure H" with an arbitrary strictly increasing continuous function h such
that ~(0) = 0. However, for general compact metric spaces, this is not true,
as an example in Davies, Rogers [417] shows.
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7.14.32. Proposition. Let X be a separable metric space, let F be
a family of subsets of X containing B(X), and let h: F — [0,+o0] be a
monotone countably subadditive set function. Then, for every H"-measurable

set A, one has
= sup Z h(B

where I Tuns through the family of all partitions of X into countably many
disjoint Borel sets.

In addition, H"(A) = lim;_ ZBeHj h(B) for every sequence of parti-
tions IL; of the set A into countably many disjoint Borel parts of diameter at
most d;, where 6; — 0.

PROOF. Let Ap be Borel sets of diameter at most é covering A. Then
h(A) < 322, h(Ag), whence we obtain h(A) < H™?(A) for all § > 0. Hence
h(A) < H"(A). For every sequence of pairwise disjoint Borel sets Ej, C A, we
obtain HM(E) > Y22 HM(Ey,) > >°72, h(Ey). Thus, H"(A) is not smaller
than the indicated supremum denoted by S. On the other hand, for every
g > 0, there exists § > 0 such that H"(A) < H"°(A) +¢. It is clear from the
definition of H™?(A) that the right-hand side is estimated by S + ¢ because
we can consider partitions of A into Borel parts Ej of diameter at most J.
Therefore, H"(A) < S. The last claim is clear from the estimate H"% (A) <

> pen, M(B). 0

7.14.33. Theorem. (i) Let X be a separable metric space, let (Y, A, 1)
be a measure space, and let f: X — Y satisfy the condition f(B(X)) C A
We set F := B(X) and h(B) := p(f(B)), B € B(X). Then, for every
H"-measurable set A, one has

:/YCard (AN () u(dy).

(ii) If X is a complete separable metric space, Y is a metric space, and a
mapping f: X — Y is Lipschitzian with constant L, then for all B € B(X)
one has

H™(f(B)) < /YCard (BN f~Y(y)) H"(dy) < L"H™(B), n €.

PROOF. (i) Since there exist Borel sets By and By with B; C A C By and
H"(B,) = H"(By), it suffices to prove our theorem for any Borel set A. Let
us take a sequence of decreasing partitions II; of the set A into Borel parts
Aj i of diameter at most 277. Then the functions >7%, If(a, (%) increase
to Card (A N f’l(ac)) as j — oo. It remains to use the equalities

H"(A) = lim Zh k) = hm Z/ Ipca, (@) p(dz)
k=1

j—o0

and the monotone convergence theorem.
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(ii) For every B € B(X), the set f(B) is measurable with respect to H™.
In addition, h(B) := H"(f(B)) < L"H"(B). Let us take a sequence of
decreasing partitions II; of the set A into Borel parts A ; of diameter at
most 277. Then

klin;oz H™(f(Ar;)) < L™ klingoz H"(Ay;) = L"H"(A).
Hence we obtain the inequality
H(F(4)) < [ Cand(AN 7)) H"(dy) = H'(4) < L"H"(4)
Y

as required. O

7.14(xi). Capacities

Let us make several remarks about capacities, an interesting class of
set functions. A Choquet capacity is a function C defined on the family
of all subsets of a topological space X and having values in [0, +00] such that
C(A) < C(B)if A c B, lim C(A,) = C(A) if the sets A,, are increasing
to A, and lim C(K,) = C(K) if the sets K,, are compact and decrease to K.

n—oo

If 1 is a nonnegative Borel measure on X, then u* is a Choquet capacity.
Similarly to Theorem 1.10.5 one proves the following Choquet theorem.

7.14.34. Theorem. Let C be a Choquet capacity on a Souslin space X
such that C(X) < co. Then, for every e > 0, there exists a compact set K.
such that C(K.) > C(X) —

Unlike the case of measures, this property of capacities does not mean
that there exist compact sets S. with C(X\S:) < e. Regarding capacities,
see Bogachev [208], Choquet [349], Dellacherie [424], [425], Goldshtein,
Reshetnyak [709], Meyer [1311], Sion [1734].

7.14(xii). Covariance operators and means of measures

Throughout this subsection X is a locally convex space and all measures
under consideration are nonnegative. Let X* denote the dual space to X (the
space of all continuous linear functions on X).

7.14.35. Definition. (i) 4 measure p on o(X™*) is said to have a weak
moment of order r > 0 (or to be of weak order r) if X* C L™ (u).

(ii) A Borel (or Baire) measure p on X is said to be a measure with a
strong moment of order r > 0 (or to be of strong order r) if v € L"(u) for
every continuous seminorm ¥ on X.

The atomic measure p on [ with p(ne,) = n=2, where {e,} is the stan-
dard basis, has a weak first moment because Zn T Y| < o0 if (y,) € 12,
but has no strong first moment, since > >, n~! = oo.
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7.14.36. Definition. Let u be a measure on X of weak order 1. We
shall say that p has the mean (or barycenter) m, € X if for every l € X*,
one has

tm,) = [ ita) ).

In the general case, the existence of weak moments does not guarantee the
existence of the mean. For example, let the measure i be defined on the space
co by u(2"e,) = 27", where e, are the elements of the standard basis in c¢g.
Then p has a weak first moment, but has no mean (otherwise all coordinates
of the mean would equal 1). It is interesting to note that such an example is
impossible in the spaces that do not contain cg.

7.14.37. Proposition. If a complete metrizable locally convexr space
X has no subspace that is linearly homeomorphic to co, then every Radon
measure ji on X of weak order 1 has the mean m,,.

The proof is given in Vakhania, Tarieladze [1909].
For any measure p of weak order p on a locally convex space X we obtain
the operator T,,: X* — LP(u) of the natural embedding.

7.14.38. Lemma. Let a measure pu on a normed space X have a weak
moment of order p. Then the operator T,,: X* — LP(u) has a closed graph
in the norm topologies and hence is continuous.

PRrROOF. If f,, f € X* and f,(z) — f(z) pointwise and f,, — g in LP(u),
then the sequence {|f,|P} is uniformly integrable, whence we obtain that
frn— fin LP(u) and f = g a.e. The second claim follows by the closed graph
theorem due to the completeness of X*. O

7.14.39. Definition. Let p be a probability measure of weak order 2. Its
covariance C,: X*xX* — R is defined by the formula

Coltn o) = [ @la(o) o) = [ (o) utde) [ tata) i)

The covariance operator R, from X* to the algebraic dual of X* is defined
by the equality R,,: X* — (X*)', R,.(f)(9) =CL(f,9)-

It is clear that every covariance operator R has the following properties:
(1) linearity, (2) nonnegativity, i.e., (f, R(f)) > 0 for all f € X*, (3) symme-
try, i, (R(f),9) = (R(g). f) for all f,g € X*.

Under broad assumptions, the covariance operators have values in such
subspaces of the algebraic dual of X* as X** or X and are continuous in
reasonable topologies. This question is thoroughly investigated in Vakhania,
Tarieladze [1909]. We mention only few results.

7.14.40. Theorem. Let p be a Radon probability measure on a com-
plete (or quasi-complete) locally convex space X and let p have a weak second
moment. Then R,(X*) C X.
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7.14.41. Theorem. The class of covariance operators of measures of
weak second order on a separable Fréchet space X coincides with the class of
all symmetric nonnegative operators from X* to X.

Typically, the class of covariance operators of measures of strong second
order is smaller.

7.14.42. Proposition. Let H be a separable Hilbert space and let p be
a measure of weak order 2. Then p has a strong second moment if and only
if its covariance operator R, is nuclear.

On non-Hilbert spaces, the covariance operators do not characterize the
existence of strong moments.

7.14.43. Theorem. Let X be a Banach space. The following two condi-
tions are equivalent: (1) X is linearly homeomorphic to a Hilbert space; (ii) for
every two Radon probability measures p and v with R, = R,,, the existence
of the strong second moment of u implies the existence of the strong second
moment of v.

There exists extensive literature on the covariance operators of Gauss-
ian measures (see references in Bogachev [208], Vakhania, Tarieladze [1909],
Vakhania, Tarieladze, Chobanyan [1910]). The consideration of strong mo-
ments is especially efficient for measures on Banach spaces. Given a Borel
probability measure p on a separable Banach space with a strong first mo-
ment, it is often necessary in applications to be able to approximate in the
mean the identity operator by “finite-dimensional mappings”, i.e., to con-
struct mapping F;, such that

/ & — Fp(@)|| p(dz) — 0, (7.14.4)
X

where F), is finite-dimensional in a reasonable sense, for example, has a finite-
dimensional range or depends on finitely many linear functionals (has the
form F,, = Gp(l1,...,l;), where [; € X* and G,,: R* — X).

7.14.44. Proposition. Let X be a separable Banach space, let pu be a
Borel probability measure on X, and let F': X — X be a measurable mapping
with

[ IF@IP a(da) < o,
b'e
where p € [1,00). Then, for every € > 0, there exist continuous linear func-

tions ly,...,l, on X and a continuous mapping ¢: R" — X with compact
support and values in a finite-dimensional subspace such that

/ HF(’I) —o(li(z),... ,ln(x))Hpu(da;) e
X

The proof can be found in Exercise 7.14.145.
The obtained approximation is a function of finitely many functionals and
has values in a finite-dimensional subspace, but is not linear even for linear
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continuous F. If X has a Schauder basis {e;} and F' is a continuous linear
operator, then one can easily construct finite-dimensional linear approxima-
tions of F by setting F,(z) = Y i, l;(F(x))e;, where [; are the coefficients
in the expansion with respect to the basis {e;}. Corollary 7.14.46 below uses
a weaker requirement on X, namely, the approximation property. This prop-
erty means that for every compact set K C X and every € > 0, there exists
a continuous linear operator T: X — X with a finite-dimensional range such
that ||z — Tz|| < e for all z € K. It is known that not every Banach space
possesses such a property.

7.14.45. Theorem. Let pu be a Borel probability measure on a separable
Banach space X with the strong moment of some order r > 0. Then, there
exists a linear subspace E C X with the following properties:

(i) E with some norm || - ||g is a separable reflexive Banach space whose
closed balls are compact in X; (ii) p(E) =1 and

/ 2ll5 u(dz) < oo
E

If w on X has all strong moments, then E can be chosen with such a
property. Finally, these assertions are true for separable Fréchet spaces.

The proof can be found in Exercise 7.14.146 (see also Exercise 8.10.127).

7.14.46. Corollary. Let pu be a Borel probability measure on a separable
Banach space X having the strong moment of order r. Suppose that X has
the approximation property. Then, for every € > 0, there exists a continuous
linear operator T with a finite-dimensional range such that

/ |z — Tz|" p(dz) < e.
X

PROOF. Let E be the space from the above theorem and let K be its unit
ball. We find ¢ > 0 such that the integral of the function ||z||; on E is less
than €/gg. Take a finite-dimensional operator T' with supg ||z — Tz|| < eo.
Then we have ||z — Tz|| < eol|2||g if z € E. Thus,

/ 2 — T2|” u(dz) < eo / 2l u(dz) < e.
FE E

The assertion is proven. (I

This corollary does not extend to arbitrary Banach spaces (see Fonf, John-
son, Pisier, Preiss [596]).

7.14(xiii). The Choquet representation

Let K be a compact set in a locally convex space X. Then, for every
element b in the closed convex envelope of K, there exists a Radon probability
measure g on K for which b is the barycenter, i.e.,

l(b):/ ldy foralll € X*.
K
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See Exercise 7.14.144 for a proof. In this case p is called a representing
measure for b. For convex compact sets, it is useful to have a representing
measure concentrated on the set of extreme points. The existence of such
measures is established by the following Choquet—Bishop—de Leeuw theorem.
Choquet proved this theorem for metrizable K. In this case the set extK of
extreme points of K is a Gs-set, in particular, it belongs to B(K). This is not
true in the general case, which leads to modifications in the formulation. See
Phelps [1448] for a proof.

7.14.47. Theorem. Let K be a convexr compact set in a locally convex
space X. Then for every k € K, there exists a Radon probability measure
w on K representing k and vanishing on all Baire sets in K\extK. If K
metrizable, then p(extK) = 1.

Let K be a convex metrizable compact set in a locally convex space X.
Denote by E the set of its extreme points. Let us consider the mapping
B: P.(E) — K that associates to every Radon probability measure p on E
its barycenter 3(u). By the Choquet theorem this mapping is surjective. It
is clear that  is affine and continuous if P,.(E) is equipped with the weak
topology, in which P,.(F) is a Souslin space. Hence there exists a universally
measurable mapping ¢: K — P,.(FE) such that k is the barycenter of the
measure (k) for all k € K.

There is extensive literature devoted to representation theorems of the
Choquet type, see, for example, Alfsen [35], Edwards [518], Meyer [1311],
Phelps [1448], von Weizsécker [1968], von Weizsicker, Winkler [1971].

7.14(xiv). Convolution

Let us observe that if ¢ and v are two measures defined on the o-algebra
o(X™*) in a locally convex space X, then their product p®wv is a measure
on o ((X xX)*). It follows by Theorem 7.6.2 that if y and v are Radon (or
T-additive) measures, then their product p®v has a unique extension to a
Radon (respectively, 7-additive) measure on X x X. The same is true if X is
a Hausdorff topological vector space. Under the product of Radon measures
we shall always understand this extension.

7.14.48. Definition. Let pu and v be Radon (or T-additive) measures on
a locally convez (or Hausdorff topological vector) space X. Their convolution
wxv is defined as the image of the measure uQv (extended to a Radon measure
as stated above) on the space X x X under the mapping (z,y) — = +y from
XxX to X.

7.14.49. Theorem. Let i and v be Radon measures on a locally convex
space X. Then for every Borel set B C X, the function x — u(B — x) is
v-measurable and one has

wxv(B) = /X w(B — x)v(dz).

In addition, pxv =v*u and 1 ¥ v = .



7.14. Supplements and exercises 147

The proof is left as Exercise 7.14.151.
It is clear that by analogy one can define the convolution of two cylindrical
quasi-measures.

7.14.50. Proposition. Let i and A be Radon probability measures on a
locally convex space X . Suppose that there exists a positive definite function
w: X* — C such that A\ = pu. Then, there exists a Radon probability measure
v on X with v = p. In addition, A = v * .

PRrROOF. It follows by our hypothesis that the restrictions of the function
© to finite-dimensional subspaces are continuous at the origin, hence at any
other point. Therefore, ¢ is the characteristic functional of a nonnegative
quasi-measure v on the algebra of cylindrical sets. It remains to show that the
set function v is tight because then the equality A = v will give the equality
A =v#*pu. Let € > 0 and let S be a compact set with p(X\S)+A(X\S5) < &/2.
One can assume that 0 € S. The set K := 5 — § is compact and S C K.
Let be C be a cylindrical set with C N K = &. The set C has the form
C = P7Y(B), where B € B(IR") and P: X — IR" is a continuous linear
mapping. We observe that BN P(K) = &. Indeed, if x € C, then z + h € C
for all h € Ker P. In particular, BN P(S) = @, whence C N P~(P(5)) = 2.
The set Co := P~!(P(S)) is cylindrical, and we have S C Cj and

1—¢/2<A(S) < A(Cy) = / v(Coy — ) u(dz) < / v(Co — ) u(dzx) +€/2,
X s

whence we obtain the existence of zg € S such that v(Cy —xg) > 1 —¢e. In

addition, (Cy — z9) NC = &, since P(Cy — xp) C P(S — 5) because xo € S.

Thus, v(C) < ¢, i.e., the quasi-measure v is tight. O

For the proof of the following result, see Vakhania, Tarieladze, Chobanyan
[1910, §VL.3].

7.14.51. Proposition. Let u; and ps be two nonnegative cylindrical
quasi-measures on the algebra of cylindrical sets in a locally convexr space X
such that py is symmetric, i.e., p1(A) = p1(—=A). If p:= p1 * po admits a
Radon extension, then both measures p1 and po admit Radon extensions.

The assumption that p is symmetric cannot be omitted. Indeed, let [ be
a discontinuous linear functional on X* (which exists, for example, if X is an
infinite-dimensional Banach space). Then the functionals exp(il) and exp(—il)
are the Fourier transforms of cylindrical quasi-measures on Cyl(X, X*) with-
out Radon extensions, but their convolution is the Dirac measure 6. This
example is typical: according to Rosiriski [1611], if 4 and v are nonnegative
cylindrical quasi-measures on Cyl(X, X*) such that p * v is tight, then there
exists an element [ in the algebraic dual of X* with the property that the
cylindrical quasi-measures p * 0; and v * 0_; (where §; and J_; are cylindri-
cal quasi-measures with the Fourier transforms exp(il) and exp(—il), respec-
tively) are tight on X (and hence have Radon extensions). These results can
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be generalized to families of measures as follows (see Vakhania, Tarieladze,
Chobanyan [1910, Proposition 1.4.8]).

7.14.52. Proposition. Let {ux} and {va} be two families of T-additive
probability measures on a Hausdorff topological vector space X. Suppose that
the family {uy*vy} is uniformly tight, i.e., for every e > 0, there is a compact
set K. such that py x vx(X\K.) < & for all \. Then, there exists a family
{z2} of points in X such that {ux * 6, } is a uniformly tight family. If, in
addition, the measures puy are symmetric, then both families {p\} and {vy}
are uniformly tight.

In a similar manner one defines the convolution of measures on a topo-
logical group. Namely, let (G, B) be a measurable group (i.e., the mappings
x — —zx and (x,y) — x + y are measurable with respect to B and B® B,
respectively). Let p and v be two measures on B. The image of the measure
u®v on GxG under the mapping ¢ : (z,y) — x + y is called the convolution
of p and v and is denoted by p * v.

One can verify that for every B € B one has

pxv(B) = /GM(B —z)v(dz) = /Gu(—as + B) p(dz). (7.14.5)

If G is commutative, then so is the convolution.

Let G be a topological group. Then, as we have seen above in the case of
a locally convex space, G may not be a measurable group with the o-algebra
B = B(G). However, if 1 and v are T-additive or Radon, then p®v admits a
7-additive (respectively, Radon) extension to GXG. Therefore, in this case the
convolution can be defined as the image of this extension under the mapping g,
which is continuous. Then (7.14.5) remains valid for B € B(G).

Equipped with the operation of convolution, the space of Radon (or 7-ad-
ditive) probability measures on a topological group G becomes a topological
semigroup; its neutral element is Dirac’s measure at the neutral element of G.

It is shown in [1910, Corollary of Lemma 1.4.3] that if {ux} and {v,} are
two families of 7-additive probability measures on a topological group G such
that the family {uy * v5} is uniformly tight, then there exists a family {x,}
of elements of G such that the family {uy * d,, } is uniformly tight.

According to [1910, Proposition 1.4.6], if © and v are two 7-additive prob-
ability measures on a topological group G, then the support of u* v coincides
with the closure of the set S, + S,. This means that the Dirac measures d,,
x € G, are the only invertible elements in the topological semigroup P, (G).

Finally, let us make a remark about random vectors. Let X be a lo-
cally convex space and let (Q,F, P) be a probability space. A measurable
mapping &: Q — (X,U(X)) is called a random vector in X. The measure
P:(C) = P(£71(C)) is called the distribution (law) of €. It is clear that every
probability measure on o(X™*) has such a form (with the identity mapping
&(x) = ). If we have a family of probability measures p,, on X, then there
exists a family of independent random vectors £, on a common probability
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space  such that Pe, = p1,, (we take Q =772, X,, X, = X, P = Q) fin,
&n(w) = wy); see §10.10(i) about independent random elements. In particular,
two random vectors £ and 7 with values in X are called independent if

PeAneB)=PlecAPneB), YA Beco(X").

Several interesting classes of measures on infinite-dimensional spaces are
defined by means of independent random vectors or convolutions. For exam-
ple, a random vector £ with values in a locally convex space X is called (see
Tortrat [1888]) stable of order a € (0,2] if for every n, there exists a vector
an € X such that, given independent random vectors &1, . .., £, with the same
distribution g of the vector &, the random vector n= /(& + -+ 4+ &,) — an
has the distribution p as well. The stable of order 2 random vectors are pre-
cisely the Gaussian vectors. The distributions of stable vectors are mixtures
of Gaussian measures (see Sztencel [1820]). One-dimensional stable distribu-
tions are studied in depth in Zolotarev [2033].

7.14(xv). Measurable linear functions

Let p be a Radon probability measure on a locally convex space X with
the topological dual X*. A function [: X — IR' is called proper linear -
measurable if it is linear on all of X in the usual sense and is y-measurable.
The collection of all such functions is denoted by A(u). Let A(x) denote the
class of all functions having modifications in the class A(x). However, there
is another natural way of defining measurable linear functions. Namely, let
Ao(p) be the closure of X* in LO(u), i.e., I € Ag(p) if there exists a sequence of
functions l,, € X* convergent to [ in measure. Since {l,,} contains an almost
everywhere convergent subsequence, we may assume that [, — [ a.e.

7.14.53. Lemma. One has Ao(1) C A().

The proof is left as Exercise 7.14.152. There are examples where /~\(u)
does not coincide with Ag(p) even for symmetric measures i, see Kanter [949],
[950], Urbanik [1902]. One such example is the distribution of the stable of
order o < 2 random process with independent increments.

7.14(xvi). Convex measures

The convexity of a Radon probability measure p on a locally convex space
X is defined exactly as in IR". Namely, it is required that

(@A + (1= a)B) > u(A)°u(B)' =
for all nonempty Borel sets A and B and all a € [0, 1]. Convex measures are
also called logarithmically concave.

If X is a Souslin space, then the algebraic sum of two Borel sets is Souslin,
hence there is no need to consider the inner measure.

7.14.54. Lemma. A Radon probability measure p is convex precisely
when all its finite-dimensional projections are convez.



150 Chapter 7. Measures on topological spaces

PROOF. If we take for A and B cylindrical sets, then we obtain the con-
vexity of finite-dimensional projections. Conversely, suppose that all such
projections are convex and let A and B be Borel sets. Since u is Radon, it
suffices to consider the case where A and B are compact. In that case, since
in the weak topology p is Radon and A and B are compact, given £ > 0 and
a € (0,1), one can find an open cylindrical set C such that

aA+(1—a)BCC and p(C)<p(ad+(1—-a)B)+e.

By using the compactness of A and B once again, we find a convex cylindrical
neighborhood of the origin V such that a(A+V)+ (1 —«a)(B+V) C C. As
one can easily see, A+ V and B + V are cylinders. The required estimate
is true for all cylinders by the convexity of the finite-dimensional projections.
Hence we obtain

w(C) > pla(A+V)+(1—a)(B+V)) > pu(A+V)*u(B+V)
> u(A)*u(B) 7,

which yields the required estimate because ¢ is arbitrary. (]

7.14.55. Corollary. (i) If u is a convex Radon probability measure on
a locally convex space X and T: X — Y is a continuous linear mapping to a
locally convex space Y, then the measure poT~' is conver.

(ii) If u is a convexr Radon probability measure on a locally convex space
X and v is a convexr Radon measure on a locally convexr space Y, then p®v
s a convex measure on X XY . In particular, if X =Y, then u*v is a convex
measure.

7.14.56. Theorem. (Borell [236]) Let 1 be a convexr Radon probability
measure on a locally convex space X and let p be a seminorm on X that is
measurable with respect to p. Then, there exists ¢ > 0 such that exp(cp) is
p-integrable. In particular, p € L7 () for all r € (0, 00).

7.14.57. Theorem. (Borell [238]) Let 1 be a convexr Radon probability
measure on a locally convex space X, h € X a nonzero vector and Y a closed
hyperplane such that X =Y @ R'h. Then, on the straight lines y + R'h,
y €Y, there exist convexr probability measures p¥ such that

u(B) = [ w(B)vidy). B e BX).
Y
where v is the image of p under the natural projection X — Y.

Bobkov [194] proved that for any convex measure p, as in the well-known
Gaussian case, convergence in measure in the space of polynomials of degree
at most d in continuous linear functionals is equivalent to convergence in all
LP(u), p € [1,400). On convex measures, see also Exercise 8.10.115.



7.14. Supplements and exercises 151

7.14(xvii). Pointwise convergence

We know that pointwise convergence of a sequence of measurable func-
tions yields convergence in measure, but this is no longer true for nets. The
inverse implication also is false in the general case. Here we consider condi-
tions under which the topology of convergence in measure on a given class
of functions coincides with the topology of pointwise convergence. The main
results were obtained in Ionescu Tulcea [862], [863] and reinforced in Edgar
[515], Fremlin [621], Talagrand [1831]. A detailed presentation of these re-
sults is given in Fremlin [635, v. 4].

7.14.58. Proposition. Let (X, F, u) be a complete probability space and
let M C L>®(n) be a set such that if two functions in M are equal a.e., then
they coincide everywhere. Then the following assertions are true.

(i) If the set M is countably compact in the topology 7, of pointwise con-
vergence, then for every x € X, the function f +— f(x) is continuous on
M with the topology T, of convergence in measure, i.e., the identity mapping
(M, 7,) — (M, 7,) is continuous. In addition, M is closed in L°(u).

(ii) If the set M is sequentially compact in the topology T,, then the iden-
tity mapping (M, 1,) — (M, 7,) is continuous and is a homeomorphism, and
M is a metrizable compact space in these topologies.

(iil) If the set M is countably compact in the topology T, and is convex
and uniformly integrable, then the following topologies coincide on M: Tp, T,,
the weak topology o(L', L>), and the norm topology of L'.

(iv) If the set M is compact in the topology T, and convex, then the topol-
ogy T, coincides on M with the metrizable topology 7.

Proor. (i) Let z € X and let f, — f in measure, f,,f € M. If
fa(x) # f(x), then, by pointwise boundedness, which follows by count-
able compactness, there exists a subsequence {f;} such that f/ (z) converges,
but not to f(x). Let us take an a.e. convergent subsequence {f/} in {f}}.
By countable compactness, {f/} has a limit point ¢ € M in the topol-
ogy Tp. Then g(z) = f(z) a.e. (at all points x where {f/(x)} converges),
but g(z) = nh_)n;o fl(z) # f(x), contrary to our hypothesis on M. It is easily

verified that M is closed in LO(p).

(ii) The set M is compact in the metrizable topology 7,, because every
sequence {f,} in M contains a subsequence that is pointwise convergent to
a function from M, hence in measure. Now (i) applies, since M is countably
compact by sequential compactness, and the continuous images of compact
sets are compact.

(iii) We observe that M is closed in L!(u) by virtue of (i). By convexity
M is closed in the weak topology. On account of uniform integrability this
yields the weak compactness of M in L'(u). Let us show that the mapping
(M,U(Ll,LOO)) — (M, T,) is continuous, i.e., for every fixed x € X, the
function f +— f(x) is continuous on (M, o (L', L*°)). To this end, it suffices
to verify that for every real number ¢, the sets {f € M: f(z) < ¢} and
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{f € M: f(x) > c} are closed in the topology o(L!, L>). Since these sets are
closed in the topology of pointwise convergence, it follows by (i) that they are
closed in the topology 7, hence in the norm topology on M. Since M is closed
in L'(u), both sets are closed subsets of L'(u), which by convexity yields
that they are weakly closed. Thus, the mapping (M,o (L', L>®)) — (M,7,)
is continuous, hence by the weak compactness of M it is a homeomorphism.
By the uniform integrability of M the norm topology coincides on M with 7,,.
The already-established weak compactness of M by the Eberlein-Smulian
theorem gives weak sequential compactness, which means (by the equality of
7, and o(L',L>) on the set M) sequential compactness in 7,. According
to (ii) all the indicated topologies coincide on M.

(iv) According to assertion (i) the identity mapping (M, 7,) — (M, 7,) is
continuous and the set M is closed in L°(u). Hence it suffices to prove the
compactness of M in the metrizable topology 7,,. Suppose we are given a
sequence {f,} C M. Let us show that it contains a convergent subsequence.
The function g(x) := 1+ sup,, |fn(x)| is finite and measurable, since the
sequence { f,(z)} is bounded for every x by compactness in the topology 7.
The measure v := ¢g~2 - u is finite and equivalent to the measure p. Hence
it also satisfies our principal condition on M. Let My be the closed convex
envelope of {f,} in the topology 7,. Then M) is a convex compact set in this
topology. For every function f € My, we have |f(x)| < g(z), x € X, since
this inequality is fulfilled for all f,, and is preserved by convex combinations
and the pointwise limits. Therefore, the integral of |f|? with respect to the
measure v does not exceed 1 for all f € My. Thus, the set My is uniformly
integrable with respect to the measure v. By assertion (iii) the topology 7,
coincides on My with 7, and My is compact in these topologies. Hence {f,}
contains a subsequence { fy, } convergent in measure p. ([

A typical example where condition (ii) is fulfilled is the case where M
is a set of continuous functions on a topological space X such that M is
sequentially compact in the topology of pointwise convergence and X is the
support of a Radon measure p.

7.14.59. Corollary. Let X be a normed space and let v be a probability
measure on o(X*) such that p(z: I(x) = 0) < 1 for every nonzero | € X*.
Then X is separable, and on the closed unit ball of X* the weak® topology
coincides with the topology of convergence in measure L.

PROOF. The set M = {f € X*: ||f|| < 1} is compact in the weak*
topology by the Banach—Alaoglu theorem and is convex. The metrizability of
M in the weak* topology yields the separability of X. O

7.14.60. Example. (i) Let X be a normed space, let u be a probability
measure on o(X*), and let V, be the intersection of all closed linear subspaces
of outer measure 1. Suppose that p*(V,) = 1. Then p has a r-additive
extension in the norm topology (Radon if X is Banach).
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(ii) Every 7-additive in the weak topology (in particular, every Radon
in the weak topology) probability measure on a Banach space has a Radon
extension in the norm topology.

(iii) If X is a reflexive Banach space, then every measure on o(X*) has a
Radon extension with respect to the norm topology.

PROOF. (i) Let us consider the restriction of y to V), (in the sense of
Definition 1.12.11). Let f be a nonzero element in V;. We extend f to a
functional fo € X*. If u(f = 0) = 1, then u(fo = 0) = 1. This contradicts
the choice of V,,, since V,, N f;71(0) is a proper closed subspace in V,,. Then
V,, is separable by the above corollary, whence the claim follows. (ii) By the
T-additivity in the weak topology, the measure u has the topological support
S in the weak topology, whence u(V,,) = 1, since S C V,,. (iii) By the weak
compactness of balls in reflexive spaces p is tight in the weak topology, hence
is T-additive. O

The reader is warned that this example does not extend to locally convex
spaces (Exercise 7.14.149): there exists a measure that is Radon in the weak
topology, but is not tight in the original topology.

The proofs of the following interesting and deep facts can be found in
Fremlin [621], [635, §463].

7.14.61. Theorem. Let (X, A, u) be a complete probability space with a
perfect measure ju and let a set M C L°(u) be countably compact in the topol-
ogy of pointwise convergence. Then every sequence in M has a subsequence
convergent a.e. and M is compact in the topology of convergence in measure.
If every two distinct (i.e., not identically equal) functions in M differ on a
set of positive measure, then the topology of pointwise convergence and the
topology of convergence in measure coincide on the set M, which turns out to
be a metrizable compact set.

It is unclear how essential the assumption of perfectness of the measure
is. Talagrand [1834] showed that if the set M is compact in the topology 7,
and a.e. equal functions in M are equal pointwise, then under Martin’s axiom
the topologies 7, and 7, coincide on M.

7.14.62. Theorem. Let (X, A, ) be a complete probability space and let
an infinite set M C L°(u) be compact in the topology of pointwise convergence.
Suppose that every two different functions in M differ on a set of positive
measure. Then M contains a pointwise convergent subsequence.

Let us mention the following Fremlin alternative (see Fremlin [621], [635,
§463H], and also Talagrand [1834]).

7.14.63. Theorem. Let (X, A, u) be a complete probability space with a
perfect measure v and let f,, n € IN, be y-measurable functions. Then, either
{fn} contains an a.e. convergent subsequence or {fn} contains a subsequence
for which no p-measurable function is a limit point in the topology of pointwise
convergence.
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Talagrand [1832] obtained sufficient conditions (including the continuum
hypothesis or Martin’s axiom) for the closed convex envelope of a set of mea-
surable functions in the topology of pointwise convergence to consist of mea-
surable functions.

7.14(xviii). Infinite Radon measures

All Radon measures discussed in this book are finite by definition. How-
ever, in some applications it is useful to enlarge this concept (which has al-
ready been done in §7.11). Obvious examples are Lebesgue measure on IR",
Hausdorff measures, and Haar measures on noncompact groups. Yet, the first
of them is o-finite and there is no need to develop a special terminology to deal
with it (although the classical work of Radon was concerned with infinite, in
general, measures on IR"™). But Hausdorff and Haar measures are not always
o-finite. Thus, what should one understand by a “Radon measure with values
in [0, +00]”? Different definitions are possible, leading to the same object in
the case of a finite measure. The following definition appears to be reasonable
(see Fremlin [619], [635]).

7.14.64. Definition. Let X be a Hausdorff space. A measure p with
values in [0, +00] defined on a o-algebra & of subsets of X is called a Radon
measure with values in [0, +00] if p is complete, locally determined (see Fx-
ercise 1.12.135), all open sets belong to &, every point has a neighborhood of
finite measure, and for oll E € G one has

w(E) =sup{u(K): K C E, K is compact}.

In the case of a finite measure, this definition corresponds to the com-
pletion of a Radon (in our usual meaning) measure on the Borel o-algebra.
According to another definition frequently used in the literature, a Radon
measure with values in [0, +00] is defined on the Borel o-algebra, every point
has a neighborhood of finite measure, and one has the inner compact regular-
ity condition from the above definition. Such a measure extends uniquely to a
Radon measure in the sense of the above definition (see [619]). The product
of two infinite Radon measures extends uniquely to an infinite Radon measure
(see [619]). If X is locally compact, then every positive linear functional on
Co(X) is given as the integral with respect to a Radon measure with values
in [0, +00] (Theorem 7.11.3). An infinite Radon measure may not be outer
regular (i.e., may not satisfy the condition p(B) = inf u(U), where U D B is
open).

7.14.65. Example. Let us consider the metric space X = Q x R!,
where 0 is the real line with the discrete metric and IR is equipped with the
standard metric. Then X with the product topology is locally compact and
B(X) = B(Q)®B(IR'). For every B € B(X), we set

,U(B) = Z )‘(Bw)y

weN
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where B, = {t: (w,t) € B} and X is Lebesgue measure, i.e., u is the product
of the counting measure on ) and Lebesgue measure. Then p(Q2x{0}) = 0,
but p(U) = 400 for every open set U D Qx{0}. It is readily seen that u is
inner compact regular. Indeed, given B € B(X) and ¢ < p(B), we can find
points wy, ... ,w, € Q2 and compact sets K; C B,,, such that the y-measure of
the compact set (J;_,{w;} x K; is greater than c.

A more general example: a non-o-finite inner compact regular Haar mea-
sure (see §9.11). However, there exist o-finite measures that are inner compact
regular but not outer regular; see Exercise 7.14.160.

A system € of nonempty pairwise disjoint compact sets in a space X is
called a concassage for a Radon measure p on X with values in [0, 400] if the
intersections of the sets in € with open sets are either empty or have positive
measures, and for every set E in the domain of definition of u one has

WE) =" w(CnNE).

cee

Every Radon measure with values in [0, +00] possesses a concassage (this is
readily verified by Zorn’s lemma, see details in Gardner, Pfeffer (666, Propo-
sition 12.10]). Any saturated (see Chapter 1) Radon measure with values
in [0, +00] is decomposable, hence is Maharam (it is easy to verify that a
concassage of such a measure u gives its decomposition, see Gardner, Pfeffer
[667]), however, neither completeness nor the property to be saturated can
be omitted (see Fremlin [620]).

It is shown in Bauer [132] that in the situation of Theorem 7.8.7 in the
Daniell-Stone approach, there exists a locally compact space T' with a Radon
measure v with values in [0, +oc] such that  is embedded into T as a dense
subset, the measure v naturally extends u, every function f € F extends to
a continuous function f’ on T decreasing to zero at the infinity, and such
extensions separate the points in 7' and do not vanish at any point in T,
provided the latter two properties hold for F. On infinite Radon measures,
see also Fremlin [635], Gardner, Pfeffer [666], [667], Gruenhage, Pfeffer [747].

Exercises

7.14.66° Show that every regular To-additive Borel measure is T-additive.

HINT: given a net of increasing open sets U, whose union is U, we fix ¢ > 0,
take a closed set F' C U with |u|(U\F) < €, and consider the sets Uy U (X\F) that
are open and increase to X.

7.14.67° Let X be an uncountable space, let A be the o-algebra in X consisting
of finite and countable sets and their complements, and let the measure p equal 0
on all countable sets and 1 on their complements. Show that p is perfect. Deduce
that any measure on A is perfect.

HINT: use that every .A-measurable function assumes at most countably many
values; any measure on A has at most countably many points of positive measure.
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7.14.68. (Adamski [6]) Construct an example of a non-regular 7-additive mea-
sure on some non-regular second countable space (in particular, assertion (ii) of
Proposition 7.2.2 may be false for non-regular spaces).

HINT: let S be a subset of [0, 1] with A.(S) =0 < A*(S), where X is Lebesgue
measure. Let X be [0,1] with the topology generated by the standard topology of
[0,1] together with the set S (the open sets in X have the form [0, 1]N (UU(V NS)),
where U and V are open in IR'). It is clear that the space X satisfies the second
axiom of countability, but is not regular. Let p be the image of the restriction Ag
of A to S (see Definition 1.12.11) under the natural embedding S — X (which is
continuous). The measure y is T7-additive by the last assertion in Proposition 7.2.2.
But it is not regular, since pu(S) > 0, whereas p(F) = 0 for every set F' C S that
is closed in X, since such a set is compact in the standard topology of [0, 1], hence
A(F) = 0 due to our choice of S.

7.14.69. (i) (Wheeler [1978], [1979]) There exist a completely regular space
X and a Baire probability measure on X that has no countably additive extensions
to the Borel o-algebra.

(ii) (Ohta, Tamano [1394]) There exists a locally compact space X with the
property indicated in (i). In addition, there exists a countably paracompact space
with such a property.

HINT: for constructing an example in (i) it suffices to have a Baire probability
measure p on X that assumes only the values 0 and 1, has a discrete Baire set T
of full measure and cardinality of the continuum ¢, but vanishes on all singletons.
A Borel extension of 1 would be a measure defined on all subsets in 7" and vanishing
on all singletons (which contradicts the fact that ¢ is not two-valued measurable).
Concrete examples are discussed in the cited papers. It is also possible to replace
in Example 7.3.9 the set I by a set Ip C I of the least cardinality among all sets
of outer measure 1 and equip Ip with the restriction of Lebesgue measure and the
Sorgenfrey topology.

7.14.70. Prove Theorem 7.14.2.

HiNT: let A, be the o-algebra of all cylindrical sets with bases in B(H?:l Xi).
The union of all A4,, is an algebra; p extends to this algebra as a countably additive
measure, which is verified similarly to the proof of the theorem on countable products
of measures. The 7p-additivity of u follows from this. To this end, a given net of
open cylinders is split into parts containing the cylinders with bases in [[_, Xi.
See also Ressel [1555], Amemiya, Okada, Okazaki [46].

7.14.712 Suppose that a compact set K in a completely regular space is covered
by two open sets Uy and Us. Show that there exist continuous nonnegative functions
f1 and f2 with the compact supports K1 C Uy and K2 C Us, respectively, such that
fi+tfo=1on K.

7.14.722 Let pu be a nonnegative Baire measure on a normal space X. Prove
that for every closed set C' C X and every € > 0, there exists a functionally closed
set Z such that C C Z and u(Z) < pu*(C) + e.

HINT: there exists a functionally open set U such that C' C U and u(U) <
p* (C)+e; since X is normal, there exists a functionally closed set Z withC C Z C U.

7.14.73° Let f,, be measurable mappings from a space with a finite measure p to
a separable metric space (Y, g, ) convergent in measure to a measurable mapping f,
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ie., for all ¢ > 0 we have lim pu(oy (fn,f) > ¢) = 0. Show that there exists a

subsequence {fn;} that converges a.e.
HINT: consider the completion Y of Y and use the reasoning from the scalar
case.

7.14.74. Let f, be measurable mappings from a probability space (X, i) to a
separable metric space S convergent in measure to a mapping f. Let ¥: S — M be
a continuous mapping with values in a metric space (M, d). Show that the mappings
W o f, converge in measure to ¥ o f.

HINT: show that the integrals of min(l, d(Yo fn, ‘Ifof)) converge to zero; to this
end, use that any subsequence in {f,} contains a further subsequence convergent to
f almost everywhere.

7.14.75. Let Y be a metric space and let a function f: [0,1] — Y be measur-
able with respect to Lebesgue measure. Prove that there exists a separable subspace
Yo C Y such that f(z) € Yo for a.e.  and deduce that for every e > 0, there exists
a compact set K. of measure at least 1 — ¢ on which f is continuous.

HiNT: apply Theorem 1.12.19.

7.14.76. (i) Let X = [0,1] be equipped with the standard topology and
Lebesgue measure p and let Y = [0, 1] be equipped with the topology generated by
all intervals [a,b) N[0, 1], a < b (i.e., the Sorgenfrey interval with the added point 1
as an open set, see Example 7.2.4). Show that the identity mapping f: X — Y is
Borel, but its restriction to any uncountable set is not continuous.

(if) Construct an example of a Borel mapping from the interval [0, 1] with the
standard topology and Lebesgue measure to a compact space such that the analog
of Lusin’s theorem fails for it.

(iii) Let p be the measure on (0,1) x {0,1} that is the product of Lebesgue
measure and the measure on {0,1} assigning 1/2 to the points 0 and 1. Let X be
the space “two arrows” from Example 6.1.20 equipped with its natural normalized
Lebesgue measure X. Consider the natural mapping f from (0,1) x {0,1} to X.
Show that f is measurable and po f~' = A, but there is no compact set of positive
p-measure on which f is continuous.

(iv) Let X = [0,1]° be the product of the continuum of intervals and let X
be equipped with the Radon measure p that is the extension of the product of the
continuum of Lebesgue measures. Let f: X — X be defined as follows: f(x)(s) =
z(s) if 0 < z(s) < 1, f(z)(s) =1 —x(s) if z(s) = 0 or z(s) = 1. Show that f is
measurable with respect to p, but is not almost continuous.

HINT: (i) is verified directly; (ii) consider the compactification of Y from (i);
(iii) any continuous image of a metrizable compact space is metrizable, but any
metrizable set in X is at most countable; (iv) see Fremlin [625, example 3G].

7.14.77. Construct an example of a Borel probability measure v on a compact
space X and a Borel function f: X — IR such that for every continuous function
g: X — R, one has v(z: f(z) # g(z)) >1/2.

HINT: let 4 be the Dieudonné measure from Example 7.1.3, let v = (u+dw, ) /2
and f = Iy, y; use Exercise 6.10.75; see also Wise, Hall [1993, Example 4.48].

7.14.78. (i) Show that Cy(X) is dense in L'(u) for every Radon measure x on
a completely regular space X.

(ii) Construct an example of a Borel probability measure v on a compact space
X such that C(X) is not dense in L'(v).
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(iii) (Hart, Kunen [789].) There is a Radon probability measure p on a compact
space such that L?(u) has no orthonormal basis consisting of continuous functions.
HiINT: (i) apply Lusin’s theorem; (ii) use the previous exercise.

7.14.79? Let p and v be two Radon measures on a topological space X and let
F be a family of bounded continuous functions such that fg € F for all f,g € F
and every function f € F has equal integrals with respect to pu and v. Suppose that
1 € F and F separates the points in X. Show that p = v.

HINT: the mapping T: x — (f(x))fef from X to the compact space Y that
is the product of the closed intervals Iy = [inf, f(z),sup, f(z)] is continuous, the
measures ¢/ = poT ' and v/ := voT ! on Y are Radon and assign equal
integrals to any polynomial in finitely many coordinate functions on Y. By the
Stone—Weierstrass theorem p’ = v'. Since T is injective, we obtain u(K) = v(K)
for every compact set K in X, hence u = v.

7.14.80° Let (X, A, 1) be a measure space with a perfect measure p, let (Y, B)
be a measurable space such that B is countably generated and countably separated,
and let f: X — Y be a y-measurable mapping. Prove that a real function g on Y is
measurable with respect to the measure po f=! (i.e., B,o;-1-measurable) precisely
when the function g o f is measurable with respect to p.

HINT: the po f~'-measurability of g yields the y-measurability of go f. In order
to prove the converse, recall that (Y, B) is isomorphic to a subset of an interval
with the Borel o-algebra. Hence B,.;-1 = {B C Y: f~t € A,}. Now the u-
measurability of g o f yields the o f~'-measurability of the sets {g < c}.

7.14.81° Give an example of a probability measure p on a o-algebra A in a
space X and a mapping F': X — Y with values in a compact space Y such that
F~Y(B) € A, for all B € B(Y), but there is no mapping G which p-a.e. equals F
and G~!(B) € A for all B € B(Y) (in other words, F is measurable with respect to
completion of u, but is not equivalent to any .A-measurable mapping).

HINT: consider X = [0,1]°, A = Ba([0,1]%), take for p on A the product
of the continuum of Lebesgue measures, and let F' be the identity mapping from
X to X. The measurability of F' follows by Theorem 7.14.3. If there exists a
(Ba(XLB(X))—measurable modification G of the mapping F', then there is a set
A € Ba(X) of full measure, dependent only on countably many coordinates xy,,
such that AN B € Ba(X) for all B € B(X). This leads to a contradiction if we take
for B the set {z: z =0,Vt & {t:}}.

7.14.82? Give an example of a regular Borel probability measure p on a locally
compact Hausdorff space that has no support, in particular, is not 7-additive.
HINT: consider the measure constructed in Example 7.1.3 on Xp.

7.14.837 Let X = [0, 1] be equipped with the following topology: all singletons
in (0,1] are open and all sets of the form [0, 1]\{z1,...,2»}, where z; € (0,1], are
open. Verify that the generated topology is Hausdorff and is X compact in this
topology. Show that X cannot be the support of a Radon measure.

7.14.84. Let X be a Hausdorff space, let A be an algebra of subsets in X, and
let m be a nonnegative finitely additive set function on A such that

m(A) =sup{m(Z): Z C A, Z e A, Zis closed}
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for all A € A and
m(X) = sup {inf{m(E): Ec A, K C E}},
Kek

where K is the class of all compact sets. Prove that m extends to a Radon measure
on X.
HINT: see Fremlin [635, §4160].

7.14.85. Prove Theorem 7.14.30.

7.14.86. Prove that the algebra 21(X) generated by all functionally closed
subsets of a topological space X consists of finite unions of the form (J_, (F;\F}),
where F;, F] are functionally closed and F} C F;. Prove the analogous assertion for
the algebra generated by all closed sets.

HINT: see Exercise 1.12.51.

7.14.87. Let X be a completely regular space, let 8X be its Stone—Cech com-
pactification, and let L be a continuous linear functional on the space C(X). Let
the functional L'(g) = L(g o j) on Cy(BX), where j: X — (3X is the canonical
embedding, be represented by a Baire measure v on 5X. Prove that L is repre-
sented by some Baire measure p on X precisely when |v|*(X) = |v|(8X), where the
outer measure is defined by means of Ba(8X); in addition, v extends u to 3X. The
analogous assertion is true for T-additive measures if the outer measure is defined
by means of B(5X).

HinT: if |v|*(X) = |v|(BX) in the case of the Baire o-algebra, then v can be
restricted to X by means of the standard construction of restricting to a set of
full outer measure, and the induced o-algebra coincides with Ba(X). The obtained
measure p on X represents the functional L, since any function f € Cy(X) extends
uniquely to a function fe Cy(BX), whence one has

L) =rh=[ Fav= [ san
BX X
7.14.88. Prove that every additive regular set function m on the algebra 2(X)
generated by all functionally closed subsets in a topological space X (see the def-
inition in §7.9) is the difference of two nonnegative additive regular set functions
defined before Theorem 7.9.1.

7.14.89. Let X and Y be topological spaces and let u be a Borel probability
measure on Y. Prove that given a continuous mapping f: X — Y, the equality
Kk(A) =pu* (f(A)) defines a Choquet capacity on X.

7.14.90. (Shortt [1703]) We shall say that a separable metric space is uni-
versally measurable if it is measurable with respect to every Borel measure on its
completion. Suppose that a set X is equipped with two metrics di and d2 with
respect to which X is separable and the corresponding Borel o-algebras coincide.
(i) Prove that X is universally measurable with the metric di precisely when it is
universally measurable with the metric dz. (ii) Deduce from (i) and Theorem 7.5.7
that a separable metric space X is universally measurable precisely when every Borel
probability measure on X is perfect.

7.14.91. (Sazonov [1656]) Prove without the continuum hypothesis that on
the set of all subsets in [0, 1] there is no perfect probability measure vanishing on
all singletons.
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HINT: let p be such a measure and let F(z) = p([0,2)); then the measure
v = po F~! is defined on the set of all subsets of the interval and extends Lebesgue
measure; in addition, v is perfect being the image of a perfect measure; we take a
set A with outer Lebesgue measure 1 and inner Lebesgue measure 0; let v(A) > 0
(otherwise v([0,1]\A) = 1 and we can deal with [0, 1]\ A); the restriction of v to
A is a perfect measure, which is impossible (it suffices to take f(z) = z). See a
generalization in Pachl [1415].

7.14.92. (Sazonov [1656]) Let X be a metric space containing no system of
disjoint nonempty open sets of cardinality greater than that of the continuum. Prove
that a Borel measure on X is perfect precisely when it is tight. See a generalization
in Pachl [1415].

7.14.93. (Zink [2031], Saks, Sierpinski [1643] for Y = R) Let (X, S,u) be a
probability space and let (Y, d) be a separable metric space. Let f: X — Y be an
arbitrary mapping. Prove that for every € > 0, there exists a (B(Y), S ))-measurable
mapping g: X — Y such that d(f(:c),g(m)) < ¢ for every x, with the exception of
points of a set of inner measure zero.

7.14.94. Let X be an uncountable Souslin space. Prove that there exists a
family of mutually singular atomless Radon probability measures on X having the
cardinality of the continuum.

HiINT: find in X a collection of cardinality of the continuum of disjoint Borel
sets of cardinality of the continuum.

7.14.95. (Plebanek [1465]) Let K be some compact class of subsets of a set
X such that to every K € K there corresponds a number rx. Denote by Ax the
algebra generated by K. Suppose that for every finite collection Ki,..., K, € I,
there is an additive set function pk, ... x,: Ax — [0,1] with px,,.. x, (K;) > rk;,
i =1,...,n. Then there exists a probability measure y on o(K) with u(K) > rg
for all K € K.

7.14.96° Let p be an atomless Radon measure on a metric space X. Prove
that for every € > 0, there exists 6 > 0 such that u(B) < e for every Borel set B of
diameter less than 4.

HiNT: it suffices to consider the restriction of u to a compact set K of a suf-
ficiently large measure; for every point x € K, there exists r(x) > 0 such that one
has p(K (x,2r(x))) < €/2; hence there is a finite cover of K by the balls K (zi,r) of
some radius 7 > 0 with p(K(z,2r)) < e/2; let § =r/2.

7.14.97. (Davies, Schuss [418]) Let u be a Radon probability measure on a
topological space X, let f be a p-integrable function, and let J be its integral. Prove
that for every € > 0, every point € X can be associated with an open set G(x)
containing x such that given measurable sets B; having pairwise intersections of
measure zero and covering X up to a measure zero set and any given points z; € B;

satisfying the condition B; C G(x;), one has > .2, f(x:)u(Bi) — J‘ <e.

7.14.98. Let M be a metric space, let F be some o-algebra in M containing
all singletons, and let 1 be a probability measure on F. Prove that the following
conditions are equivalent: (1) u(p) = 0 for all p € M; (2) for every p € M and
e > 0, there exists » > 0 such that if a set F in F is contained in the ball of radius
r centered at p, then u(E) < e.

HINT: see Hahn [770, p. 409] or Sierpinski [1717].
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7.14.99. (Rao, Rao [1536]) Show that on the Borel o-algebra of the space
[O, w1), where w1 is the first uncountable ordinal, there exists no atomless countably
additive probability measure (see generalizations in Mauldin [1275]).

7.14.100. (Marczewski, Ryll-Nardzewski [1259]) (i) Let p be a countably ad-
ditive probability measure on an algebra A of subsets of a space X and let v be
a countably additive probability measure on an algebra B of subsets of a space Y
possessing a compact approximating class. Suppose that on the algebra £ generated
by the rectangles Ax B, where A € A, B € B, one has a nonnegative additive set
function o such that o(AXxY) = u(A) for all A € A and o(X x B) = v(B) for all
B € B. Prove that o is countably additive.

(ii) Construct an example showing that assertion (i) may be false if one does
not require the existence of a compact approximating class for at least one of the
measures (, Or V.

7.14.101. Construct an example of a function f on [0,1]°° that is constant
in every variable if the remaining variables are fixed, but is not measurable with
respect to the countable product of Lebesgue measures.

HINT: see Marczewski, Ryll-Nardzewski [1257].

7.14.102° (Ursell [1904]) Let p be a finite nonnegative measure on a space X.
(i) Let a function f: X x[0,1] — IR! be such that for every fixed ¢, the function
x +— f(z,t) is p-measurable, and for p-a.e. z, the function ¢t — f(z,t) is increasing.
Prove that the function f is measurable with respect to the measure u®X\, where A
is Lebesgue measure.

(ii) Let £ C X x[0,1] be such that the sections E; := {z: (z,t) € E} are
p-measurable and F; C FE, if t < s. Prove that E is measurable with respect
to u®A.

(iii) (S. Hartman) Let A be a non-Borel set on the line {(z,y): x4y = 0} in R?
and let F be the union of A and the open half-plane {(z,y): = +y > 0}. Show
that the function Ig has the following properties: it is nondecreasing and one-sided
continuous in every variable separately, but is not Borel in both variables. Hence in
assertion (i) one cannot assert the Borel measurability of f even if X = [0,1] with
the Borel o-algebra.

HINT: (i) follows by considering the approximations

Sz, t) = f(z,527") ifte [j27",(+1)27"),j=0,...,2" — 1,

gn(z,t) = flz,(j+1)27") ifte[j27",(i+1)27"),j=0,...,2%,

with fn(z,1) = gn(x,1) = f(x,1). One has fr, < f < gn. The set Q of all points
where both sequences {f.(z,t)} and {gn(z,t)} converge to a common limit ¢(z,t)
is pu® A-measurable. It follows from our hypotheses that, for p-a.e. x, one has
o(z,t) = f(z,t), hence the section Q, may differ from [0,1] only in an at most
countable set. By Fubini’s theorem p®A(Q) = 1, ie., p(z,t) = f(z,t) for p@ -
a.e. (z,t). Clearly, ¢ is p® A-measurable. Assertion (ii) follows from (i). Assertion
(iii) is readily verified.

7.14.103. (Marczewski, Ryll-Nardzewski [1257]) Let (X, F) be a measurable
space, T' a separable metric space, Y a metric space, and let a mapping f: XxXT' — Y
be such that for every fixed ¢, the mapping x — f(z,t) is measurable with respect
to F, provided that Y is equipped with the Borel o-algebra.
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(i) Let T = IR'. Suppose additionally that for every z, the mapping t — f(z, 1)
is right continuous. Then f is F@B(T)-measurable.

(i) Let Y = IR}, v a measure on F, A a measure on B(T), u = v®\, and let Q
be some countable everywhere dense set in T'. Suppose additionally that for every z,
the set of discontinuity points of the function ¢ — f(z,t) has A-measure zero and
liminf, ¢ req f(r,x) < f(x,t) < limsup,_, .cq f(r,2). Prove that the function f
is measurable with respect to (.7-"®B(T))u.

7.14.104° Let p be a finite nonnegative measure on a measurable space (X, A).
Let a function f: X x[0,1] — IR' be such that for every fixed ¢, the function
x — f(z,t) is p-measurable, and for p-a.e. x, the function ¢t — f(z,t) is Riemann
integrable. Set

Fola,t) = %F(m,t), P, 1) ;:/0 F(z,s)ds,

where fo(z,t) = 0 if f(z,s) is not Riemann integrable or the derivative does not
exist. Prove that the function fy is measurable with respect to the measure p® A\,
where ) is Lebesgue measure, and that for a.e. z, one has fo(t,z) = f(¢, z) for a.e. t,
although f may not be u® A-measurable.

HINT: observe that the function F'(z,t) is measurable in x for any fixed ¢ and
is continuous in ¢ for a.e. x.

7.14.105. (Talagrand [1834, p. 140]) Let X;, i = 1,...,n, be compact spaces
with Radon probability measures p; which for all ¢ > 2 do not vanish on nonempty
open sets. Suppose that the function f: [, X; — IR is continuous in every vari-
able separately. Then, there exist metrizable compact sets K;, continuous surjec-
tions h;: X; — K;, and a function g: H?:l K; — IR, continuous in every variable
separately, such that f(z1,...,z,) = g(hl(asl), .. .,hn(:vn)). In particular, f is a
Baire function.

HINT: we consider only the simpler case n = 2 and take a mapping h1: = — fz,
where fz(y) = f(z,y), from X1 to the space C(X2) with the topology of pointwise
convergence. This mapping is continuous and its range K := hi(X1) is compact.
By Theorem 7.10.9, any sequence in K; has a pointwise convergent subsequence.
Since K consists of continuous functions and the support of po coincides with Xo,
the set K is compact in the topology 7., of convergence in measure p2. Analogous
arguments show that the topology 7., on K is stronger than the topology of point-
wise convergence and hence coincides with the latter, which means the metrizability
of Ky. Let ha: Xo — C(K1) be given by the formula ha(y)(fz) = f(z,y), y € X2,
fe € K1, where C (K1) is equipped with the topology of pointwise convergence.
Then Ka := ha(X2) is compact in this topology, which implies the metrizability
of Ko. Finally, let g(u,v) = v(u), u € K1, v € Ko C C(K1). Then we have
fz,y) = g(hi(), ha(y)).

7.14.106. (i) (Fremlin [621, Proposition 4J]) Prove that under the continuum
hypothesis there exist a compact space X with a Radon measure x4 and a function
f on X x[0,1] that is continuous in the first argument, is Lebesgue measurable in
the second argument, but is not measurable with respect to the Radon extension of
the measure p® A\, where A is Lebesgue measure.

(ii) Let p be a probability measure on a space (X, .A), let v be a Radon proba-
bility measure on a compact metric space Y, and let a function f: X xY — IR! be
continuous in the second argument and p-measurable in the first argument. Prove
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that f is measurable with respect to A, ®B(Y), in particular, measurable with re-
spect to the measure p®v. Extend the latter assertion to the case, where Y is a
space with metrizable compacts.

HiNT: (ii) let vz (y) := f(z,y). The mapping z — 5, X — C(Y), where C(Y)
is equipped with its usual norm and the o-algebra B(C(Y)), is A,-measurable, since
by hypothesis the functions z — ¢4(y), y € Y, are A,-measurable and B(C(Y))
is generated by the functions y — ¢(y). Then the mapping ¥: (z,y) — (pz,y),
XxY — C(Y)xY, is A,®B(Y)-measurable, and f is the composition of ¥ and the
continuous function (¢, y) — ¢(y) on C(Y)xY. An alternative proof: approximate
f by simple functions as in Lemma 6.4.6.

7.14.107. (Nussbaum [1387]) Let X be a compact (or locally compact) space,
let Y be a Hausdorff space, and let v be a Radon measure on X. Suppose that a
function f: X xY — IR! is continuous in every variable separately. Suppose also
there exists a v-integrable function g such that |f(z,y)| < g(y) forallz € X,y € Y.
Prove that the function

z /Y f(2,y) v(dy)

is continuous.

7.14.108? Prove Proposition 7.14.8.

HINT: one can assume that ||v|| <1 and |f| < 1; given o € X and € > 0, for
every point y € Y, one can find open sets U(y) and V, such that y € U(y), zo € Vy
and |f(x,z) — f(zo,y)| < € for all (z,z) € V; xU(y). By the T-additivity, there
exists a finite collection U(y1),...,U(yx) such that |v| (Uf:1 U(y:)) > 1 —e. Letting
V=V, N---NV,,, one obtains

/Y @y y) — Flwo,y)| v(dy) < 2
forall x € V.

7.14.109. (Babiker, Knowles [88]) (i) Let X be a completely regular space
and let p be a Baire probability measure on X. Suppose that for every completely
regular space Y and every function f € Cy(X xY'), the function

o(y) = /X f(,y) p(de)

is continuous. Prove that the measure p is T-additive.

(ii) Let X and Y be completely regular spaces such that Ba(X)® Ba(Y) =
Ba(X xY). Prove that for every Baire measure p on X and every function f
in Cp(X xY), the function g in (i) is continuous.

7.14.110. (Johnson [905]) Let X and Y be compact spaces, let u be a Radon
measure on X, and let f be a bounded function on XxY that is separately continuous
in every argument.

(i) Prove that the set of functions f.: y — f(z,y), © € supp y, is separable in
the Banach space C(Y).

(ii) Give an example showing that in (i) the set of all functions f», * € X, may
be nonseparable.

(iii) Prove that the function f is measurable with respect to every Radon mea-
sure on X xXY.

(iv) Prove that if X = supp u, then the function f is Borel.
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7.14.111. Construct a Borel probability measure p on a topological space X
with the following property: for every set B € B(X x X), the functions

w2 — p({z1: (z1,22) € B}) and z1 — p({z2: (w1,22) € B})

are measurable with respect to p, but have different integrals for some B.

HINT: see Johnson, Wilczynski [914]; take for X the set of all infinite ordinals
smaller than the first uncountable ordinal w; with the Dieudonné measure p from
Example 7.1.3 (in the notation of that example, the space is Xo). Finally, take the
set B = {(21,22): 1 > x2}.

7.14.112. Construct an example of completely regular first countable spaces
X and Y equipped with Baire probability measures p and v such that the Baire
measures ¢ and ¢’ on X xY defined by the formulas

/. race [ [t utae)viay,. | g = | [t vian) wias)

do not coincide.
HINT: see Fremlin [635, §439Q)].

7.14.113° (Carathéodory [308]) Let p be a finite nonnegative measure on a
measurable space X.

(i) Let a function f: X xIR' — IR! be such that for every fixed ¢, the function
x — f(x,t) is p-measurable, and for p-a.e. x, the function t — f(x,t) is continuous.
Prove that for every pu-measurable function ¢, the function = +— f (x,cp(:]c)) is p-
measurable.

(i) Let T, ..., Tk be separable metric spaces and let f: X xT1X---xT} — R!
be a function that is separately continuous in every t; for p-a.e. x and, for all
fixed (t1,...,tk), is p-measurable in z. Prove that for every u-measurable mapping
@p: X — T1 X -xTj, the function f(a:, @(w)) is pu-measurable.

HINT: (i) if ¢ assumes finitely many values ¢; on measurable sets A;, then
f(x,cp(x)) = f(z,c) for all © € A;, whence the measurability follows. In the
general case, there is a sequence of simple functions ¢,, convergent a.e. to ¢, hence
nhﬂngo f(z,¢n(x)) = f(z,9(x)) a.e. (for all z at which one has the continuity of f in ¢

and ¢(x) = lim ¢n(x)). (ii) For kK = 1 the reasoning from (i) is applicable, the gen-

eral case follows by induction on k, since for a.e. x the function f(:r7 p1(x), ta, ..., tk)
is separately continuous in t;.

7.14.114. (Grande, Lipinski [728]) Assuming the continuum hypothesis, con-
struct a nonmeasurable function F: IR? — IR! such that for every Lebesgue mea-
surable function f: IR' — IR', the function F(z, f(x)) is measurable (cf. Exer-
cise 9.12.62).

7.14.115. Let (X, A, 1) be a complete probability space, let L°(u) be equipped
with the metric do of convergence in measure, and let (7', 7) be a measurable space.
Prove that the following conditions on a mapping F: T — L°(u) are equivalent:
(i) F(T) is separable and F is measurable, (ii) there exists a 7 ® A-measurable
function G on T'x X such that for every ¢ € T', one has F(t)(z) = G(¢,z) for a.e. x.

HINT: if one has (i), then there is a sequence of points t; € T such that the set
{F(t})} is dense in F(T). Fix some representatives fi of the classes F(tx) € L°(u).
By the measurability of ' we have Ty, := {t € T: do(F(t), F(tx)) <27 "} € T for
all n,k € IN. The sets Dy i := Thn i\ Uf;ll T, for every fixed n form a measurable
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partition of T. Set Gn(t,z) = fx(z) if t € Dy . It is clear that we obtain 7 ®.A-
measurable functions. Let G(t,z) := lim G (t,z) at all points (¢,2) where this

limit exists and is finite (this set belongs to 7®.A4), and let G(¢,z) = 0 at all other
points. Now one can verify that G is the required function. If one has (ii), then it
suffices to verify (i) for bounded functions G, which by using uniform approximations
reduces the claim to the case of the indicator of a set E in 7T®.A. The separability of
F(T) and measurability of F' are verified directly for sets E in the algebra generated
by the products Sx A, S € 7, A € A. Now the monotone class theorem yields the
claim for all £ € T®A.

7.14.1162 Let X and Y be compact spaces with Radon probability measures
p and v and let p*(A) = v*(B) = 1. Show that (u®@rv)*(Ax B) = 1, where u®grv
is the Radon extension of p®v to X xY.

HINT: let K be compact in XXY; if u®rv(K) > 0, then there exists € A such
that v(K,) > 0, i.e., there exists y € B such that (z,y) € K. Hence K N (AXB) is
nonempty.

7.14.117. (Talagrand [1834, p. 121]) Let (X, A, u) be a probability space, let
Y be a compact space with a Radon probability measure v, and let a function f
on X XY be continuous in y and measurable with respect to u®wv. Show that for
every € > 0, there exist two sequences of sets A, € A and B, € B(Y) such that
/,L(X)I/(UZO:I Aann) = 1 and on every A, xB,, the oscillation of f does not exceed ¢.

7.14.118° (Tolstoff [1863]) Let (X, .4, 1) be a probability space, let (Y, d) be
a complete separable metric space, and let yo € Y be a fixed point. Suppose that
a function f: X xY — IR is measurable with respect to AQB(Y) and the equality
limy .y, f(z,y) = f(2,y0) holds for every z € X. Prove that for every £ > 0, there
exists a set Ac € A such that pu(A:) > 1—¢ and limy_., f(z,y) = f(z, yo) uniformly
inx € A..

HINT: in the solution to Exercise 2.12.46, use Theorem 6.10.9 in place of Propo-
sition 1.10.8.

7.14.119° Let K be a compact space and let p be a Radon probability measure
on K with support K.

(i) Prove that the following conditions on a bounded function f are equivalent:
(a) there exists a bounded function g such that the set of all discontinuity points of
g has p-measure zero and f(z) = g(x) p-a.e., (b) there exists a set Z of measure
zero such that the restriction of f to K\Z is continuous.

(ii) Construct an example showing that in (i) one cannot always find a contin-
uous function g.

HiNT: (i) if (b) is fulfilled, then the set A = K\Z is everywhere dense in K and
one can define g(x) = limsup, ,, . f(y) ifz € Z.

7.14.120. One says that a Radon measure p has a metrizable-like support if
there exists a sequence of compact sets K, C X such that for every open set U C X
and € > 0, there exists n with K, C U and |u|(U\K,) < €. Show that this prop-
erty is strictly stronger than the separability of p. Show that the existence of a
metrizable-like support follows from the existence of a sequence of metrizable com-
pact sets K, with |u|(X) = |u|(Us, Kn), but is weaker than the latter condition.

HINT: see Gardner [660, Section 24]; see also Example 9.5.3.
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7.14.121. (Lozanovskii [1195]) Let K1 and K2 be compact spaces without
isolated points. Prove that there is no Radon probability measure p on Ki X Ko
such that p(K) = 0 for every nowhere dense compact set K.

7.14.122. (Fremlin [630]) Let 1 be a Radon probability measure on a topologi-
cal space X, regarded on B(X),, let u* and p. be the corresponding outer and inner
measures, and let v be the measure generated by the Carathéodory outer measure
m = (u* + p.)/2 (see Exercise 1.12.143). Prove that u = v. Show that the same is
true for every complete perfect atomless probability measure.

7.14.123. (i) (Varadarajan [1918]) Let p be a 7-additive Borel measure on a
paracompact space X. Prove that the topological support of u is Lindelof.

(ii) (Plebanek [1469]) Show that there exists a T-additive Baire measure with-
out Lindeldf subspaces of full measure.

HINT: (i) let S be the support of p and let Uy, where t € T, be an open cover
of S. Since S is closed, the space S is paracompact too. Hence one can inscribe in
the given cover an open cover V representable in the form V = |J72_; Vy, where every
subfamily V), consists of disjoint sets V;, o (see Engelking [532, Theorem 5.1.12]). It
is clear from the definition of S that |u|(Vi,o NS) > 0. Therefore, for every fixed n,
one has at most countably many nonempty sets V, o, NS, which gives a countable
cover of S by the sets Vj,q,, consequently, a countable subcover in {U:}.

7.14.124. (Aldaz, Render [20]) Let X be a K-analytic Hausdorff space in the
sense of Definition 6.10.12, let F be the class of all closed sets in X, and let pu
be a probability measure on some o-algebra £ such that for every E € £, one has
w(E) =sup{p(F): F C E,F € FNE}. Prove that p extends to a Radon measure
on X.

7.14.125. Let X be a K-analytic space in the sense of Definition 6.10.12. Prove
that every Borel probability measure on X is tight.

HINT: let ¥ be a mapping from IN* to the set of compact subsets of X,
representing X. Let W(A) = J,c4 ¥(a) and C(A) = p*(¥(A)), A € IN>®. It is
verified directly that ¥(K) is compact for every compact K. Next we verify that C
is a Choquet capacity on IN*. A direct proof is found in Fremlin [635, §432B].

7.14.126. (i) (Kindler [998]) Let F be a vector lattice of functions on a set
Q and let L be a nonnegative linear functional on F such that L(f,) — 0 for each
sequence {f,} C F that decreases pointwise to zero. Given f,g € F with f < g, let

[f, 9= {(z,t) € @xR': f(z) <t <g(z)} and v([f,g]) = L(g - /).
Prove that the class R of all such sets [f,g[ is a semiring and the function v is
well-defined and countably additive on R.

(ii) Apply (i) to prove Theorem 7.8.7 letting

p({f>1}) =v({f>1}x[0,1)), feF.
(iii) Show that the measure p is uniquely defined on the o-ring generated by
the sets {f > 1}, where f € F, and give an example where u is not unique on the

o-algebra generated by F.
HINT: see Dudley [495, §4.5].

7.14.127. Show that the Sorgenfrey line is measure-compact, but its square is
not.
HINT: see Fremlin [635, §439P).
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7.14.128. Show that the class of all Radon spaces is closed under the following
operations: (i) countable topological sums, (ii) countable unions of Radon subspaces,
(iii) countable intersections of Radon subspaces, (iv) passage to universally Borel
measurable subspaces. In addition, the countable product of Radon spaces in each
of which all compact sets are metrizable, is Radon as well.

HiNT: if 4 is a Borel probability measure on the product of Radon spaces X,
with metrizable compacts, then its projections are Radon, which yields that u is
concentrated on a countable union of metrizable compacts (note that countable
products of metrizable compacts are metrizable). Other assertions are immediate.

7.14.129? Let X be a Radon space that is homeomorphically embedded into
a topological space Y. Prove that X is measurable with respect to every Borel
measure on Y.

HINT: let p be a nonnegative Borel measure on Y and let Yo € B(Y) be a
measurable envelope of X in Y. Consider the measure v(B N X) := p(B NYy),
B € B(Y), and observe that B(X) =B(Y) N X.

7.14.130° Prove that IR® and [0, 1]° are not Radon spaces.
HINT: the space from Example 7.1.3 can be embedded into [0, 1]°.

7.14.131° Let two Radon measures p and v on a space X coincide on a count-
able algebra A that is contained in B(X)),) NB(X),| and separates the points in X.
Prove that p = v.

HINT: in view of Proposition 7.14.24, one can assume that X is a countable
union of metrizable compact sets. Let n = |u| + |v|. For every A € A we find Borel
sets A, A” with A’ C A Cc A", n(A") = n(A”). We obtain a countable collection By
of Borel sets separating points. Hence the generated algebra Ao is countable and
o(Ap) = B(X) (see Theorem 6.8.9). Finally, one has u = v on Ag. Indeed, it suffices
to observe that given Bi,..., Bk in Bo, we find sets A1,..., Ax € A such that B;
is associated to A; as Aj or Af, whence n((B1N---NBk) A (A1 N---NA)) =0,
and consequently u(B1N---NBg) =v(Bi1N---NBg), since A;N---NA; € A The
assertion of this exercise is found in the literature in close formulations (see, e.g.,
Stegall [1775]).

7.14.132° Prove that Cyl(X,G) is the algebra of sets generated by G (see
§7.12).

7.14.133. Let p be a Radon measure on an infinite-dimensional locally convex
space X. Show that its characteristic functional zz is continuous in the weak™ topol-
ogy o(X™*, X) only in the case where p is concentrated on the union of a sequence
of finite-dimensional subspaces.

HINT: see Vakhania, Tarieladze, Chobanyan [1910, Ch. VI, §3, Theorem 3.3].

7.14.134?2 Let X and Y be Banach spaces such that Y is separable and X is
reflexive and let T: X — Y be a continuous injective linear mapping. Prove that
X is separable.

HINT: embed Y injectively into [%; in the case Y = 2 verify that the range of
the adjoint mapping T [2 — X* is dense.

7.14.135. Construct an example of a cylindrical quasi-measure of unbounded
variation on I? such that its characteristic functional is bounded and continuous in
the Sazonov topology.

HINT: see Bogachev, Smolyanov [225, Remark 4.2].
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7.14.136. (Kwapieri [1093]) Let {£,} be a sequence of random variables on a
probability space (2, F, P) such that the series >, A\n.&n converges in probability
for every sequence of numbers A\, — 0. Prove that Y °°  [£,]|* < oo a.e. Deduce
that the embedding I* — 12 is a radonifying operator, i.e., it takes every nonnega-
tive cylindrical quasi-measure on I* with a continuous characteristic functional to a
Radon measure on [2.

7.14.137. (Schwartz [1679]) Let a linear function ! on a Banach space X be
measurable with respect to every Radon measure on X. Prove that [ is continuous.

HINT: see Christensen [355] and Kats [962], where more general results are
proven.

7.14.138. (Talagrand [1829]) Prove that under Martin’s axiom every infinite-
dimensional separable Banach space X contains a hyperplane X that is not closed,
but is measurable with respect to every Borel measure on X. By the previous
exercise Xo cannot be the kernel of a universally measurable linear function.

7.14.139. (Talagrand [1834, p. 184]) Let E be the Banach space of all bounded
functions on [0, 1] that are nonzero on an at most countable set and let E be equipped
with the norm sup | f(¢)|. Denote by w the weak topology of the space E. Then, there
exists a probability measure on the weak Borel o-algebra B ((E,w)) that assumes
only two values 0 and 1, but is not Radon.

7.14.140. (von Weizsicker [1969]) (i) Let X be the space of all Borel measures
on [0, 1] equipped with the weak topology (i.e., the weak™ topology of C[0,1]*) and
let K be the convex compact set in X consisting of all probability measures. Let
A be Lebesgue measure and let p be the image of A under the continuous (in the
indicated topology) mapping 7: t — d;, [0,1] — K, where §; is Dirac’s measure at
the point ¢t. Let

C:=(V{meK: \+n'(A-m)e K}.
n=1
Prove that C' is a convex Gs-set in K and u(C) = 1, but p(S) = 0 for every convex
compact set S C C.

(ii) Let K be a convex compact set in a locally convex space X such that the
linear span of K is infinite-dimensional. Prove that there exist a convex set C' C K
and a Radon probability measure p on K such that C' is a G5-set in some metrizable
convex compact set Ko C K and p(C) = 1, but p(S) = 0 for every convex compact
set S C C.

HINT: (i) it is easily verified that C' is convex and can be represented as the
intersection of a sequence of open sets in K with the weak topology. In addition,

C=K\|J{meK: A\+e(A-m) e K}.
e>0

Let D be the set of all Dirac measures. Then D is compact in K and p(D) = 1.
If S C C is a convex compact set with p(C) > 0, then p(S N D) > 0. Then
A:=7"1(SN D) is compact and A(A) > 0. Since §; € S if t € A, by using that S
is convex and closed we obtain that every probability measure v on A belongs to S.
In particular, v := A(A)"'A\|4 € S. The measure A + A(A)(A — v) is probability,
hence belongs to K. According to the above equality for C' we obtain that v & C.
This contradicts the fact that v € S C C. Claim (ii) is deduced from (i) by using a
suitable mapping (see details in [1969]).
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7.14.141. Let p and v be T-additive measures on a locally convex space X
with equal Fourier transforms. Prove that pu = v.

HINT: let p be a continuous seminorm on X, let X, be the normed space
obtained by the factorization of X with respect to p~*(0), and let mp: X — X, be
the natural projection. Sets of the form w;l(U), where p is a continuous seminorm
and U is open in X, form a topology base in X. Hence it suffices to show the
equality of u and v on such sets. The measures p o 7w, and vo Ty ! on X, have
equal Fourier transforms and are 7-additive. Both properties are preserved for the
natural extensions of the two measures to the completion of X,. Since on a Banach
space all T-additive measures are Radon, we obtain the equality of the indicated
extensions on the completion of X, hence the equality ,uoﬂ';l = yowgl. Therefore,
p(m, H(U)) = v(m, ' (U)) for all open sets U C Xp.

7.14.142. (i) Let p be a Radon probability measure on a convex compact set
K in a locally convex space X. Show that p has a barycenter b € K.

(ii) Let X be a complete locally convex space and let u be a 7-additive proba-
bility measure on X with bounded support. Prove that p has a barycenter.

HINT: (i) it is not difficult to show